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Curvelets: ϕγ(y) = 2−3k/4ψω,k(y − x) , γ = (x , ω, k)

Frequency support:
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Spatial support:
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Distance function: (x , ω), (x ′, ω′), where |ω| = |ω′| = 1

Definition

d(x , ω; x ′, ω′) = |〈ω, x − x ′〉|+ |ω − ω′|2 + |x − x ′|2

d(·, ·) is an approximate distance function

d(x , ω; x ′, ω′) ≈ d(x ′, ω′; x , ω)

d(x , ω; x”, ω”) . d(x , ω; x ′, ω′) + d(x ′, ω′; x”, ω”)

The “support” of a curvelet ψω,k (y − x) is the set of (y , ξ)

d(x , ω; y , ξ|ξ|) . 2−k |ξ| ≈ 2k
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Proof

 2k/2

 2k

 !^
",k(#)

|ω− ξ
|ξ| |

2 ≤ 2−k

|ξ| ≈ 2k

 2!k/2

 2!k
 !",k(y!x)

|〈ω, y − x〉|+ |y − x |2 ≤ 2−k
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Invariance under canonical transformations

Definition
A one-one map χ : (y , η)→ (x , ξ) is a homogeneous canonical
transformation if

χ : (y , s η)→ (x , s ξ) , s > 0∑
i ξi dxi =

∑
j ηj dyj

Remark: χ preserves phase space volume dy dη

Fact: The distance function d(·, ·) is invariant under χ

d
(
χ(y , ω);χ(y ′, ω′)

)
≈ d(y , ω; y ′, ω′)

Proof: 〈ξ, x − x ′〉 = 〈η, y − y ′〉+ quadratic
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Control on curvelet frame non-orthogonality

Two curvelets at same scale γ = (x , ω, k) , γ′ = (x ′, ω′, k)∫
ϕγ(y)ϕγ′(y) dy .

[
1 + 2k d(x , ω; x ′, ω′)

]−N ∀N

There are ≈ R 2 coefficients γ′ = (x ′, ω′, k) with

2k d(x , ω; x ′, ω′) ≤ R
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Analysis and Synthesis

Curvelet transform (analysis)

C : L2(R2)→ `2γ (Cf )γ =

∫
ϕγ(y) f (y) dy

Reconstruction (synthesis)

C∗ : `2γ → L2(R2) C∗{cγ} =
∑
γ

cγϕγ

Frame condition C∗Cf = f

Π = CC∗ : `2γ → `2γ is projection onto range of C.

Matrix Πγγ′ = 〈ϕγ , ϕγ′〉 satisfies

Πγγ′ . 2−N|k−k ′|[1 + 2k d(x , ω; x ′, ω′)
]−N ∀N
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Operators to Matrices

To a linear map T : L2(R2)→ L2(R2), associate the matrix

[T ]γγ′ = 〈ϕγ ,Tϕγ′〉

[T ] = C T C∗

T = C∗[T ]C

Q: Which operators have nice, sparse matrices?

T an order m pseudo-differential operator

[T ]γγ′ . 2mk 2−N|k−k ′|[1 + 2k d(x , ω; x ′, ω′)
]−N ∀N
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Wave evolution in nonhomogeneous media

∂tu(t , y) + ip(y ,Dy )u(t , y) = 0 , u(0, y) = f (y)

p(y ,D)f (y) =

∫
ei〈y ,ξ〉p(y , ξ) f̂ (ξ) dξ

Non-isotropic accoustic equation

∂2
t u(t , y) =

∑
ij gij(y)∂yi∂yj u(t , y) + l.o.t.

p(y , ξ) = ±
√∑

ij gij(y) ξi ξj + l.o.t.

Elastic system with simple eigenvalues

∂2
t ul(t , y) =

∑
ij aijlm(y)∂yi∂yj um(t , y) + l.o.t.

pM(y , ξ)2 = eigenvalues of
∑

ij aijlm(y) ξi ξj
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Lax parametrix construction

Solution operator takes form

u(t , y) =

∫
eiΦt (y ,ξ) at (y , ξ) f̂ (ξ) dξ

Φt (y , rξ) = rΦt (y , ξ)

Φt (y , ξ) is generating function for Hamiltonian flow of p:

If (y , η) is time t image of (x , ξ) under Hamiltonian flow

ẋ = dξp(x , ξ) , ξ̇ = −dxp(x , ξ)

Then
η = dy Φt (y , ξ) , x = dξΦt (y , ξ)
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Matrix of evolution operator: γ = (x , ω, k)

Wtϕγ(y) =

∫
eiΦt (y ,ξ) at (y , ξ) ϕ̂γ(ξ) dξ

Linearize phase function in ξ:

Φt (y , ξ) ≈ 〈dξΦt (y , ω), ξ〉 = 〈F−1
t (y), ξ〉

Ft is the Hamiltonian flow map in co-direction ω for time t .

To first approximation

Wtϕγ(y) ≈
∫

ei〈F−1
t (y),ξ〉 ϕ̂γ(ξ) dξ = ϕγ

(
F−1

t (y)
)
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Wave map moves a curvelet along Hamiltonian flow

 !"  Wt!"
 >
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More detailed analysis

Wtϕγ behaves like a curvelet at (χt (x , ω), k) ,

where χt is Hamiltonian flow map of p at time t.

∣∣〈ϕγ′ ,Wtϕγ〉
∣∣ . 2−N|k−k ′|[1 + 2k d

(
x ′, ω′;χt (x , ω)

) ]−N ∀N

[Wt ]γ′γ is sparse, coefficients peak at γ′ = χt (γ)

Matrix version of Fourier Integral Operators associated to
homogeneous canonical transform χ, composition results,
L2 mapping bounds . . .
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Conormal distribution associated to Λ ⊂ T ∗(R2)

Example: Image with sharp jump along smooth curve γ:

 f(x)=1  f(x)=0

Wavefront set of f contained in Λ =
{

(γ(t), ξ) : ξ ⊥ γ′(t)
}
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Distance function and conormal distributions

Distributions conormal to Λ characterised by:

|〈ϕγ , f 〉| . 2mk[1 + 2k d
(
x , ω; Λ

) ]−N ∀N

 f(x)=1  f(x)=0
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