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Radius of convergence

Basic fact about power series

|

For each power series Z ai z¥, with coefficients ax € C,

k=0 fos)
there is a real number R with 0 < R < o, such that Z aj 2~
k=0

converges if |z| < R, and does not converge if |z] > R, z € C.

This is the same number R such that:

oo
o > |aklr" convergesif r <R,
k=0

(0.)
e > |ak/r* does notconvergeif r > R.
k=0



In some cases you can apply the ratio test:

1
If lim |kt exists, then R:(Ilm |ak+1|)

k—o0 ’akl k—oo |ak|
s k zK
Example: » (1) 5 converges || <3, diverges |z > 3.
k=0
(1)K 7 converges for all z.
k=0 '

2
exists, then R = < lim |ak+2|>
k—o0 |ak|
(2k +1 .
Example: Z +2) converges |z2| < 2, i.e. |z| < V2

k=0



Theorem: Root test

o0

The series Zak ZK converges if limsup ]ak]% |z] < 1.
k=0 k—o0
—1
This holds if and only if |z| < R, where R = (Iim sup|ak|%> .
k—o0
Useful facts: lim () =0, lim (k)% = 1 f
seful facts: k|_>moo(k!> =0, k|_>moo( )k =1 forany n.

Application: The power series

o0 o0
Y az and ) ka M
k=0 k=1

have the same radius of convergence.



(2klz 1 31.2,1351 .3
Z 22K (K12 = 1+32+ 5302 taasq2 +

Ratio test: lim 2kt _ jim (GK+2)@k+1) _
k—oo Ak k— o0 22(k+1)2
bzk 13,156 _ 1.7
Z(_1)2 K =2Z-—32"+52—72 + -

k odd

Root test: limsup|ax|x = limsup (k" ")k =1; R=1.
k—s00 k odd

(NP, =1-22242274 281 ...

k
2

_2:. R=2":3.

i

Root test: Iimsup|ak|% = limsup (2

k—oo k—oo

)
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