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Eigenfunctions and Spectral Clusters Compact manifolds without boundary
Compact manifolds with boundary

(M, g) = compact 2-d Riemannian manifold

@ A, = Laplacian ( Dirichlet or Neumann if M # ) )
Eigenbasis: —Ay¢; = —\f¢; (A = frequency )
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Eigenfunctions and Spectral Clusters Compact manifolds without boundary
Compact manifolds with boundary

(M, g) = compact 2-d Riemannian manifold

@ A, = Laplacian ( Dirichlet or Neumann if M # ) )
Eigenbasis: —Ay¢; = —\f¢; (A = frequency )

@ Spectral Cluster, frequency \:

f= > G

NENAH]

@ Goal: find sharp powers §(p) such that

f
Hf”Lp(M) SN0 (p=2)
11l 2(m)
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Eigenfunctions and Spectral Clusters Compact manifolds without boundary
Compact manifolds with boundary

Saturating examples on (M, g) = 2-sphere S?

Example 1: f = highest weight spherical harmonic.

Ifl ~ (14 Azsin(¢)) "

[Fllee < 221
1z ™
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Eigenfunctions and Spectral Clusters Compact manifolds without boundary
Compact manifolds with boundary

Saturating examples on (M, g) = 2-sphere S?

Example 1: f = highest weight spherical harmonic.

Il ~ (1+ Azsin(e)) ™V

Il < \3-b
17l ~

Lower bound (critical region)
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Eigenfunctions and Spectral Clusters Compact manifolds without boundary
Compact manifolds with boundary

Saturating examples on (M, g) = 2-sphere S?

Example 2: f = zonal spherical harmonic, rotation invariant.

fl~ (1 +)\cos(¢))_1/2

[ ]| e > AbE 20
[1£1 .2
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Eigenfunctions and Spectral Clusters Compact manifolds without boundary
Compact manifolds with boundary

Saturating examples on (M, g) = 2-sphere S?

Example 2: f = zonal spherical harmonic, rotation invariant.

f] ~ (1 +)\COS(¢))_1/2

L T

Ifllz ™
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Eigenfunctions and Spectral Clusters Compact manifolds without boundary
Compact manifolds with boundary

Theorem: Sogge [1988]
For compact n-dimensional manifold without boundary

— 1
53 5) 22<P1< al)

subcritical

116+

critical
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Eigenfunctions and Spectral Clusters Compact manifolds without boundary
Compact manifolds with boundary

Grieser [1992]

Sogge’s spectral cluster estimates fail on D = { |x| <1} C R?

Example: f(x) = e Jy(cor), Jn(co) =0.

f(x) concentrated in dist(x, 9D) < n~s }

Il » 235

1fllz ™~

wirn

(2~

ol

Vol(“support’(f)) 1 xn"s =
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Grieser [1992]

Sogge’s spectral cluster estimates fail on D = { |x| <1} C R?

Example: f(x) = e Jy(cor), Jn(co) =0.

f(x) concentrated in dist(x, 9D) < n~s }

Il » 235

1fllz ™~

wirn

(2~

ol

Vol(“support’(f)) 1 xn"s =

Lower bound on manifolds with boundary
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Eigenfunctions and Spectral Clusters Compact manifolds without boundary
Compact manifolds with boundary

Multiple reflections / Gliding rays!

, . . 1
Nondispersive region: angular spread ~ A" 3
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Eigenfunctions and Spectral Clusters Compact manifolds without boundary
Compact manifolds with boundary

Multiple reflections / Gliding rays!

, . . 1
Nondispersive region: angular spread ~ \"3

Smith-Sogge [1995]
OM strictly concave =- spectral cluster estimates hold
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Eigenfunctions and Spectral Clusters Compact manifolds without boundary
Compact manifolds with boundary

Smith-Sogge [2007]: M=2d manifold with boundary

Spectral cluster estimates hold with

2(5 - ,13) 3, 8<p<oo
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Eigenfunctions and Spectral Clusters Compact manifolds without boundary
Compact manifolds with boundary

Key step in proof: Eliminate the boundary

Geodesic normal coordinates along OM : M = {x, > 0}

g=df +an(x, Xx)dz smooth on X, > 0
Extend g across oM to be even in xo

§=d% +an(x, |x|) d
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Key step in proof: Eliminate the boundary

Geodesic normal coordinates along OM : M = {x, > 0}

g=df +an(x, Xx)dz smooth on X, > 0
Extend g across oM to be even in xo
§=d% +an(x, |x|) d

@ Odd extension of Dirichlet eigenfunction: % oj( X1, | X2|)
is eigenfunction for Az

@ Even extension of Neumann eigenfunction: ¢;(xy, [xz|)
is eigenfunction for Az
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Eigenfunctions and Spectral Clusters Compact manifolds without boundary
Compact manifolds with boundary

No more boundary / reflected geodesics:

Disc: r <1 Normal coordinates: xo =1 —r

1 2 2
g=d + 50 &=+ (e e
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Eigenfunctions and Spectral Clusters Compact manifolds without boundary
Compact manifolds with boundary

No more boundary / reflected geodesics:

Disc: r <1 Normal coordinates: xo =1 —r

1 2 2
g=d + 50 &=+ (e e

But metric is Lipschitz.
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Eigenfunctions and Spectral Clusters Compact manifolds without boundary
Compact manifolds with boundary

Metric g is of special Lipschitz type:

028 ~ §(xo) is integrable along non-tangential geodesics.

/ o2a(1(1)) ot ~ 0~
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Eigenfunctions and Spectral Clusters Compact manifolds without boundary
Compact manifolds with boundary

Dispersive type estimates hold for O, if d?g € LIL®
g t

Consider time dependent metric g(t, x) on M
2u(t,x) — Agu(t,x) =0

u(0,x) = f(x), 0wu(0,x)=9g(x)

Tataru [2002] : Strichartz estimates

lulleraq,1xmy < WFllms 411Gl ks
PLU-111xM)

for same p, q, s as smooth manifolds, Euclidean space.
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Eigenfunctions and Spectral Clusters Compact manifolds without boundary
Compact manifolds with boundary

In our case [ d?g~ 6"

Rescaled metric g(6t, 0x) € L} L norm 1:

Tataru [2002] : Strichartz estimates

If V3 glly e < 077, then

lullezeaq-o.01xmy S fllHe + UGl
PLU([-0.61xM)

for same p, g, s as smooth manifolds, Euclidean space.
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Angular localization = subcritical gain
Squarefunction estimates Higer dimensions

Squarefunction estimates

lcos(ty/=A ) () rz(mxi—1,17) < ”<D>6(p)f”L?(M)a p>6
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Squarefunction estimates

lcos(ty/=A ) () rz(mxi—1,17) < ”<D>6(p)f||L2(M)v p>6

Squarefunction estimates = spectral cluster bounds:

For spectral cluster f : cos(t\/—A, )f(x) ~ cos(t\)f(x)

1Fllomy S I cos( /=B ) O rzme—1.41) S AP 1l 2y
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Angular localization = subcritical gain
Squarefunction estimates Higer dimensions

Squarefunction estimates

lcos(ty/=A ) () rz(mxi—1,17) < ”<D>6(p)f||L2(M)v p>6

Squarefunction estimates = spectral cluster bounds:

For spectral cluster f : cos(t\/—A, )f(x) ~ cos(t\)f(x)

1Fllomy S I cos( /=B ) O rzme—1.41) S AP 1l 2y

[Mockenhaupt-Seeger-Sogge (1993)] [S., d?g L} L3 (2006)]



Angular localization = subcritical gain
Squarefunction estimates Higer dimensions

Phase-space localized spectral clusters:

If (&1, &) is localized to £5/¢; € [0, 26], then we can prove
“good” bounds on ||f||.» over slabs S of size 6 in x4 direction.
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Angular localization = subcritical gain
Squarefunction estimates Higer dimensions

Phase-space localized spectral clusters:

If (&1, &) is localized to £5/¢; € [0, 26], then we can prove
“good” bounds on ||f||.» over slabs S of size 6 in x4 direction.

Problem: add up over 6~ slabs = lose 6~"/P for ||f|| .o ).
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Angular localization = subcritical gain
Squarefunction estimates Higer dimensions

For subcritical p > 6, gain from small angle localization

e If , is localized to a cone of angle 6, then

1_3
1follocsy S 027 P NP ||fy[ 120y
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Angular localization = subcritical gain
Squarefunction estimates Higer dimensions

For subcritical p > 6, gain from small angle localization

e If , is localized to a cone of angle 6, then

1_3
1follocsy S 027 P NP ||fy[ 120y

@ Combined gain - loss for fy

14
ol Loqary < 02 p>‘6(p)||f9||L2(M)
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Angular localization = subcritical gain
Squarefunction estimates Higer dimensions

For subcritical p > 6, gain from small angle localization

e If , is localized to a cone of angle 6, then

1_3
1follocsy S 027 P NP ||fy[ 120y

@ Combined gain - loss for fy

14
ol oy < 02PN Byl 2a
(M)

@ Sum over dyadic decomp in 6 < 1 yields

1flloemy S XS(p)HfHLZ(M) , p>8
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Angular localization = subcritical gain
Squarefunction estimates Higer dimensions

Gliding modes: § = A\~ '/3

@ Onslab Ssize \™/3in xq:

1lls¢s) < >‘1/6||fHL2(M)
Sum over slabs:

1l sany < AVE 18] 12

e N8
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Angular localization = subcritical gain
Squarefunction estimates Higer dimensions

Gliding modes: § = A\~ '/3

@ Onslab Ssize \™/3in xq:

1]l 8¢5y < )‘1/4)‘_1/24||f||L2(M)

Sum over slabs:

[l say < A4l 2oy

e N8
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Angular localization = subcritical gain
Squarefunction estimates Higer dimensions

Higher dimensional results: n > 3

Smith-Sogge [2007]: M = n dimensional manifold with
boundary

No-loss square function / spectral cluster estimates hold with

S<p<oo, n=3
4<p<oco, n>4

Spy=n(%-1)-1 {

Result non-optimal: ignores dispersion tangent to OM.
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