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Theorem: Cauchy’s estimates

If f(z) is analytic on an open set containing Dr(z,), then

(k)
T2 My _ max |f(2)

k! =k |z—2zp|=r

Proof. The coefficients a, = f(¥)(zy)/k! are given by

1 f(2)

ak = 5— T 0z
27l )|z zo|=r (z — o)+

Use Theorem 2.4.9: ((y) = 2xr, |f(2)/(z — zo)kH"| < M/rk+1,

Remark. This proves that >~ ax(z — 20)* converges on D;(z);
k=0
we already knew this from the proof that it equals f(z) there.



Bounded entire functions

Liouville’s Theorem

Suppose f(z) is an entire function; that is, it is analytic on C.
If |f(z)] < M forall z € C, for some M, then f is constant.

Proof. It suffices to show that f'(zy) = 0 for all z; € C.
Apply Cauchy’s estimate: for every r > 0,

1 M
f(20)l < - sup [f(2)] < —

r |z—2zo|=r N

Letting r — oo shows that |f'(z)| =0.



Entire functions of polynomial growth

Suppose f(z) is an entire function, and |f(z)| < A+ B|z|", for
n
some real numbers A and B. Then f(2) = " a, z¥, some a.
k=0

Proof. It suffices to show that f(¥)(0) = 0 for all k > n, since the
Taylor expansion of f(z) about zy = 0 equals f(z) for all z € C.

Apply Cauchy’s estimate: for every r > 0,

| | n
#90)] < X sup jr(z)| < HATBE
r |z|=r r

Letting r — oo shows that |f(¥)(0)| = 0 when k > n.



Lower bound estimates for polynomials

n
Suppose f(z) = Z ax ¥, where a, # 0. Then, for some r,
k=0

£(2)| = Ylanll2”, i 12| = 1o

Proof. By the triangle inequality, we have
1(2)] = lanz"| = (Jan-12"" |+ - +|arz] + |aol) -
Take ry so that ry > 2n|ak|/|an| for all k. Theniif |z| > ry

a2 _ |anl2]"
In) - 2n

|zl <

Together with the previous inequality we get |f(z)| > %|an||z|".



Suppose that p(z) = >"j_, a z¥, where n>1 and a, # 0.
Then p(z) =0 for some z € C.

Proof. Proof by contradiction. Suppose p(z) # 0 for all z. Then

1 1
R Ivti < if >r.
is analyticon C, and ‘p(z)‘ it |z| > ro

p(2) ~ lan[r”

Liouville’s Theorem implies p(z)~" is constant, a contradiction.

The Fundamental Theorem of Algebra

Every polynomial p(z) = >"¢_o ak zK can be factored over C,

p(z) = an(z — zn)--- (2 — 22)(z — z1) where z; € C.

Proof. From algebra: if p(z,) = 0, then p(z) = (z — z5)q(2),
where g(z) is a polynomial of order n — 1.



