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Conformal mappings on the plane

Consider a differentiable mapping f(x, y) = (u(x,y), v(x,y)),
and the linearization of f at a point (x, y) :

u(x,y) Ax
- [v(w) +Df(x’”'[Ay] I

u(x +Ax,y + Ay)
V(X + AX,y + Ay)

where Df(x,y) =

UX(Xay) Uy(X,y)]
VX(Xay) V}/(Xv.y)
Geometric Definition of conformal

The map f is conformal if, at each (x, y), the matrix Df(x, y) is
non-singular and angle-preserving. Equivalently,

[rcose —rsin0] [r 0] [cose —sinG]
Df(x,y) = = ‘

rsind rcosé 0 r sinf cosé

where r and 0 depend on (x, y), and r # 0.




f(x,y) = (u(x,y), v(x,y)) is conformal if and only if the C-R
equations, ux = v, and uy, = —Vvy hold, and Df # 0.

Proof. If | Y| — | 1C0SO —rsinf) 4 cR eqn’s hold.
Vx Yy rsinf rcosé
Conversely, C-R egn’s say [UX Uy] takes the form [ a _b} :
Vi Wy b a
The point (a, b) lies on the circle of radius r = Va2 + b2,
SO we can write a=rcosf, b=rsin#, for some 6. O

An analytic function f(z) is conformal at points where f'(z) # 0,
where we identify the complex numbers C with the plane R?.

Remark. If write f/(z) = re', then get the same r, 6§ above.









Conformal equivalence

Definition

We say two open sets U and V in C are conformally equivalent
if there is an analytic map f: U — V thatis 1-1 and onto.
Such an f is called a conformal equivalence between U and V.

e f~'(w) is then a conformal equivalence between V and U.

Examples.

e f(z) = e? is a conformal equivalence between

U={z:-m<Im(z)<w} and V=C\(—o0,0]

1. .
e f(z) = zz is a conformal equivalence between

U={z:Ilm(z) >0} and V ={w:Im(w)>0and Re(w) > 0}



R
D)
ke
L
—
@)
\—/
—_—
(N
N
L
W
N
()
o
N
——

w=tanz



