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Assume f(z9) = wp, and f'(zy) # 0. Then there exists ' (w):

e The function f~'(w) is analytic on Ds(wp), some § > 0.

o f(f~'(w)) =w for w e Ds(wp), and f~1(wp) = 2.

o (W) =1/ (F(w)).

f(2)=w iy




Let f(z) =tanz, z # (k+ })7. Then f'(z) = (cosz)~2 # 0.

Local inverse for tan(z) exists at all zo in domain of tan(z). J

For any local inverse:

1/ _ 1
(tan™")'(w) = cos®(tan~'(w)) = v J
. 1 c- Ky 2k
Observe: if [w|<1then = = kEO(—U w

Principal branch of tan~': take wy = 0, tan='(0) = 0. Then

tan~ Z( 1kW

2k+4-1

on D;(0), for somed > 0.




W2k+1

Claim: tan(Z( 1)k

>:W forall |w| < 1. |

_ o0 , Wkt
Proof. The function tan< %(—1) T
on D;(0), vanishes on Ds(0) some ¢ > 0, so vanishes on D;(0).

) — w is analytic

Suppose: g(w) is analytic on a connected open set E > {0},
1
= / = — . =
9(0) =0, g'(w) = TTwE Then: tan(g(w)) = w, allw € E.

Proof. g(w) equals the above series for tan~"(w) on Ds(0),
some 4 > 0, so tan(g(w)) = w on D;(0). E is connected,
tan(g(w)) is analytic, so tan(g(w)) = w on all of E.



An explicit formula for tan™(w)

eiz . e—iz B ] eZiz —1

Nz = lerier ~ i

Let u= e2Z. Then tanz = w is equivalent to
i—w
i+ w

1
Y" ' _jw  whichgives u-=—
u—+1

B 2,-2_i—w _l i—w
tanz =w & e = - &z = —log| -
I+ w 2i I+ w

_ 1 i—w
tan~'(w) = 2ilog(i+w> ’

o If w ¢ {i,—i}, there exist infinite many choices for tan="(w).

e Values of log differ by 2rki; values of tan~'(w) differ by k.



