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1 Introduction

The theory of minimal surfaces was originally motivated by the notion of surfaces that mini-
mizes area given a fixed boundary. Such a surface in fact has zero mean curvature, although
there are surfaces with zero mean curvature that do not minimize the area functional. Much
of the results we will draw upon can be found in [1] and [3].

The focus of this paper will be to present a brief introduction to two-dimensional minimal
surfaces embedded in R™. We will conclude by presenting an important theorem regarding
solutions to the minimal surface equation in the entire plane, called Bernstein’s Theorem.
An important corollary to this main theorem can be summarized as follows: If f : R2 — R
is a non-parametric representation of a surface S that satisfies the minimal surface equation
in the whole x1, xo-plane, then f is necessarily a linear function of z; and xo. In other
words, S is necessarily a plane.

In Section 1, some relevant background and notation is established, and for the most
part it is intended as a general review of regular surfaces. Section 2 introduces the minimal
surface equation, and in Section 3 we introduce the notion of nonparametric surfaces em-
bedded in R™ and derive the minimal surface equation applied to them. Then in Section 4,
isothermal parameters are described, and we then culminate with a proof that every mini-
mal surface can be reparametrized locally with respect to isothermal coordinates. Finally,
Section 5 is a presentation of Bernstein’s Theorem and some important corollaries.

2 Some Background

A two-dimensional surface S C R™ by definition can be parametrized locally near each point
by a smooth map = : D — S where D C R? is open, and such that the vectors (%’“"1 and a‘%
are linearly independent at each point of D. We use M to denote the Jacobian matrix of x

and z;, 1 <17 <n, to denote the coordinate functions of z, so that

Oz Ozy
(9’u,1 8u1
Oxy Oz
M= 8771 8?2
O0Tn OTn
ou1 Ous

In shorthand, we may write M = (m;;) where m;; = gz;

Given vectors v, w € R3, it is intuitive to think of v A w, called the wedge product of v
and w, as representing the vector in R? perpendicular to both v and w, given that v is not
parallel to w. This idea generalizes to vectors in R™ as follows: if v, w € R™, then we define

vAwERN,N—<g>

to be the vector with components

vi U5 .
det < v ) , 1< 7,
w; Wy
arranged in some fixed order.

We now introduce the matrix GG defined by
G = (gij) = MT M. (1)



More explicitly, we have

9ij = = a

Bui’ Bu; ) = 2= Ou; Oy

Lemma 1. Let z : D — R" be a differentiable map where D C R? is a domain with
coordinates (uy,us). At each point of D, the following are equivalent:

. ox ox . .
1. the vectors ur and Jug OTE linearly independent,

1. the Jacobian matrix M has rank 2,

iii. 3, j with 1 <i < j <n such that =255 20,

. oz oz
. TMAT’IAQ #0,

v. det G > 0.

Definition 1. A surface S is regular at a point if the conditions of Lemma 1 hold at that
point. Similarly, S is regular if it is regular at every point of D.

Suppose we have a regular surface S C R" defined by the parametrization x : D — S,
and let p € S. Recall that the tangent space T),S is a two-dimensional vector space that is
spanned by all the tangent vectors at p attained by curves lying on S and passing through
p. That is, v € T),S if there exists a smooth curve a : (—¢,e) — S such that a(0) = p
and o/(0) = v. We also denote the orthogonal complement of 7,5 by 7,5+, which is
consequently an (n — 2)-dimensional space called the normal space of S at p.

2.1 Preliminary Minimal Surface Equation

Let S C R” be a regular surface defined by the parametrization x : D — S and let p € S.
If «: (—€,e) — S is a smooth curve p.b.a.l. with «(0) = p and o/(0) = v with |v| = 1, then
we define

E(N,v) =a”(0)- N, N €T,S*. (2)

The function k(N,v) is a well-defined function of the normal N and the unit tangent v,
called the normal curvature of S in the direction of v. For more details concerning this
derivation, see [Osserman].
By fixing N and letting v vary, we define
ki(N) = k(N,v), ke(N)= min k(N,v), 3
1(N) nax, (N,v),  ka(N) Jmin (N, v) (3)
which are called the principal curvatures of S at p, with respect to the normal N. Finally,
we define the mean curvature of S, H(N), at the point p, with respect to N, by

H(N) = W (4)

With a bit of computation, (see Osserman or Ros), one obtains the identity

_ 922011 (N) + g11b22(N) — g12b12(N)
2det(Q) '

H(N)
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Here we have introduced the notation
32
r N
8u¢8uj

bij(N) =

It is clear that the b;; are linear in N, and hence H(N) is linear in N for all N € T,,S*.
Thus there exists a unique vector H € T, pSl such that

H(N)=H-N VN € T,S*.
The vector H thus defined is called the mean curvature vector of S at the point p.

Definition 2. A surface S is a minimal surface if its mean curvature vector H vanishes at
every point p € S.

Equivalently, we may characterize minimal surfaces by the equation

922011 (N) 4 g11b22(N) — g12b12(N) = 0. (6)

3 Non-parametric Surfaces

We now consider a special choice of parameters that is often useful in computations. Let
1,7 be any two fixed distinct integers such that 1 < i,5 < n, and let D be a domain in the
x;, rj plane. The equations

= fr(ri,zj),k=1,....n; k#i,j; (z5,2;)€D (7)

define a surface S in R™. A surface defined in this way is said to be in nonparametric
or explicit form. In the case that n = 3, the surface S is simply represented as a graph
over the z;,z; plane. It is a well-known result that any surface can be expressed locally
in nonparametric form, as stated in the following lemma. The proof is for the most part a
consequence of the inverse function theorem (see [1], [3]).

Lemma 2. Let S C R"™ be a surface defined by a parametrization x : D — R", and let
p = z(q) be a regular point of S. Then there exists a neighborhood U of q, such that the
restricted surface x(U) C S has a reparametrization in nonparametric form.

Again suppose we have a surface S in nonparametric form. By a suitable relabeling of
coordinates in R", we may assume that the surface S is defined by

zp = fu(ry,22), k=3,...,n,
or equivalently
T =u1, Ty =uz, x)= fe(ul,u2), k=3,...,n. (8)

With a bit of computation (see [1]), the minimal surface equation takes the form
~ (0fn )"\ P S Ofm Ofm \ 01
<1+ Z <8U2> ) 8u1 2 Z Ouy Oug | Ou10us
Ofm\*\ fi| n _
+<1+z::<8u1>)8u% Ny =0,




for all normal vectors N. It is an elementary result ([Osserman]) that the components
N3, ..., N, may be chosen arbitrarily. Thus, each of the coefficients of N must vanish in
the equation above, for kK = 3,...,n. Introducing the notation

f(x1,22) = (f3(21,22), . .., fn(21,72)),

we have the single vector equation
0*f

of P\ & _,(0of  of of |
14+ |=— — =2 = = 14+ | —5 =0. 9
( + 8.%'2 ) a.r% 8331 83;2 + + 81'1 61’% ( )
This is the minimal surface equation for nonparametric minimal surfaces in R™. In light of
Lemma 2, every regular surface provides a local solution to (9).

4 Isothermal Parameters

Some properties of a surface, such as curvature and compactness, are independent of the
choice of parametrization. Thus it is convenient to choose parameters in a way such that
geometric properties of the surface are reflected in the plane. For example, it would be nice
if the angles between curves in the domain D are preserved under the mapping x : D — S.
This is essentially the definition of a conformal mapping. Explicitly, this requirement can
be expressed as

2 2 Ooxr Oz

" - ~ (g5
= g22, gi2 = Ouy’ Ouy

_ |0z ox
g11 = Dy

Jus

or
G = N\1Iy
where A : D — R is a function such that A(uj,us) > 0. Parameters uj, us satisfying these
conditions are called isothermal parameters.
Note that, when working with isothermal parameters, we have

det G = \* (10)
and
~g22b11(N) + g11b22(IN) — g12b12(N)
H(N) = 2det(G)
o )\lel(N) + AQbQQ(N) (11)
= X
b1 (N) + baa(N)
= % ,

It turns out, as might be expected, that a parametrization of a minimal surface in
terms of isothermal parameters is necessarily a harmonic function. This is expressed in the
following lemma and its immediate corollary.

Lemma 3 (Osserman). Let S C R" be a regular surface parametrized by x(ui,u2) where
u1 and uo are isothermal parameters. Then

Ax = 2)2H
where H 1is the mean curvature vector.

Corollary 4. Let x(uy,uz) define a regular surface S in isothermal parameters. Then the
coordinate functions xy(ui,u2) are harmonic if and only if S is a minimal surface.



4.1 Minimal Surfaces and Analytic Functions

It will eventually be useful to have some important ideas from complex analysis at our
disposal. We recall the following definitions.

Definition 3. A function f(z) = u(x,y) + tv(x,y) is conformal on an open set D C C if f
is analytic on D and f/(z) # 0 for all z € D.

Definition 4. A function f(z) = u(z,y) + iv(z,y) is anticonformal on an open set D, if
the conjugate function f(z) = u(z,y) — iv(x,y) is conformal.

In light of Lemma 3, it will be interesting to look further into the connection between
minimal surfaces and harmonic functions. First, consider the following notation. Given a
surface S parametrized by x : D — S, we define the complex-valued functions

0 .0 ,
O() = 5.2 (un,u2) — i E ), €= + i (12)

Now consider the following identities derived from the ¢p:

QT 9z \ > ox\? . Oxy Oxy,
2O =2 [(a) ~(5e) ‘Q@aulau?]

k=1 k=1
- 81:k>2 & <8azk)2 = Oz Oy,
= - - ) -2y AR
kzl <8u1 ; 6UQ ; 8’&1 8’&2 (13)
I S R 3
N 6u1 8u2 61@’81@

= g11 — 922 — 21g12

and

(O, 2 oz \ 2 (14)
=3 () +2 (o)

k=1
= g11 + g22.

Based on these equations, we can formulate the following useful proposition regarding the
functions ¢y:

Proposition 5. Suppose that S is a surface parametrized by x : D — S. If the functions
or (&) are defined according to (12), then the following statements hold:

i. ¢(&) is analytic in £ if and only if xy, is harmonic in ui, us,

1. u1, Uy are isothermal parameters if and only if
n
PRCAGES (15)

k=1



1. If uy,us are isothermal parameters, then S is regular if and only if

> lew(©)? # 0. (16)
k=1

2z, _ 03wy
au% au%

Proof. For (i), note that ¢ () is analytic in { <
Uy, u.

To prove (ii), we have that wuj, us are isothermal parameters <= g11 = go2 and g12 = 0
— Y1, 63E) =o.

Finally, for (iii) note that wui,us are isothermal parameters if and only if g11 = g2
and gio = 0. Furthermore, S is regular <= detG # 0 <= g11922 = g3 # 0 <
> ory |¢k(§)|2 = g11 + goo # 0 since g11 and goo are both nonnegative. O

<= x4, is harmonic in

It turns out that one can choose any analytic functions ¢y (&) that satisfy (13) and (14)
in a simply-connected domain D, and there necessarily exists a regular minimal surface
defined by = : D — R3 such that (12) holds. For a proof of this, see [1]. Thus, there
is a very strong connection indeed between minimal surfaces and complex-valued analytic
functions.

Lemma 6. Let x(u) define a regular minimal surface with uy,us isothermal parameters.
Then the functions ¢r(§) defined by (12) are analytic, and they satisfy equations (15) and
(16). Conversely, let p1(§), ..., pn(&) be analytic functions of & which satisfy (15) and (16)
in a simply-connected domain D. Then there exists a minimal surface x(u) defined over D,
such that equations (12) hold.

Another very important result regarding isothermal parameters is analogous to the fact
that any parametrization x : D — S can be rewritten in nonparametric form locally. It is
worth proving, as the notation used will be revisited in the proof of Bernstein’s Theorem.

Lemma 7. Let S be a minimal surface. Then every reqular point of S has a neighborhood
in which there exists a reparametrization of S in terms of isothermal parameters.

Proof. Let p € S be a point at which S is regular. Then we may find a neighborhood V
of p in which S may be represented in nonparametric form. That is, there exists an open
set D C R? and a diffeomorphism = : D — V defined by x;, = fi(x1,z2) for k = 3,...,n,
where f is a smooth function from D to R"~2. We now introduce the notation

0 0
f:(f37"'7fn)7 p:ia q:ifa
a$1 8%2 17
T_ﬁ o aZf _(92f ( )
N 8ZE%7 N 81‘1&%2’ N (‘):c%

We also write W = det G. It follows from the minimal surface equation (9) (see [Osserman]|)

that
9 (1+1d :i<&)
or1 w Oxo \ W

9 (29 - 0 (1+pP
8:131 w 6.%'2 w '

(18)



Suppose that p = z(ai,a2). Then by openness of D we have equations (18) satisfied in
some disk (21 — a1)? + (72 — a2)? < R2, which we’ll denote by D’. If we define the vector

field V in R? by
_(1+1pP p-q
‘/1_< W ’W’ )

9 [(1+p)? o (p-q\ _
WXVl"ax2< W ax1<w)_0'

Hence V; is a conservative vector field, and so there exists a function F : D’ — R such that
VF = Vj. Similarly, the vector field

a1 2

then

w’ W
is conservative, and so there exists a function G : D’ — R such that VG = V5. Altogether,

the functions F'(z1,z2) and G(z1,x2) satisfy

OF 1+ OF _p-q

oxq W Oz, W

oG  p-q 0G 1+|q? (19)
oz, W' Oz W
Now let
§=(£1,82), &1 =1+ F(x1,22), &2 =22+ G(21,72), (20)
and note that

% _ 1+ 04 _p-q

0z w Oxo w

0 _pa 0% 1tld’

8.7}1 w 8.7}2 w

Additionally, one can compute
g& g&
J—det| G G
8x1 8272
2+ Ip|* + qf?
w

By the inverse function theorem, there exist open sets U; C R? and Uy C D’ where (a1, as) €
Us, and a diffeomorphism 3 : Uy — Us such that

(Bo&)(w1,12) = B(&1,&2) = (w1, 72)

for all (z1,22) € Us. In the neighborhood Uy, we may represent the surface S locally in
terms of the parameters &1, &o. )

By the chain rule, we have (dﬁ)(§17§2)(d§)(x17m2) =1d = (dﬁ)(gl@) = [(d&)(xlm)]_ .
Hence

=2+ > 0.

9z Oz
(dﬁ)(£1:£2) = [ % % ]

06 0%
LT o _on
_ - Oxg 062
TJ | %% o |-
oxr1 ox1
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Equating components, we have

Oy W+1+1g® 022 p-q

€, JW 7 0g JW

Oy _ _pg Om WA+l

0y JW' 0& Jw
Moreover, applying the chain rule to xj for k = 3,...,n, we obtain

Oz _ Oz 01 Ozp 072
06 Ox1 06  Omy 0&
W +1+|q? p-q
= — 7 Pk
Org _ Ovg Ov1 | Oxp; Op
0 Or1 08 Oxg 0&2
W1+ p* pog
- w T gw

From all of these computations, we deduce that

DPk-

or > |oz|? W w2
W:W2M1:%22J2W+Hmum2
_ Ox Ov
g12 = 87‘51 : 8752 =
Hence &, & are isothermal parameters. O

The next result provides an explicit connection between conformal or anticonformal
mappings of the complex plane and surfaces defined in terms of isothermal parameters. The
proof is more or less elementary, but we will need it when proving Bernstein’s Theorem.

Lemma 8. Let S C R" be a surface defined Qy x(uy,uz) where x : D C R?2 — S and ui,us
are isothermal parameters. Suppose that ¢ : D — D is a diffeomorphism given by
G(ur,uz) = (u1(uy,u2), ua(ty, uz)),

and let S be the reparametrized surface obtained from the composition x o ¢. Then uy
and ug are isothermal parameters if and only if the map ¢(uy,uz) is either conformal or
anticonformal.

Proof. Let U be the matrix defined by

Ouz  Ouz
Juyp  Oug

ow ow
U=Jacp=| i Juz |

Since ¢ is a diffeomorphism, we have det U # 0. Let M be the Jacobian matrix of o @.
By the chain rule,
M = MU,

where M = Jacz, and thus

G=M"'M=MU)"MU=U"M" MU =UTGU.



Since uq and us are isothermal parameters, weNhavg that G = A\2I,. Thus G = \2UTU.
By definition %, uo are isothermal if and only if G = A\2I5. This in turn is the case if and
2
only if %—QUTU = Iy; that is, if and only if %U is an orthogonal matrix.

Note that ) )

Supposing that %U is orthogonal, we have that
u Dudn o (Du)' (0n)'_ (0n)' (0"
Ouy 0wy Oug Oug ’ oy Oy oy Oy

— 0w p_ 0w ._ Ou — Oug
Leta—aﬂl,b— gy €= %l,andd— e Then

UTU =

a? +v? =2+ d2, ac+bd = 0.
_bd

>, and

One of a and b is nonzero, since otherwise U = 0. Assume that a # 0. Then ¢ =
substituting into the first equation yields

b2d?
a’ + b’ = — + d°
a

=a* 4+ b2a? = b2d? + d%a?
=at + (V? — d*)a® - v*d® = 0.
It follows that

9 d? —bv? \/(b?—d2)2+4b?al2
a® = +
2 2
2 12 2 2\2
:d bj: (b2 + d?)
2 2
2 12 2 2
:d bib +d
2 2

— d27 _b2

Since a is real-valued, we must have a? = d?, and thus a = +d. If a = d, then b = —c¢, and
SO

8u1 . 8'&2 8U1 . 6U2
oy Oy iy Oy
which means that ¢ is analytic in u; and w9, when we consider it as a complex-valued
function of u; + ius with real part u; and imaginary part us. Hence ¢ is conformal.
On the other hand, if a = —d, then b = ¢, and it is easy to see in this case that ¢ is
anticonformal.
Conversely, suppose that ¢ is either conformal or anticonformal. Then either
6u1 . 6U2 6u1 _ 3u2
om Oy’ Ouy 0wy
or
(‘9u1 o 8U2 8U1 _ 8U2
ouy Oy Juy 0wy
In both cases, we conclude that UTU = i—zlg where ) is some function of u1 and we. Since
G=XUTU = X2IQ, it is clear that %U is an orthogonal matrix. O
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5 Bernstein’s Theorem

We are now essentially ready to prove Bernstein’s Theorem, the main result of this paper.
But first, it will be necessary to present a couple of short lemmas. Additionally, the next
theorem, of which a proof can be found in most books in complex analysis, will also be
instrumental in proving the main theorem.

Theorem 9. (Little Picard’s Theorem) If a function f: C — C is nonconstant and entire,
then the range of f omits at most a single point.

Lemma 10. Let f(x1,72) be a solution of (9) for x3 + z3 < R%. Then using the notation
of (17) and (19), the map &(x1,x2) defined by (20) is a diffeomorphism onto a domain A
that contains a disk of radius R centered at £(0,0).

For a proof of the Lemma 10, see [1] (Lemma 5.4). We now prove a nice result that
applies to Bernstein’s Theorem in the case that n = 3.

Lemma 11. Let f : D — R be a smooth function on a domain D C R?. Let S =
{(z1,22,73) €R3 : 23 = f(x1,22)} be the surface obtained from f. Then S lies on a plane
if and only if there exists a nonsingular linear transformation (ui,uz) — (x1,x2) such that
ui,us are isothermal parameters.

Proof. Suppose that such isothermal parameters w1, uo exist, so that z1 = aju; + asus and
x2 = biuy + bousy. Introducing the functions ¢y (&) from (12) for k = 1,2,3, it is clear that
¢1 and ¢o are constant since x7 and xo are linear functions of u; and us. By Proposition
5, we have that

3
> i) =0,
k=1

and thus ¢3 must also be constant. This means that x5 has constant gradient with respect
to u; and ug, and hence also with respect to x1 and 3. Thus f(z1,22) = Az + Bxy + C.
Conversely, if S lies on a plane, then f is of the form f(z1,22) = Axy + Bxo + C. Tt is
then easy to write down an explicit linear transformation yielding isothermal coordinates.
For example, take
r1 = AMuq + Buo, 29 = ABuy — Auo,
where
9 1
REEvCEY
O

Theorem 12. (Bernstein’s Theorem) Let f(x1,22) be a solution of the nonparametric min-
imal surface equation in the entire x1,xs plane. Then there exists a nonsingular linear
transformation

1 =u
1 1 (21)
r9 = auy + bug, b >0,

such that (ui,u2) are global isothermal parameters for the surface S defined by

xp = fr(r1,22), k=3,...,n.

11



Proof. First we consider the map £ given in (20), which is now defined in the entire x1, xo
plane. By Lemma 10, the map ¢ is a diffeomorphism of the x1, x5 plane onto the entire
&1, & plane. By construction, we have that (&1, £2) are isothermal parameters of the surface
S. By Lemma 6, the functions

a’Ek axk

or(§) = 8751_3752 k=1,...,n

are analytic functions of £&. Now observe that

— 8x1 8561) (8:@ 8952)
= J—— + P 2 __a__Z
b2~ (e +iges) (a0~ o
8$1 8902 8561 3$2 81‘1 8$2 8561 3.T2

+1 + =
04 04 351 & | 0& 08 | 0& 9&
Thus
(3.%‘1 8952 6.%'1 8%‘2 - 8(951, $2>

m(¢yg) = 8 06, 06 9&  B(E1,69)

Since the Jacobian determinant on the right is always positive, we have that ¢; # 0 and
@2 # 0 everywhere. Furthermore,

b2\ P26
fm <¢1> fm <|¢1’2>

T Im (¢ 62)

|¢> 2

< 0.

Therefore, the quotient % is analytic on the whole £ plane with negative imaginary part.

By Picard’s Theorem, ‘f’—f = ¢ where ¢ = a — bi and b > 0. This of course implies that
¢9 = c¢p1. By definition of ¢y, we have

by = 02072 (5‘561_ 0@”1)

0& 352 06 082
_ 8x1 b% : ( ! ba”m)
351 062 & | 9g

Equating the real and imaginary parts from above, we obtain

or _ 0n10m
o6~ “oe 06
a$2 . 81'1 b% '
06~ Y08 " o
If we now introduce the transformation of (21) using the values of a and b determined
above, we compute

8.%‘1 8’11,1 8901 aul

o6 0¢ 06 06
821?2 8’U,1 8uQ 8:132 8u1 b8UQ

o6 “oa ea  on Yo og
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By substitution, it follows that

0z Ouq Ous Ouy ouy

R ) S R
&2 0% 0% 02 01
and so
Ouy _ dw
06 04
Similarly,
Ouy _ 0w
&1 0

Thus, the function u = (ui,ug) satisfies the Cauchy-Riemann equations with respect to
&1, &9, and so the function uy + ius is a complex-analytic function of & + ¢€2. By Lemma 8
u1,uo are also isothermal parameters. ]

As an immediate corollary, if we let n = 3, the solutions to the minimal surface equation
(9) in the entire plane are limited to just linear functions.

Corollary 13. In the case n = 3, the only solution of the minimal surface equation in the
whole x1, 9 plane is the trivial solution, f a linear function of x1,x2.

Proof. By Theorem 12, there exists a nonsingular linear transformation x; = u; and z9 =
auqy + bug with b > 0, such that uy,us are global isothermal parameters for the surface
S defined by z3 = f(x1,22). By Lemma 11, S lies in a plane, and hence f is a linear
function. ]

Corollary 14. A bounded solution of equation (9) in the whole plane must be constant (for
arbitrary n).

Proof. By Lemma 4, each coordinate function xy(uq,us2), for & = 3,...,n, is a bounded
harmonic function of (ui,u2) in the whole u;,us plane. Hence, each zj is constant for
3<k<n. O
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