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Last lecture

Cauchy’s Theorem for a triangle ∆

If f (z) is a smooth analytic function on an open set E ⊃ ∆, then∫
∂∆

f (z) dz = 0

Definition: E ⊂ C is convex if [z0, z1] ⊂ E whenever z0, z1 ∈ E .

Corollary
Let E be an open, convex set in C, and z0, z1, z2 be points in E .
If f is a smooth analytic function on E , then∫ z1

z0

f (z) dz +

∫ z2

z1

f (z) dz =

∫ z2

z0

f (z) dz



Theorem
Suppose E is an open, convex set, and f (z) is analytic on E .

Fix z0 ∈ E , c0 ∈ C, and define: F (z) = c0 +

∫ z

z0

f (w) dw .

Then F (z) is analytic, and F ′(z) = f (z) .

Proof. By the Cauchy integral theorem for triangles

F (z + λ)− F (z) =

∫ z+λ

z0

f (w) dw −
∫ z

z0

f (w) dw

=

∫ z+λ

z
f (w) dw

So we need to show that

lim
λ→0

1
λ

∫ z+λ

z
f (w) dw = f (z) .



[z, z + λ] is given by the curve γ , where

γ(t) =
{

z + tλ : t ∈ [0,1]
}
, γ′(t) = λ .

So:∣∣∣∣ 1
λ

∫ z+λ

z
f (w) dw − f (z)

∣∣∣∣ =

∣∣∣∣ 1
λ

∫ 1

0
f (z + tλ)λdt − f (z)

∣∣∣∣
=

∣∣∣∣ ∫ 1

0

(
f (z + tλ)− f (z)

)
dt
∣∣∣∣

By continuity of f , if |λ| < δ then
∣∣ f (z + tλ)− f (z)

∣∣ < ε, so∣∣∣∣ ∫ 1

0

(
f (z + tλ)− f (z)

)
dt
∣∣∣∣ ≤ ∫ 1

0

∣∣ f (z + tλ)− f (z)
∣∣dt < ε



Cauchy’s theorem for convex sets

Suppose that f (z) is analytic on an open convex set E .

If γ is a closed path in E , then
∫
γ

f (z) dz = 0 .

Proof. Write f (z) = F ′(z) ; use FTC and γ(b) = γ(a):∫
γ

f (z) dz = F
(
γ(b)

)
− F

(
γ(a)

)
= 0

Corollary: assume E ⊂ C is convex, f analytic on E

If γ : [a,b]→ E and µ : [a′,b′]→ E are paths with γ(a) = µ(a′) ,

and γ(b) = µ(b′), then
∫
γ

f (w) dw =

∫
µ

f (w) dw .

Thus, if f (z) is analytic on E , then we can calculate F (z) by

F (z) = F (z0) +

∫
γ

f (w) dw

for any convenient choice of γ connecting z0 to z.



Example. Anti-derivative of zn on C.

Set z0 = 0. We take F (0) = 0, and define

F (z) =

∫ z

0
wn dw

following the path γ(t) = tz , t ∈ [0,1] , so γ′(t) = z .

∫ z

0
wn dw =

∫ 1

0
(tz)n z dt = zn+1

∫ 1

0
tn dt = 1

n+1 zn+1



Example. Anti-derivative of z−1 on E = {z : Re(z) > 0}.

Set z0 = 1. We take F (1) = 0, and define

F (z) =

∫
γ

w−1 dw

where γ follows the circle {|w | = 1} from 1 to e iθ , θ = arg(z) ,

then along the radial line from e iθ to z = |z|eiθ.

• From 1 to e iθ :

∫ θ

0

(
e it)−1 i e it dt =

∫ θ

0
i dt = iθ .

• e iθ to |z|e iθ :

∫ |z|
1

(
te iθ)−1 e iθ dt =

∫ |z|
1

t−1 dt = log |z| .

∫ z

1
w−1 dw = log |z| + i arg(z) .


