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Cauchy’s Theorem for general sets

Suppose E C Cis open, fis analytic on E, and I'" is a cycle in E
such that indr(2) = 0 for all z ¢ E. Then / f(w)dw = 0.
r

Examples.

e Annulus: center z = 2, inner radius }, outer radius 4:

E={z:}<|z-2|<4},
I'=0D55(2) — 0D1(2).

e Punctured plane, removed z = —1 and z = 4,
E= C\{_174} ;

I = ODi1o(0) — Dy (—1) — OD; (4).



Cauchy Integral Formula for general sets

Suppose E C Cis open, fis analytic on E, and I is a cycle in E
such that indr(z) =0 forall z ¢ E. Then

1 [ f(w) dw — indr(z) - f(z), ze E\{T},
2ri Jrw—z " o0, z¢E.

Proof. If z ¢ E, follows directly by Cauchy’s theorem.
f(w) — 1(2)

For z € E\ {I'} : apply Cauchy’s Theorem to —

Remark. 1/ M dw =0
2wl Jrw—2z

whenever z is in the unbounded component of E\T.



For the following: let g(z) = 27“/ f(W) dw forz ¢ T.

o f(w)=

TTwe’ analyticon E = C\ {—i,i},

I = 9D, (0) — 9Dy (i) — ODy (i)

. (1+22)~", ze Dy(0)\ (D: (i) UD:i(—1))
z) = 2 2
J 0, ze Dy (UDy()Ufz: |2 > 2} J

e f(w)=logw , analyticon E = C\ (—o0,0], T'=0D4(2)

o(2) = {Iogz, z e Dy(2) J
0, zeC\D(2)




o f(w) =tan(w), on E=C\{(r(n+3):nez}

I = 9D4(0) — AD5(0)

tan(z), if 2<|z] <4
9(2) =
0, if |z| <2 orif |z| >4

Gives integral formula for tan(w) on the annulus 2 < |z| < 4:

tan(z) = - / fan(w) g, 1 / tan{w)
270 fiyl—a W—2Z 27l iyl W—2Z
|wl lw|=2

Both terms are analytic functions of z; together give tan(z).



Suppose that f is a continuous function on {z : |z — zy| = r}.

1 f(w)
Then g(z) = 57 /Dr(zo) - dw is analytic on C\ 0D, (zy),

and admits a convergent expansion on each component:
o
For|z—zo|<r: 9(2)=)_ a(z— z)"

1
For|z—z|>r: 9g(2)=- ) ak(z—2z)

k=—oc0

where in both cases: ax = 1/ Lﬂ dw
27l Jop,(z) (W — 20)F

Proof. Proof for |z — zy| < r is exactly like 427 Lecture 21:

T 1 7% (z - zp)¥
w—z  w-—2 1_(2—20) (W z)k
w— 2 h

converges uniformly on the set |w — zy| =r if |z —Zz| < r.



Proof for |z — zy| > r. Suppose |W —zy| =71, |z— 2| > r:

L 1 __i(w—zo)/
w—z z-w z—201_<W—Zo> B — (2 - z9) /1
Z— 2 =

converges uniformly on the set |w — z5| = r if |z — Z| < r. So

w & N 1

1
L fw) o
Setj+1=—k: 27TI_/aDr(zo)W_zdw_ > a(z - z)*,

k=—o0

—

. _ 1 f(w)



