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Last lecture

Cauchy’s Theorem for a triangle A
If f(z) is a smooth analytic function on an open set E D A, then

f(z)dz = 0O
oA

Definition: E C C is convex if 2y, z1] C E whenever zy,z; € E.

Corollary
Let E be an open, convex set in C, and zy, 2y, 2o be points in E.
If f is a smooth analytic function on E, then

/21 f(z)dz + /22 f(z)dz = /:2 f(z)dz

20 Z1 0




Suppose E is an open, convex set, and f(z) is analytic on E.

z

Fix zg € E, ¢p € C, and define:  F(z) = ¢o +/ f(w)dw.
Z

Then F(z) is analytic, and F'(z) = f(z). i

Proof. By the Cauchy integral theorem for triangles

F(z+X)—F(z) = /ZJFA f(w) dw —/Zf(w)dw

= /ZZJH\ f(w) dw

So we need to show that

' 1 Z4+A
AIli)n0 )\/Z f(w)dw = f(z).



[z,z+ )] is given by the curve v, where
(t) = {z+th: te[0,1]}, v(t) = \.
So:
‘ 1

X/:Hf(w)dw— f(2)| = H/; f(z+ ) Adt — £(2)

_ ’/01 (f(z + 1)~ 1(2)) dt'

By continuity of f, if [\| < & then | f(z+ tA) — f(2) | < ¢, so

‘/01(f(2+l‘)\)—f(2)>dt‘§/01‘f(z+t)\)—f(z)‘dt<e J




Cauchy’s theorem for convex sets

Suppose that f(z) is analytic on an open convex set E.

If v is a closed path in E, then /f(z) dz =0
Y

Proof. Write f(z) = F'(z); use FTC and v(b) = y(a):
/f 2)dz = F(y(b)) — F((a)) = 0

Corollary: assume E C C is convex, f analytic on E
If v:[a b] — E and u : [@,b] — E are paths with y(a) = u(&),
and 7(b) = u(b'), then / F(w) dw — / f(w) aw.

ol I

Thus, if f(z) is analytic on E, then we can calculate F(z) by
F(z) = F(z0) + / f(w) dw
Y

for any convenient choice of v connecting z; to z.



Example. Anti-derivative of z"” on C.

Set zg = 0. We take F(0) = 0, and define
V4

F(z) = / w" dw
0

following the path v(t) = tz, te[0,1], so ~'(t)=2z.

z 1 1
/ w'dw = / (tz)"zdt = z"“/ t"at = 15z
0 0 0




Example. Anti-derivative of z=! on E = {z : Re(z) > 0}.
Set zg = 1. We take F(1) = 0, and define

F(z) = /qu dw

where ~ follows the circle {|w| = 1} from 1 to ", § = arg(z),
then along the radial line from e to z = |z|e”.

. 0 . . 9
e From1toe”: / (e) e at = / idt =i.
0 0
. . ER C
e e to|z|e" / (te") " e dt = / t~'dt = log|z|.
1 1

V4
/ wldw = log|z| + iarg(z2).
]




