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Conformal equivalence

Definition

We say two open sets U and V in C are conformally equivalent
if there is an analytic map f: U — V thatis 1-1 and onto.
Such an f is called a conformal equivalence between U and V.

e ~'(w) is then a conformal equivalence between V and U.

Examples.
e f(z) = e gives conformal equivalences between

U={z:-n<Im(z)<w} and V=C\(—o0,0]
U={z:-3<Im(z) <3} and V={z:Re(z)>0}

o f(2)= z2 (principal) is a conformal equivalence between

U={z:Im(z) >0} and V= {z:Im(z) > 0and Re(z) > 0}



The disc and the right half-plane

142z w—1 \

Zz =
1-2z’

give a conformal equivalence of z€ C\ {1} and w € C\ {—1}
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Re(w) >0 if |z] <1
Re(w) =0 if |z[=1
Re(w) <0 if |z[>1

Is conformal equivalence of z € D;(0) and {w : Re(w) > 0} |




The disc and the upper half-plane
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gives a conformal equivalence of z<€ C\ {1} and w € C\ {—i}

lz| <1 if |w—1i] <|w+I|
|zl =1 if |w—i]=|w+I|

|z| > 1 if |w—i] > |w+I|

Is a conformal equivalence of {w : Im(w) > 0} and z € D;(0) |




Composition of conformal equivalences

Z—ewi_‘l W_IO <1—|—Z)
T et RS
conf. equiv. of {w: -3 <Im(w) < 3} and z € D;(0).
e Thistakes w=—-oco to z=—-1, and w =+ to z=1.




Composition of conformal equivalences
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conf. equiv. of {Re(w) > 0} N {Im(w) > 0} and z € D;(0).

e Thistakes w=01t0o z=—-1, and w =0 to z=1.




Classification of conformal equivalences of C and C

An entire, 1-1 function on C is of the form f(z) = az + b, for
some constants a, b € C with a # 0.

Proof. Write f(z) = Y32, ax z¥.

o f(1/2) =32y akz ¥is 1-1 on C\ {0}, and has isolated
singularity at 0.

e f(1/z) can’t have an essential singularity since it is 1-1,
by Theorem 3.4.12 and the Open Mapping Theorem.

e f(z) is thus a polynomial, and must be linear since it is 1-1.



