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Integrating through a removable singularity

* sint : sinz
Evaluate: / ——dt = lim / —dz
oo 1 R—o0 [—R,A] V4

sin z e~ e
5 has no poles, but 3 and

have poles at 0,

and we evaluate those terms with different contours.
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, sinz . .
Idea: since — s entire, we can deform [—-R, R] to a contour

that “goes around 0” but gives the same value for the integral:

—

Notation: [-R,R]_. = [-R,—r] — v, +[r,R]
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Conclude: lim / sint dt =«
R—oco J_R t




Fourier transform

If f(t)is a function of t € R, then for s € R define

o0

i(s) = /_ e~ (1) ait

[e.e]

for the values of s € R at which the integral exists.

o If /|f(t)] dt converges then f(s) exists for all s € R.

. f(O)_/ f(t)dt (if the integral converges).
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e Are interesting examples where f(s) exists except at a finite

set of points, and f(s) has jumps at those points:

sint . 1 .
f(t) = = jumpsat s =£1,  f(t) = = : jumpat s = 0.



2 1
Evaluate: f(s) for s € R, where f(t) = e

o If s=0, f(s) = . Fors 0, choose 1 depending on s:

o &% =M : s>0 use pp, s<0 use up.
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Evaluate: f(s) for s € R, where f(t) = e

o If s=0, f(s) = . Fors 0, choose 1 depending on s:

o &% =M : s>0 use pp, s<0 use up.

" e—isz
§>0: f(s) = Iim/ —— az
R— oo [-R,Rl+u7 1 —|-22
—isz

= —27riRes<1+722, —i> =re®

R e—isz
s<0: f(s)= Iim/ "
R— oo [,H’R]Jﬁug 1+ z2

—isz

— 27riRes(67, i) = re’
1422

Piece these together: f(s) = reIsl.
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it

Evaluate: £(s) for s # 0, where f(t) =

. e isz
s>0: f(s) = Iim/ — az

R—oo [-R.Rl+up 1—iz

] e—isz . s
= —2mi F{es(1 7 —/) = 27e
" e—isz

s<0: f(s) = Iim/ — dz

R—oo [_RaR]+HE 1—-iz

= 0 (no poles)

For s=0: / 1%”‘ dt depends on how you take limits.

R
o . 1
Example: for symmetric limits lim / —dt =7
R—oo J_ R 1—it



sint

Evaluate: f(s) for s # +1, where f(t) = n

R e—i(s—1)z _ e—i(s+1)z
f(s) = lim / - dz
R—o0 [-R,A] 2iz




Evaluate: #(s) for s # +1, where f(t) = S'T”t

e—i(s—1)z _ e—i(s+1)z

f(S) - Fl‘“—r>noo /[—R,Ff] 2iz az

e—i(s—1)z _ e—i(s+1)z

s>1: f(s)= Rlinoo /[—R,R]Jru,q 577 dz =0

—i(s—1)z _ p—i(s+1)z
© © az =0

~

Bl f(S) - Rlinoo /[V_R7R]+“E 2iz

y

—1 < s<1: “goaround 0” to handle exponentials separately.

—i(s—1)z _ p—i(s+1)z —i(s—1)z
lim / © ~© dz = 27riRes(e—.,O)
R—o0 J[_R,R]_ 2iz 2iz

=T




