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Previously:

e Every 1-1 conformal map of C — C is of the form

f(z) = az+ b, a, beC.

With the proper interpretation of conformal:

e Every 1-1 conformal map of CU {0} — C U {oo} has form

az+b
cz+d’

f(z) = a b, c decC.

Note: the maps from C — C are those for which f(c0) = cc.



Conformal automorphisms of D = {z: |z| < 1}

If |b| < 1, consider the map hy,

hp(2) = 12__be forwhich  hy' = h_p.

Pole of hyisatz=1/b e {z:|z| > 1}, so hy, analytic on D.

If ze 0D, so zz=1, then
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By the Maximum Modulus Theorem, |hy(2)| <1 if |z| < 1.

Same holds for h, ', so

hp is a 1-1, analytic map of D onto D, hp(b) =0, hp(0) = —b.




Conformal automorphisms of D = {z: |z| < 1}

Every conformal equivalence from D to D must be of the form

f(z) = e 220 forsome g [0,27), b € D.
1—bz

Proof. If f: D — Dis 1-1, onto, and f(b) =0, let g=fo h_,.

1-1, onto
R

9(0): D D and g(0)=0 = g(z)=¢€"’z

for some 6 € [0,27) by Theorem 3.5.6. Then

f(z) = g(ho(2)) = €"hp(2).



Conformal automorphisms of H = {z : Im(z) > 0}

The conformal equivalences from H to H are of the form

az+b

(z):m, a b, c,deR, ad-bc>0.

Proof Suppose  : H -2, [ We will show f is a linear

fractional transformation. Necessarily f : R — R U {oc}, so it
must have real values for a, b, ¢, d.

z—1 1-1, onto
H

. D.
Z+i

To see f must be an LFT, recall g(z) =

1-1, onto
—

gofog™':D D = f=g'o(e’h)og J

(ad — bc) Im(z)

czrdz so ad — bc > 0.

Finally: Im(f(z)) =




