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Abstract. We consider the problem of recovering a quasi-isotropic medium from
polarization measurements made along the boundary. We show that the polarization
and phase data uniquely determine a 2-tensor f and all of its normal derivatives on
the boundary in dimension n > 4. In dimension n = 3 we establish a similar result
which accounts for a natural non-uniqueness in the inverse problem.
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1. Introduction

Suppose we are able to set the polarization of light rays entering a medium, and then
measure the polarization as they exit. If the medium being studied is anisotropic then
the polarization of the exiting light rays will be different from the entering rays, and with
this information, the change in polarization, we would like to be able to say something
about the interior of the medium. Specifically we would like to be able to obtain
information about the dielectric permittivity. Indeed, we will assume that the medium
is not magnetic, and that the dieletric permittivity in the interior is given by
() = )] + 1xi(a).

Here k is the wave number, and because of the presence of the factor 1/k in front of
the anisotropic part X{ the zero approximation of geometric optics is the same as that
for the isotropic medium e{ = e(x)élj . Such a medium is called quasi-isotropic and was
originally proposed for study by Kravstov [1]. Physical media with sufficiently weak
anisotropies such as plasmas and weakly stressed elastic media may be well modeled by
quasi-isotropic media (see [1]).

The inverse problem of recovering y, the anisotropic part of e{ , from polarization
measurements of light with wave number k£ on the boundary of a given region (2 C R"
assuming that the isotropic background, €(x), is known is studied in [2] and [3]. Through
the method of geometric optics this problem is changed to the geometric problem on a
Riemannian manifold described below, and it is this geometric problem that we consider
here. For details of this conversion, and also further details of all the objects defined
below, see [3]. The polarization vector n introduced below corresponds physically to the
zero approximation electrical field normalized to unit length in the background isotropic
metric €(z)d;;. It is measurements of this vector that we will consider here, although
it should be noted that this vector actually contains both phase and polarization
information. The same problem without this phase information is considered in [2]
and [3]. Extensive work also exists on the problem of polarization tomography in the
context of the photoelastic effect where inversion techniques are known as integrated
photoelasticity ( [4], [5], [6], [7], [8])-

Let (M,g) be a compact Riemannian manifold with nonempty, strictly convex
boundary such that no geodesic has infinite length. Such a manifold will be called
compact non-trapping (CNT). Let (M, g) be a CNT manifold of dimension n > 3. Let
i : OM — M be the inclusion mapping, and first consider *(TM @ TCM), the direct
sum bundle over OM. Define the two subsets of this bundle

(M) = {(&;n) € " (TME@TM) : Jlglly =1, +(&,v)y = 0}

where v is the outward pointing normal vector to M. Now, take any f € 7{ (M) where

71 (M) denotes the space of smooth sections of the complexified bundle of (1,1) tensors

over M. The problem we will consider is that of determining f given g and the map
Flf] - V_(OM) — V¥, (0OM) defined as follows. For (£,19) € W_(9M) let ¢ be the
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unit speed geodesic in (M, g) with initial data . Assume this geodesic has length [ so
that v¢(l) € OM. Now consider the vector field 1 along v, that solves the initial value
problem

Do P () = (1)
Here Dn/ds is the covariant derivative along 7e, and Ps, f = 75, fm5, where ms, is the
orthogonal projection onto the subspace of TfngM perpendicular to ¥¢. Now we define
Flf1&m0) = (Fe(1),n(7¢(1))). In [2] uniqueness and stability of this inverse problem are
established under curvature assumptions on ¢ and a priori smallness assumptions on f.
An inverse problem corresponding to (1.1) without the projection P, is considered in [9].
When the dimension n is 3, this inverse problem corresponds to the physical problem
described above of determining the anisotropic part of the dielectric permittivity, x, of a
quasi-isotropic medium from polarization and phase data recorded around the boundary
assuming that the isotropic part is known. In fact y and f are related by the formula

ix

f=5
In this setting the geodesics are considered to be light rays, and the vector field n along
Ve given by (1.1) is the polarization vector mentioned above. We imagine that we can set
the initial polarization vector, ny, as any light ray enters the medium, and then measure
the polarization vector, n(l), as that ray leaves the medium. We note that to accomplish
these measurements in practice requires both measuring the polarization ellipse of the
exiting light ray, and the phases in two perpendicular directions.

We now reformulate the geometric inverse problem presented above. First we must
introduce some notation. A semi-basic (1,1) tensor field on M is a tensor field U on
T'M whose representation in any natural coordinates (z,&) is of the form

. P .
U=ul(x§) o6 ® dx'.
The bundle of complex (1,1) semi-basic tensors over 7'M is naturally isomorphic to the
pullback bundle 7*(T1 M) where 7 : TM — M is the projection mapping, and thus
semi-basic tensors at a given point (x,£) can be considered as linear maps on TCM.
The set of semi-basic tensor fields restricted to the unit sphere bundle QM will be
denoted 3} (QM). Given any tensor field f € 7{ (M) consider the following equation for
U € B1(QM) where H is differentiation with respect to the geodesic flow.

HU(E) = [(Pef)(@)]UE) on QM,  Uly gy = E (1.2)

where 0_Q2M is the space of inward pointing unit vectors on M. U can be thought of
as the “fundamental matrix” for (1.1). In fact problems (1.1) and (1.2) are related as
follows.

n(7e(t)) = U(e(t)) Zo; mo- (1.3)
Here Igft is parallel translation along 7. In the context of (1.2), the inverse problem is

to determine f from the metric g and Ul,, o), (where 9,QM is the space of outward
pointing vectors). We will call U] D 0M the polarization data corresponding to f.
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The main result of this paper is the following theorem

Theorem 1. Let (M, g) be a CNT manifold of dimension at least 4 and let f € (M)
be a smooth tensor field. Then in any coordinates all derivatives of all components of f
on OM are uniquely determined by the polarization data of f.

As a corollary of this theorem we also immediately have the following.

Corollary 2. Suppose [ is as in theorem 1 and is also real-analytic. Then f is the
unique real-analytic tensor field giving rise to the same polarization data.

We will also establish a result similar to theorem 1 in the three dimensional case, but
delay its statement until the end of section 2. In section 2 we examine the natural
non-uniqueness for this inverse problem which occurs in three dimensions, and give a
statement of the result corresponding to theorem 1 in that case. Section 3 contains the
main identity used to establish theorem 1. In Section 4 the proof of theorem 1 is given,
and finally in section 5 the proof of the corresponding three dimensional result is given.

2. Non-uniqueness in the three dimensional case

In dimension n = 3 there is a natural non-uniqueness to the inverse problem which we
will now describe. This is a reformulated and slightly expanded version of what can be
found in [2]. First we will introduce some notation and a few geometric objects. The
space of smooth k-forms on M will be denoted by A*T*M. When (M, g) is oriented we
may define the Hodge star operator x : A¥T*M — A3~*T*M and also the coderivative
0 = xdx where d is the exterior derivative. The volume form for the metric g will be
written as dvy.

The non-uniqueness now results from the fact that, as we will see below, for any
“coexact” tensor, f & dh, the polarization data is entirely determined by the values of
the potential h at the boundary. More precisely, we have the following theorem.

Theorem 3. If a CNT manifold M? is orientable and hy, hy € C®(M) are such that
hiloar = haloar, then the polarization data for f; = (6(h;dv,))# (i = 1,2) are the same.
The # indicates that one of the indices of 6(hdv,) has been raised.

Remark 1. The orientability hypothesis here arises because of the need to globally
define §. However, it is possible to find a similar non-uniqueness result in the case
where M is not orientable by applying this theorem on an orientable submanifold of M
with boundary.

Proof. Let v be any unit speed geodesic in M starting at € M with length [. We can
then choose coordinates {z!, #?, 23} on a tubular neighborhood of v such that ¥ = 9,3,
and {0,,, O.,, O, is a parallel orthonormal frame along the entire length of . If h; is
as in the statement of the theorem for i = 1 or 2, then we can calculate Py, f; at points

on v in these coordinates as follows. Letting h = h; or hy we have

§(hdv,) = *d(h) = *(0ph dz" + Op2h da® + Oysh dx®)
= O, hdz® A dx® — Op2hdxt Ada® + Oshdxt A da?.
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Thus at points on 7y
[Py (6(hdvy))#] = Opsh (0 @ da® — 0,2 @ dat).

Now take any 7y € T,;C(O)M as an initial vector. We must solve the following system of
equations along y

0
8_722 = 0ph0d,a N dCC2<77) ) 77(0) = To-

It is not hard to see that the solution to this system is given by

cos(h(y(t)) — h(x)) ng + sin(h(v(t)) — h(x)) n5
n(y(t) = | cos(h(y(t)) — h(z))ng — sin(h(v(t)) — h(x)) ng
m
Finally, let v(I) = y and note that z, y € 9M. Then we have

cos(h(y) — h(x)) ng +sin(h(y) — h(z)) g
n(y) = | cos(h(y) — h(x))ng —sin(h(y) — h(z))ng
o
Now we can see that since hi|sy = ha|ans, in fact the polarization data for f; and f as
defined in the statement of the theorem are the same. O

In view of the previous theorem we make the following definition for notational
convenience. A tensor field f € 7 (M) will be called coezact if f = (§(hdv,))# for some
h € C*(M). We also define the tangential component of f to be tf = i*(f), and the
normal component of f to be nf = (f), —tf. The b symbol indicates that an index is
lowered.

Now, having reviewed the non-uniqueness we state the result corresponding to
theorem 1 for the 3 dimensional case. Since the tensors which, according to theorem
3, produce non-unique polarization data are precisely the coexact tensors, it is natural
to consider the uniqueness problem only on a subspace of 7 (M) complementary to the
coexact tensors. By the Helmholtz decomposition (which can be found by combining the
Hodge-Morrey and Friedrich’s decompositions, see [10]) we know that any h € A?(M)
can be uniquely written as the sum of a coexact form and a closed form with zero
tangential component. We can identify antisymmetric tensors in 7} (M) with elements
of A*2(M) through the metric, and so in fact for any f € 7{(M) we can uniquely
decompose f as

f = fs + (Oé)Ij + (5ﬁ)ﬂ
where f, = (f + f')/2 is the symmetric part of f, a € A*(M) is closed with tangential
component zero, which means i*a = 0, and 8 € A3(M). According to theorem 3 we
cannot expect to fully recover (63)* from the polarization data. However, we should
be able to find at least the normal component of f at the boundary since this is the
part of a coexact tensor field f = (§3)* that is determined by the values of 3 on 9M,
which according to theorem 3 is exactly what determines the polarization data of f.
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Furthermore, we might expect to be able to recover f fully on M when the coexact
part of f, (§3)%, is zero. The present result in the three dimensional case is that in fact
the above conjectures are true. More precisely we have the following.

Theorem 4. Let (M, g) be a CNT manifold of dimension 3, let f € 1} (M) be a smooth
tensor field. Then nf is uniquely determined by the polarization data of f. Further, if

f=fot (@) (2.1)
is the decomposition of f described above (note that f has no coexact component), then

in any coordinates all derivatives of all components of f, and (a)* on OM are uniquely
determined by the polarization data of f.

3. Main Identity

The proofs of our results are based upon an integral identity along the geodesics of
(M,g). The technique is inspired by the work of Stefanov and Uhlmann [11], and
Uhlmann and Wang [12] on the boundary rigidity problem, and the identity comes from
that used by Novikov and Sharafutdinov in [2] integrated along geodesics. We will write
down a somewhat more general identity than is actually required to prove theorems 1
and 4 because it requires little extra work.

Let (M, g) be as above and fy, fo € 7{(M). Let U; and U, be the solutions to (1.2)
corresponding to f; and fy respectively. Now fix any unit speed geodesic v between
points x, y € OM. In particular, assume that v(0) = z, and 7(l) = y. Also, let us
define #(t) = &(t) € Ty M. If we choose any vectors n € T M and ¢ € T;CM then by
equation (5.8) of [2] we have

0 -1 =
$< (O2(8(s) " U1(&(s) = E)) Lo, I, C>m(s)) a

(U2€6) [P (fr = £)] 00D D) Tom T, €)
where F is the identity. If we integrate this last equation from 0 to [ and use (5.9)
from [2] we obtain

( (Oale) talew) = B)) Tym. €)

) ds. (3.1)

l
— [0 [P (= £ G0D U B, 7,0,
0
Formula (3.1) is our main identity. We now take note of two special cases of this formula
one of which we will use to prove theorems 1 and 4, and one of which is of general interest
for the inverse problem. For our purposes in this work we will need the special case of
(3.1) in which f; = f and f, = 0. For convenience we also denote U; = U. It is clear
that in this case Uy = E. We thus have
((UlEw) - B) I3, n.€)

9(y) B

l
[ (1P 6@ U T 7, ) as 32)
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Considering the entire inverse problem, that of determining f on all of M from its
polarization data, it also seems useful to look at the special case of (3.1) when f; and
fo give the same polarization data. Since £(I) € .QM, in this case the left hand side
of (3.1) is zero. Thus, when the polarization data is the same we have

!
0= /0 <U2_1 [Pg(s) (fi — f2>] (7v(s)) Un Zg,s m, ZZS C>g(7(s)) ds.

4. Proof of Theorem 1

Let (M, g) and f be as in the statement of the theorem, and let U be the corresponding
solution of (1.2). Our task is to determine all the derivatives, in some set of coordinates,
of f restricted to OM from the polarization data U(x,§)|s, gy of [ and the metric g.
Take xo € OM. As a first step we will define the coordinate system near zy in which
we will determine the derivatives. By the convexity of the boundary we can find a
coordinate neighborhood V' centered at x( such that for every x € OM NV there is a
unique geodesic contained in V' connecting xy and z. In these coordinates we now locally
and smoothly extend both f and the metric g beyond V' N M to an open neighborhood
of xy. Having done this we now take normal coordinates centered at x in the extended
metric on a smaller neighborhood U C V. By rotating if necessary we can further assume
that in these coordinates the outward pointing unit normal at zq is given by —0,». It
is in these normal coordinates that we will recover f and its derivatives. Representing
them as (2/,2") where 2’ = (2!, ... , 2"7!), by convexity the boundary is given by a
function ¢(z') = 2™ where ¢(0) = 0, Dg(0) = 0, and D?¢(0) > 0.

Now choose any two real vectors 7 and ¢ € TQ(CCOM and extend these to vector fields
on U by simply making them constant in the coordinates on U. Since the dimension of
OM is > 3, we may find a unit vector £ € T,,0M that is perpendicular to both 1 and
(. It is because of this step that we must require dimension n > 4, although we remark
at this point that if either n and { are parallel, or one of n or ( is normal to M we can
still find such a & in the three dimensional case. Now we consider the curve ¢(7) in OM
given in the coordinates (2/, z™) by (see figure 1)

o(r) = (1€, 0(7€)) , 7=0.

For each 7 in the domain of ¢, let 7, (¢) be the unique geodesic contained in V' connecting
xo and ¢(7). Now, we apply (3.2) along the geodesic 7, (t) to obtain

<(U(%(t(7))) = E) Iy} m; C>g<cm> N

i(r)
/0 <[ow<s) A () UC(9) Zoks ms Ly C>g<%<s>> ds

where ¢(7) is the distance from z( to ¢(7). Since we assume we know the polarization
data U]| 04 M and the metric g, the left side of this equation is entirely known. Let us call
this known function (7). Then formally differentiating the last identity with respect
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d(x')
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Figure 1. Boundary diagram

to 7 we have

W) =@ Praien £ U T 0 € >g(%(t))

U 9
+/0 9 <[ow<s> NUIgn, I, ¢ ds. (4.1)

Here and throughout this proof we suppress some of the dependences on ~, in order to

>g(%(8))

save space. The next step will be to take the limit 7 — 0%, but to do this we need
to justify the differentiation and study the behavior of all the functions involved as
7 — 0%. Note in particular that we must take care because the derivatives of U(x,¢)
are generally unbounded near M. To accomplish the analysis we will actually extend
the various functions in (4.1) to smooth functions of 7 in a neighborhood of 0 (note at
the moment everything is only defined for 7 > 0).

We first consider #(7). Since we are using normal coordinates for 7 > 0 we have

0= Vo607 = i1+ (428

T

Since ¢(0) = 0 this last formula gives a smooth function for 7 such that 7€ lies in the
domain of ¢, and thus we use this formula to extend ¢(7). For notational convenience
we will write p(7) = ¢(7€)/7. As above we easily see that p(7) is actually a smooth
function, and by convexity of the boundary we also have p(0) = D¢(0) - £ = 0 and
p'(0) = (£ D?¢(0) €)/2 # 0. Now, calculating the derivative of ¢(7) we obtain

P /)
NEveE

(1) =1+p(T)2+7

Using this formula we see that

lim #'(7) = 1.

T—0t

The analysis of v, and 4, also becomes quite clear because of the normal coordinates
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in which ~, is given by a straight line. For 7 > 0

(5T S e = (s £ . p(7)
%(s)—(t(T)f,t(T)M 6)) <\/1+p(7)2’ \/1+p(7)2)’ (4.2)

o (T TN § p(7)
9 = (776565 ) (ﬂ o7 +p<¢>2> |

As above we now see that both of these formulas may be used to extend v, (s) and 4, (s)

and

smoothly to the same domain as we have for ¢(7). Further, we can calculate the limit
lim . (t(7) = (£, 0).

Also note that since we extended ¢ to a neighborhood of zy and we are using normal
coordinates centered at xg, 7, is still a unit speed geodesic for g even when 7 < 0.

There is no problem with P;_) f since after we have extended +, smoothly for 7 < 0
this is evidently smooth with respect to 7. The same is true of the metric g(v,(s)) and
the parallel translations. Thus the final term to analyze is U(¥,(s)) Zg, 1, however we
see that this is a solution to the ODE

2 (P Don(s)w ., w(0) =7

where the right hand side depends smoothly on the parameter 7. Therefore by
proposition 6.2 in [13] U(¥,(s)) Zy7, 7 is a smooth function of 7 and s. Also, by continuity
we easily see that as T goes to 07, U(§-(t(7))) Zyy(,) n goes to 1.

Having shown that all the functions in (4.1) are smooth, there is no problem
differentiating with respect to 7 under the integral, and we are now prepared to take
the limit in (4.1). Indeed, letting 7 — 07 in that formula we have

W(U) = <[P£ f] n, C)g(fﬂo) = <f($0) m, C>g($0)‘

The last equality in this equation follows because £ is perpendicular to both n and (.
Thus we are able to recover (f () 1,()g(s,) for any real vectors n, ¢ € T M, and so
we can recover f(zg). This completes the task of proving that the values of f on the
boundary are completely determined by the polarization data.

Now we continue to recover the derivatives of f as well. The argument will be by
induction on the order of the derivatives, and the first inductive step will be to find all of
the first order derivatives of f at xy. In order to clarify the method I will explicitly show
how this initial step is accomplished. The method for the general step is essentially the
same, but more complicated, and will also be explained below.

Since f is already known on the boundary, all of its first order tangential derivatives
are known, and so all that remains is to find O, f(x). This will be accomplished by
taking two additional derivatives of (4.1). Throughout this argument we will refer to
any function which is already known for all values of 7 as G(7), and any function which
is known at s = ¢(7) as G(s,7). At this point the first term on the right hand side of
(4.1) is G(7) (ie. is a known function), and so after taking two additional derivatives it is



Recovering a tensor on the boundary from polarization and phase measurements 10

still G(7). Now let us consider the derivatives of the second, integral, term of (4.1). To
begin this process we will partially evaluate the derivative contained in the integrand.
All parts of this integrand are known except f, and so we separate out the term where
the differentiation falls on f. Performing this partial expansion of the derivative using
(4.2) yields

0
g <[P%(s) J(r=(s)] U Zg,s s I?(T),S C>g(%(s))

- 20 _(p, (amnf R AR ))] T T,

NG (P

+G(s, 7).

Here D,/ f is the component-wise gradient of f with respect to the first n — 1 variables.
We use this formula and the fact that ¢(7) = 74/1 + p(7)? to partially expand the second
derivative of the integral term from (4.1) as follows (note that p(7) = O(7))

82 t(r) )
(or)? </o or <[P”(S) SO Tgsm Ty, C>g<%(s)) ds)

= 1) 0 [Proon 2 IV T, €) 4+ Glr) + O(r).

9(y-(¢(7)))
Using this last equation we can take two additional derivatives with respect to 7 in (4.1)
and obtain
V(r) = £0) PO [Py 0 I U T C) 4+ G() +0(7).
Then, taking 7 — 0" and solving we have

¥ (0) = G(0) <
2 = (O ,
Thus we have recovered all first order derivatives of f at xy, and repeating this argument

g(wo)

at any other point in the boundary we may recover all first order derivatives of f on the
entire boundary. Now we indicate how the general induction step is accomplished.

Let us suppose that we already know 9° f(z) for all multi-indices 8 with |3 < m—1
and all z € M. Then by differentiating in the boundary we also know D,/d° f(x() where
D, is, as above, the gradient with respect to the first n — 1 variables. Thus we know
all of the m'* order derivatives of f at zy except for 97 f(zy). Now, let us differentiate
(4.1) 2m times. I claim that after doing this we obtain

¢(2m+1) (T) = m! t/(T) pl(T)m <[P’y-r(t) a;r’llf] U I(A)Y,‘:ﬁ n, C>g(’y7—(t)) + G(T> + O(T) (43)
In order to show that (4.3) is correct, let us examine closely what happens when the
right side of (4.1) is differentiated 2m times. The first term on the right hand side is

known on the boundary, and so differentiating with respect to 7 results in a new known
function. From the integral term we obtain first another integral term

t(r) an
P. :z YT :Z YT d —
/0' or2m <[ ¥+ (s)) f] U 0,s 1 t(7),s <>g(%—(s)) S O(T),
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and then a plethora of terms in which one of the derivatives is applied to the 7 in the
upper limit of the integral. These terms can generally be grouped into three types. The
first of these types occurs when fewer than m derivatives are applied to f while it is
still under the integral sign. In this case, applying the fundamental theorem of calculus
to evaluate the derivative with respect to the limit results in a known function by the
induction hypothesis. The second type of term occurs when greater than m derivatives
are applied to f while it is still under the integral sign. In this case we note that by
(4.2), when f is differentiated under the integral sign k times the resulting integrand is
O(s*), and so after applying the fundamental theorem of calculus the term is O(7*). If
k > m, then after taking the remaining derivatives the term is still necessarily O(7).
Finally, we have the terms where f is differentiated exactly m times while under the
integral sign. As indicated above, after differentiating with respect to the limit of the
integral this results in a term which is O(7™), and therefore the only remaining term
that is not O(7) is exactly the term where the remaining m derivatives are applied to
the 7™ factor. The factor in this term involving f is

)2 ()

orm

s=t(7)
Using the induction hypothesis that all m™ and lower order derivatives of f except O™ f
are known we can rewrite this as

mte) o (1= L9 ) am s ) + 6o

Since p(7) = O(7) this can be written as
mlt'(7) (7)™ O f(v(t(7))) + G(7) + O(7).
Using this last expression and the preceding discussion we see that (4.3) is correct, and

so after taking the limit 7 — 0% we may solve and obtain

Q/;(Qm-‘rl) (0) _ G(O) "
P/ (0)™ m! = {0z f(20) 1, gz -

This completes the induction step, and therefore completes the proof of theorem 1.

5. Proof of Theorem 4

Let (M, g) and f be as in the statement of theorem 4. Proceeding exactly as above in
the proof of theorem 1 we are able, using the same type of coordinates as above centered
at g € OM, to recover

(f(xo) m, Tl>g(:p0) and  (f(z0) ¢, I/>g(xo) (5.1)

for any real vectors n € Ty (M), and ¢ € T (9M). Here v is the outward pointing
unit normal vector at xy. The second of the quantities in (5.1) gives nf, and so the
first claim of theorem 4 is proven. Next we apply the same induction argument as in
the proof of theorem 1 taking advantage of the special form (2.1) of f to recover the
derivatives.
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Indeed, assume that the coexact part of f is zero and so f has the form

f = f s+ (Oé)#
where f; and « are as in the statment of the theorem. Then the first part of (5.1) gives
t f,, and by assumption tae = 0. Thus we actually recover f fully on the boundary. This
is sufficient for the base case of the induction. Suppose now that we know 9% f on OM
for all mutli-indices 8 with |G| < m — 1. Then proceeding as in the proof of theorem 1
we obtain

<85f(:c0) 77,77>g(x0) and <85f(x0) ¢, u>g(10) (5.2)

for all § with 3] < m and for any real vectors n € Ty (M), and ¢ € TS (OM). The first
part of (5.2) gives all derivatives up to order m of f; and so the second part gives all
derivatives up to order m of na = o — i*« (recall that « is the closed part of f). To
recover the derivatives of ta = i*a we will use the fact that « is closed.

To do this, suppose that a = ajada! A da? + ajzdzt A da® + agsda® A da?
in the coordinates defined above. Then at x, we have ta = aadx’ A dz? and
no = agsdr! A dz? + agsdr? A da?. Since ais closed we have

@xSOélg — 82720[13 + 8xla23 =0 = axSOém = 6382()[13 — am10523.

Therefore we can find all the derivatives of ta at xg up to order m from the derivatives
of just na. This completes the proof by induction.
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