Math 428, Winter 2020, Homework 2 Solutions

Section 4.2: 2
1
Solution. —————— is analytic on £ = C\ {—2,3}. T satisfies indr(z) = 0 for all

(z+2)(z—3)
1

E.So [ —~  4.=0.
2 ¢ O/F(z—i—2)(z—3) §
Section 4.2: 3
1 1( 1 1

Solution. Part. frac’s: f(z) = EET ) ==

[yz—lzo dz = 2miind,(z) to find
/Mf(z)dzzo, /wf(z)dz=—?, Lgf(z)dz=—

Section 4.2: 6
Solution. We use the Cauchy Integral Formula, and the fact that

z2—3 z+2

). We use the fact that

ind,,(3) =1,ind,, (%) =ind,,(3) =0, ind, () =ind,, (%) =1,ind,,(3) =0

/ele:O, /63d2—2me§ /e dz=0.
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Section 4.3: 4
Solution. For z # 0,

to find
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Section 4.3: 5

Solution. We use the expansion for |z| < 1 : log(l + z2) 27, which comes
7=1
from log(1+ z) = (1+2)"" = Z(—l)j 27, and log(1) = 0. Then
j=0




Section 4.3: 6
Solution. One way (one can also start with partial fractions):

1 1 / 1

241 z—dz4+41 z—1 z+1 z—z( 2z+ (z —1)
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Additional Problem: 1

Solution. The series converges uniformly on the image of v, so we can interchange summa-

tion and integration to write
/ f(z)dz = Z ay /

k=—00
If k > 0, then 2* is analytic (on all of C), so f,y 2*dz = 0 by Cauchy’s theorem.

k+1
If k < —2, then we can write z¥ = ( -
kE+1

the fact that « is closed we have f7 Fdz=0.

Thus, the only term that is not zero is k = —1. So we get

/f )dz =a_ 1/ dz = a_y 2miind,(0).

) , so by the fundamental theorem of calculus and

An alternative proof can be made by splitting the sum into two terms to write f(z) =

a_127' + g(z), where
=)

g(z) = Z apz® + Z apzt.
k=—00
By the last result from Lecture 7, we can write g(z) = G’ (z) for G(z) analytic on the annulus
{1 < |z| < 2}. Then f7 g(z) dz = 0 by the fundamental theorem of calculus, so we again get

/f(z) dz=a_ / 2 tdz = a_, 2miind,(0).
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