KODAIRA DIMENSION OF SUBVARIETIES

TRAVIS KOPP

1. INTRODUCTION

One goal in the study of algebraic geometry is to classify varieties up to iso-
morphism. Since every singular variety has a non-singular resolution and every
quasi-projective variety lies in a complete variety, a way to start this project is to
classify non-singular complete varieties.

In the case of curves this has been done. In the set of complete non-singular
curves birational equivalence is equivalent to isomorphism. In this set, curves are
classified first by a discrete invariant, their genus, g € Z, g > 0, and then by a
connected moduli space, .#.

The case of surfaces is more difficult. It can first be shown that every birational
equivalence class of surfaces not containing a ruled surface has within it a unique
‘minimal model’. Then it is necessary to classify birationally ruled surfaces and to
classify non-birationally ruled surfaces by their minimal models.

Similarly in higher dimensions there is a strategy of finding ‘minimal models’
within birational classes and then classifying the birational classes of varieties of a
given dimension.

In classifying birational classes what seems to be the first distinction to make
after dimension is a birational invariant called the Kodaira dimension of a variety.
We will start this paper by discussing this invariant.

2. D-DIMENSION AND KODAIRA DIMENSION

Let X be a complete variety over an algebraically closed field k. Let D be an
effective Cartier divisor on X with corresponding invertible sheaf £ (D). Since D
is effective, this sheaf induces a rational map:

ép : X ——» PV, where N = dim H°(X, .#(D)) — 1

This map is modelled by U — PV, where X \ U C X is the closed set where all
the global sections of £ (D) vanish.

For any divisor D on X we may consider for which m € N the divisor mD is
effective, and then consider the rational maps ¢,,p. This is done in the following
definitions.

Definition 2.1. For any Q-Cartier divisor D on X, let:
N(D) = {m € N | mD is effective and Cartier}

It is clear that N(D) is a semigroup. If N(D) # 0, let mo = ged{m € N(D)}.
Then it is easy to show that there exists m' > 0 such that mmg € N(D) for m > m/.
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Definition 2.2. Let k(D, X) = max{dimim ¢,,p | m € N(D)}. We say k(D,X) =
—o0 if N(D) = 0. This is called the D-dimension of X.

The Kodaira dimension invariant we are interested in is a special case of D-
dimension as given in the following definition.

Definition 2.3. The Kodaira dimension of a complete variety X is defined as
k(X) = k(Kx,X), where Kx is a cannonical divisor on X.

We will show in the next section that the Kodaira dimension of a variety is
actually a birational invariant.

3. ASsYMPTOTIC RELATION FOR k(D,X) AND k(X)

The D-dimension, (D, X) can also be expressed in terms of the rate of growth
of h(X, £ (mmeD)) = dim H°(X, . (mmoD)) as m increases. This is shown in
the following theorem:

Theorem 3.1. Let X be a complete variety and D o divisor on X with k =
k(D,X) > 0, then there exists o, 8 > 0 such that

am® < h%(X, Z(mmyD)) < fm"
for m >> 0.

Proof. We will prove this theorem in the case that £ (my D) is generated by global
sections on X for some m; = amg > 0. For the case in which [mD| has a fixed
component for all m € N(D) a proof can be found in [3, §10.2].

Thus assume that .2 (m1 D) is generated by global sections. Then ¢,,,p : X --»
P¥ is a morphism. If H is a hyperplane divisor of PV, then ¢/, p = ¢m/H°bm,D,
where @, g is the m/-uple embedding.

This means:

dimim ¢y, p = dimim @1, p = K(D, X) = &
since for any m' > 0,
dimim ¢ p = kK(D, X) = dimim ¢y, p = (D, X)

In this case we also have £ (m'm1 D) = ¢F, ,(Op~(m')). This means for m' >>
0:

h(X, Z(m'mi D)) = h°(X, ¢, p(O(m')))
= h%(¢m,p(X), O(m"))
=Py, p(x)(m"),
where P, (x) is the Hilbert polynomial of ¢m, p(X) C PV.

Since dim ¢y, p(X) = &, the polynomial Py, ,(x) has degree k. Thus we may
choose o', 8’ > 0 such that:

a'm' < h%(X, £(m'm, D)) < B'm'*,
for m' >> 0.

Given a large m, we may write m = m’a + r with 0 < r < a. In this case

mmoD = m'm1D + rmoD, and we have:

1 K
a'(%> m" < a'm'® < h%(X, £ (m'm,D))
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< W (X, £ (mmoD))
2 R
<h(X, Z((m' +1)m1D)) < B'(m' +1)* < ' (5) m"

Thus if we choose & = o/(2)", and 8 = '(2)", the theorem is proven in our
special case. O

We see then that if k(D,X) > 0, it is the same as the degree of the Hilbert
polynomial of R(D, X)(™0) = R(moD, X), where

R(D,X) = P H°(X, £ (mD))
m=0
is a graded ring over k.

Since the degree of the Hilbert polynomial of R(D, X)(™0) is (D, X), we see by
commutative algebra that tr. deg, R(D, X)(™0) = tr. deg, R(D,X) = &(D,X) + 1
In the case that D = Kx, we call

R(Kx,X)= @ H*(X,w§™)
m=0
the plurigenus ring of X

Given a rational map, X --+ X', with model f : U — X', we may consider
the induced map of sheaves f*wx: — wy. Doing this leads to an argument that
h°(X,w%™) is a birational invariant. This argument for h°(X,wx) can be found in
[2, 11.8.19).

Along with the observation that x(X) = k(Kx,X) = tr. deg, R(Kx,X) — 1,
if R(Kx,X) # R(Kx,X)o, and k(X) = —oo otherwise, this proves the following
theorem

Theorem 3.2. The Kodaira dimension, k(X), of a complete variety X is a bira-
tional invariant.

4. EASY ADDITION THEOREM

Next we will look at an important theorem concerning Kodaira dimension. The
Easy Additition Theorem gives a relation between the Kodaira dimension of the
general fibers of certain surjective maps and that of the domain varieties. Before
stating and proving a version of this theorem we will give an alternate definition of
D-dimension. What follows in this section is adapted from the presentations in [4,
§1] and [3, §10.3].

For any irreducible reduced scheme X over an algebraically closed k and Cartier
divisor D we may define the graded ring R(D, X) as above. Let Q(D, X) be the
quotient ring of R(D, X). Let S C R(D, X) be the multiplicative subset of non-zero
homogeneous elements, and let Q((D, X)) = (ST1R(D, X))o be the field of degree
0 elements in the quotient ring S™'R(D, X).

If R(D,X) is not trivial (all in degree 0), Q(D,X) will be a field extension
of Q((D, X)) in one trancendental variable. So we have: tr. deg,Q((D,X)) =
tr. deg,Q(D, X) —1

Thus we may give the following alternate definition of (D, X):

o)< [ it R(D,X) = R(D, X)o
"0 ) tr. deg,Q((D, X)) otherwise
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We will use this definition in the proof of the Easy Addition Theorem

Theorem 4.1 (Easy Addition). Let f : X — Y be a dominant proper morphism of
non-singular varieties over an algebraically closed field, k, of characteristic 0, and
let D be a Cartier divisor on X, then:

k(D,X) < k(Dy,Xy,) +dimY forally €Y',
where f' : X' =Y is the smooth part of f.

Proof. If k(D,X) = —o0, the theorem is clear. Thus we will assume (D, X) > 0.
In this case, let 7 be the generic point of Y, and let X,, be the pull-back, so we
have a diagram:
X, — X' — X
U A L
SpecK(Y) — Y — Y
Let .Z be any invertible sheaf on X. Then f..Z|ys will be flat and coherent over
Y’. This means the restriction map r : HO(Y', f.Z]y') = f.-Z @ K(Y) is injective.
Furthermore, since & is invertible, the restriction H°(X,.¥) — H*(X', Z|x/) is
also injective. We have:

HO(X, %) — HO(X', Z|x0) = HY', fo2|yr) — [ © K(Y) = HO(X,,.2,)

Applying this for £ = £ (mD) implies that R(D, X) C R(D,, X,) and Q((D, X)) C
Q((Dy, Xy)). In particular, tr. deg, Q((D,X)) < tr. deg, Q((Dy, X;)) If we con-
sider X, as a variety over K(Y'), we have:

5(D, X) = tr. deg,Q((D, X)) < tr. deg,Q((Dy, X,))
= tr. deg g (yv)Q((Dy, Xy)) + tr. deg, K(Y) = £(Dy, X;) + dimY

Since f': X' — Y is flat, we have, as shown in [2, ITI128], for an invertible sheaf,
&£, on X: h%(X,,.%,) = dimy,) H*(X,,.%,) is an upper semicontinuous function
onY.

In particular for any y € Y/, m e N:

hO(X,,,.Z(mD,,)) < hO(Xy,,E,”(mDy))

This means the Hilbert polynomial of R(D,,X,) grows at least as fast as that

of R(Dy, X;). We have:

k(Dy, Xp) < K(Dy, X,) =  K(D,X) < k(Dy,X,) +dimY

5. RESULTS OF PETERNELL, SCHNEIDER AND SOMMESE

Let f : X —» Y be a dominant proper map as is theorem 4.1, and let F' C X
be a general fiber. Then since Kx|r ~ Kr [3, §10.5], the Easy Addition Theorem
gives us:

k(X) < k(F) + codimp x

In a 1999 paper [5], Peternell, Schneider and Sommese gave a generalization of
this result for Y C X, where Y is not necessarily the fiber of a map. A less than
fully general version of their result can be stated as:

Theorem 5.1 (Peternell, Schneider, Sommese). Let X be a non-singular projective
variety andY C X a non-singular subvariety. Then if Ay x is Q-effective, we have
k(X) < k(Y) + codimy|x .
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Here we use the following definition:

Definition 5.2. If X is a non-singular complete variety and & is a locally free
coherent sheaf on X, then we say F is Q-effective if for some ko € N, Sym*o .Z is
generically spanned, i.e. H*(X,Sym* #) — Sym*® .Z @ K(X) is surjective where
Sym* Z is the koth symmetric tensor power of F and 1 is the generic point of X .

To prove the theorem we will proceed in two steps, each given in a proposition.

Proposition 5.3. Let Y C X as in the theorem, and let £ be an invertible sheaf
on X. Then there exists ¢ € N such that for all t > 0:

ct
WX, 2% <D B, L'y @ Sym* A x)
k=0

Let £y C €x be the ideal sheaf of Y C X. Then we have a short exact sequence
of sheaves:

0>FH - 0x -0y =0

Let t > 0 and k € N. Tensoring the above sequence by £! @ #f gives:

0 L@ AT - 280 7 — Ly @ Sym* A«
When k = 0, the cohomology sequence gives us:

(X, 2% < (Y, Ly) + h°(X, £ @ Sy)
Proceeding by induction on n € N where this is the base case, we conclude:
h (X, £") < ihO(Y, Ly @ Sym* A x) + 10X, £ @ pT!) forallneN

k=0
Thus we have proved the proposition if we prove the following lemma:
Lemma 5.4. There exists ¢ € N such that for all t > 0 and k > ct:

(X, 205 =0
To prove this lemma we will need still another lemma, and a definition.

Definition 5.5. A curve C in X is called a very ample curve if it is the intersection
of dim X — 1 very ample divisors.
Lemma 5.6. If C C X is a very ample curve, and F is a coherent sheaf. Then:

HY(C,Z|c) =0 = H(X,%)=0

Proof. Since C' is the intersection of dim X — 1 = r divisors on X, we may write
C=H.CH, 1 C...CH, C Hy =X, where each H; is an ample divisor on
H;_;. Now we have a short exact sequence:
0> %(-H)®F =% > Flg, =0
Thus if H°(Hy, Z|g,) =0, we have H(X, ¢(—H,) ® #) ~ H*(X, ). Induc-
tion shows that:
HY(X,4(-H\)"® %)~ HX,Z) forallneN

But the left side is eventually zero, so we have H*(Hy, #|g,) =0 = H%(X, %) =
0. Then the lemma follows by induction. a
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Proof. (of Lemma 5.4)  For a first case we will assume Y is a divisor. By Bertini’s
Theorem, we may choose a very ample curve C' C X such that C is non-singular,
connected, and meets Y transversely. In this case we have:

deg(L! @ #F)|c = tdeg L|c — kY.C

Since C' is a very ample curve, we will have Y.C' > 0. Then for k& > (degf‘g‘c )t, we

will have:

H(C,(ZL 0 )c) =0 = HY (X, Lo =0

Thus we take ¢ = (%).

If Y is not a divisor, let X be the blow-up of X at Y and Y’ be the inverse image
of Y. Then Y is a divisor on X and 7*.% is an invertible sheaf on X. Let us choose
a very ample curve, C' C X as before, non-singular and meeting Y’ transversely.
Then by what we have already said we may conclude that there exists ¢ € N such
that for all k& > ct:

H°(C,((m*2)' ® #4)|c) = 0
= H'(X,(n* %) os)=0
= H'(X,2'® %) =0
This proves lemma 5.4 and proposition 5.3. O

Proposition 5.7. Let X CY be as in theorem 5.1 with Ny x Q-effective, and let
Z be an invertible sheaf on X. Then:

,i("g)X) < K’(glyay) + cOdiIan(J
where K(Z,X) = k(D, X) for ¥ = £(D).

Before proving the proposition, we will give a lemma about the dimension of
symmetric powers of vector spaces that will be useful.

Lemma 5.8. Let V be a vector space over k of dimension d. Then for a fized d
we may choose ag,Bq > 0 such that:

agm?™! < dim Sym™V < Bgm?!  for allm € N
Proof. The lemma follows immediately from the observation that:

. mvr _ [d+m—1
dim Sym V—( d—1 >
O

Proof. (of proposition)  Since A5 |x is Q-effective, there exists ko € N such that
SymFe Ay |x is generically spanned. In this case, SymFom Ay x will also be gener-
ically spanned for m € N. This means there is a map 0¥ — Sym*o™ M x,
which is generically surjective, where M = rank Sym**™ A5 x < Ba(kom)?~! for
d = rank Ay |x = codimy|x. Taking the dual of this map shows that there is an
injection: Sym*™ Q/VY*‘ x — OM . This allows us to write the following inequalities
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form e N:
WY, LMy @ Sym™ Ay ) < WO(Y, L5y @ Symbo™ 437 )
<KUY, 2™y © 03)
= (vank OY)h0(Y,.2%"y)
< Ba(kom)=! By (kot) (£ 1Y)
— Cmdfltn(i”\y,Y)
where C > 0 is a constant independent of m and ¢. (Note that this holds even for
k(Z|y,Y) = —oo if we take > to be 0.)

If we now apply proposition 5.3 with a correctly chosen ¢ € N and C' as above,
we may conclude:

h(X, 2" < Xt: CrA—1n(ZlvY) < o1pe(Zly Y )+d
k=0
for C' > 0 another constant independent of ¢.
But this means:
K(Z,X) < K(ZLy,Y) + codimy x
O

Proof. (of Theorem 5.1) We know that wy ~ wx|y ®det A5 x. Since SymFe M| x
is globally spanned, it follows that (det .45 x )0 is effective. This means for m € N:

RO(Y, (wx|y)™) < BO(Y,wi™)

It then follows from the asymptotic relation for D-dimension and Kodaira di-
mension that k(wx|y,Y) < k(Y). Combining this with the last proposition proves
theorem 5.1. That is, we have:

k(X) = k(wx, X) < k(wx|y,Y) + codimy| x < k(Y) + codimy|x

6. A VIEWPOINT AND QUESTIONS

One way to view theorem 5.1 is as a partial answer to the following question.

Question 6.1. Given a non-singular projective variety Y and a rank r locally free
sheaf N on'Y, suppose X is also a non-singular projective variety with Y C X
and Ny \x ~ A . What can we say about k(X) in terms of k(YY) and A" ?

Theorem 5.1 tells us that in the case that .4 is Q-effective, we may conclude
that #(X) < k(Y) + codimy | x.
This raises two questions:
(1) Is this result sharp? That is, may we always choose X so that x(X) =
k(Y) + codimy|x? If not, under what conditions may we choose such an
X7
(2) Can any lower bound be given for x(X)?
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In the remainder of this paper we will give a partial answer to these questions.

First, in regard to a lower bound for x(X), we will observe that the natural
projective completion of the vector bundle associated to A4* is a variety, X, as
described with x(X) = —oo. Thus in the greatest generality the second question is
answered in the negative.

From there on we will consider only the case where Y is projective, codimy x = 1,
and A ~ Oy (n) for n € N. We will first give a construction of the completion of
the line bundle associated to 4* as a subvariety of P(1,...,1,n), a resolution (or
blow-up) of weighted projective space.

Then in the case that Y is a complete intersection of general type, we will show
that for many such Y the above variety may be deformed to a non-singular variety,

X, also of general type. This will give the following proposition:

Proposition 6.2. Let Y C PN be a non-singular complete intersection variety of
multi-degree (dy,...,d,) withd, > 1 for allt, andn € N. If > d; >n+N+1 (and
thus Y is of general type), and d; > 2n for some i, or d;,d; > n for some i # j,
then Y lies in a non-singular projective variety X with '/VY\X ~ Oy (n), which is
also of general type.

In this case we find that the formula x(X) < k(Y’) 4 codimy x is sharp, since
we have found X with:

k(X)=dimX =dimY +1 = s(Y) + codimy | x

7. THE VECTOR BUNDLE V(A4*) AND ITS COMPLETION

In this section we will answer the second sub-question posed in section 6. In
particular, given a complete non-singular variety, Y, and a locally free rank r sheaf
on Y, A, we will show that there exists a complete non-singular variety X with
Y CX, My x ~A and k(X) = —oo0.

This follows immediately from the following proposition.

Proposition 7.1. LetY be a complete non-singular variety and A be a locally free
rank v sheaf on'Y. Let V(A™*) be the geometric vector bundle over Y associated
with A4*. Then the zero section of A4, 0 € H(Y,.#'), corresponds to a section,
s:Y = V(A™*), of the bundle map, 7 : V(A™*) = Y. In this case we have:
M) vy = A

Proof. We start by recalling that V(A4*) = Spec Sym(A4"*), where:

o
Sym(A*) = € Sym™ A
m=0
is the graded symmetric powers ring of A4*.
Locally, for an affine neighborhood, U ~ Spec A C Y, we have:

71 (U) ~ Spec Sym (A *(U))

These neighborhoods are glued together in the natural way to form X. The
zero section, 0 € HO(Y, .#"), corresponds to the zero map in Hom (A4 *, Oy) since
A is reflexive. This in turn gives us a surjective map Sym(A4*) — Oy, which
corresponds to a morphism s: Y — V(A4*). This is the section referred to in the
proposition.
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We have s(U) C 7=1(U) ~ Spec S, where S = Sym(.4"*(U)). It is clear that the
ideal of s(U) in S is given by:

Iy =ker(S = A) = S50 = ) Sym™ 4 (V)
m=1
Since S is generated by Sy = A and Sy, we will have:

m=2

and IS(U)/IE(U) ~ JV*(U)

Since the neighborhoods 7~ (U) glue together naturally, we have Fy(v)/ S 7y ~
A*. Taking the dual gives us the result. O

Notice that 7=1(U) = Spec Sym(.4#"*(U)) lies as an open set in Proj Sym(.4*(U)®
tA) corresponding to t # 0.

Similarly if we now let X = P(A™* @ Oy) = ProjSym (4™ & Oy), we see that
since Oy has a global section on Y, corresponding locally to ¢, V(A*) will lie as
an open set in X. Thus X = P(A™* @ Oy) is a non-singular completion of V(A™*)

Since Y is proper, s(Y) will be disjoint from X \ V(#*). This means we will
still have A vy x ~ /. We also have a projection map, 7 : X — Y, with fibers
isomorphic to P". Since x(P") = —oo, the Easy Addition Theorem tells us that
k(X) = —o0.

Thus by specifying only Y and .4 it is impossible to put a lower bound on x(X).

For the remainder of this paper we will restrict ourselves to the situation in which
Y C PN and A ~ Oy (n) for some n € N. In particular we will have codimy|x = 1.
First we will give an explicit construction of the completion of V(A4*) as described
above. To do this we will work in weighted projective space.

First consider a non-singular projective variety, Y = Proj k[xo, . . ., zn]/ Iy, with
associated ideal Iy, and let A ~ Oy (n) for n € N.

Let P=1P(1,...,1,n) = Projk[zo,...,zN,s] (degz; =1, degs =n)

This is a weighted projective space. Notice that if n > 1, P has a singularity at
Q=(0:...:0:1). Let I(yy = k[zo, ..., zN,s]Iy be the ideal generated by Iy in
k[zo,-..,zN,s]. This ideal corresponds to a variety:

C(Y) = Projklxzo,...,zN,s]/Icy) C P

which can naturally be called the cone of Y in P.
This relates to V(A4*) as described in the following proposition.

Proposition 7.2. LetY, A4, P, Q, and C(Y) be as above. Then:
CY)\{Q} = V(A7)
Proof. We may cover Y by the open neighborhoods {U;}, where
U;=YnN {JEz #* 0} ~ Spec A; = Spec((k[mo, .. .,SUN]/Iy)[Z'_,'_l])O.
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For A ~ Oy (n), we will have HO(U;, 4 *|y,) = A;s; with s; corresponding to
z; " in k[zo,...,zn]. Then if 7 : V(A™*) = Y is the bundle map, we have:

771 (U;) ~ Spec EB Sym™(A;s;) = Spec A;[si]
m=0
= SpeC k[yOa e a:lj’ia -3 YN, Si]/(Iy(mi_la 31’))0;
where y; = 32 and degs; = 0.

Let U; ; = U; N U;. Then:

//Til(Ui,j) =~ Spec k[yO; .- ;Zfia R 7yN7yj_17 ]/(IY( '_17 a“j_la Si))O;
given in the coordinates for 7=1(U;).

It {yo,---,%i,- -, YN, 8i} are the coordinates for 7" (U;) and {yg, - - -, ¥}, - - -, Yny» 55}
are the coordinate for 7! (U;), then the transition function for gluing them is given
by:

si T "yl s
Yr & — p |—>y—k for k #1,j

1 [

Zj -1
Yy < 2y,
Z;

This completely characterizes V(A4*). Next we will consider C(Y") \ {Q}.
C(Y) \ {Q} is covered by the open neighborhoods {V; = C(Y) N {z; # 0}}. In
fact we have:
Vi =~ Spec((k[zo, - - ., @n, 8]/ Iovy) [z o
= Spec k[yO: sy gia -5 YN, Si]/(IC(Y)( '71))0
= SpeCk[y07 s 5gi7 -5 YN, Si]/(IY( i 731))0

where y; = 22 and 5; = =

If {yo,-.-,9is---,YN, Si} are the coordinates for V; and {y(’),...,@;},...,y}v,sj}
are the coordinate for Vj, then the transition function on for gluing them is given
by:

S —n
s; = Pl =y "s;
!
g = 2 =T for k£,
i Y;
z;
vi= =
By comparing {V;} to {m=!(U;)} along with their transition functions, it is clear
that (C(Y) \ {Q}) = V(A™) = V(Oy (-n)). O

We have noted that P is singular at Q if n > 1. Let P be a resolution of this
singularity if n > 1, or the blow-up of P at @ if n = 1. Then the strict tranform

of C(Y) in P, C(Y), will be a completion of C(Y)\ {Q} ~ V(A4*) as a P!-bundle
over Y. According to our previous discussion, we will have x(C'(Y)) = —o0.
In the following sections we will show that for many cases when Y is a non-

——

singular complete intersection in P of general type it is possible to deform C(Y))
in P to a non-singular variety X, also of general type, with NMyxg 2N~ Oy (n).
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As discussed at the end of section 6 this provides a partial answer to the second
subquestion in that section. In particular, in this case the upper bound x(Y) +
codimy | x for £(X) can be achieved for Ay x ~ Oy (n).

8. THE CONSTRUCTION OF X WHEN Y 1S A HYPERSURFACE

Let k be an algebraically closed field of characteristic 0, and let Y be a smooth
hypersurface in P¥, defined by f € k[zo,...,zn], a homogeneous polynomial of
degree d. For some choice of n,m € N with d > mn, and g € k[zg,...,zN], &
homogeneous polynomial of degree d — nm, consider the hypersurface in weighted
projective space, X C P(1,...,1,n) = P, defined by f + s™g € k[zo,-..,2ZnN, 5],
where deg z; = 1, deg s = n.

Y lies naturally in X as a divisor given by s = 0. In P(1,...,1,n) the divisor
s = 0 is linearly equivalent to n times the divisor z; = 0 for any 0 < i < N.
Restricted to Y this is just Oy (n). Thus letting £ (Y") be the invertible sheaf on
X corresponding to Y, we have:

L)y = Myx = Ov(n)

For n > 1, P will have a singularity at Q = (0:...:0:1). We will consider X,
the strict tranform of X in P, a resolution of the singularity at @ in P(1,...,1,n)
if n > 1 or else the blow-up of P = P¥*! at Q. Since Y C X is separate from {Q},
Y will still lie in X with the same normal bundle.

To understand P we will consider P(1, ..., 1,n) as a toric variety. In the following
we will use the notation and results given in [1]. P(1,...,1,n) is represented by the
toric fan, ¥, in the lattice N ~ Z~N+! generated by the one dimensional cones:

Vo = <(1707---70)>7---7UN=<(07"'7071))JUN+1 =((—1,...,—1,—n))

Since P is toric, it is Cohen-Macaulay [1, Thm 2.1]. Since it is also regular
in codimension 1, it is normal [2, I1.8.22A]. This means that N-cycles on P with
rational equivalence are equivalent to Weil divisors with linear equivalence, and
since the 1-dimensional cones of ¥ span Ng, we have a short exact sequence:

0=+ M- @D, - CIP-0

where M is the dual lattice of N and D,, represents the divisor corresponding to
’l)z'[l, §3]

We can then compute that D,, ~ D,, for i # N and D, ~ nD,,. We may let
D,, corresponds to the divisor z; = 0 for 0 <4 < N, D,_, correspond to znx = 0,
and D,, correspond to s = 0. As such the divisor class of X in CIP is that of
dD,,.

The point () € P is the orbit corresponding to the N + 1 dimensional cone, 0 =
(vo, ..., vN_1,9N4+1) in X. The subfan ¥, consisting of o and its faces corresponds
to the neighborhood, Us; C P, defined by s # 0. If we define ¥/ to be the same as
¥, but on the lattice N' generated by {vo,...,vn_1,nvn}, then X will correspond
to AN+1. We will have a toric morphism, X! — %, corresponding to the morphism
p: AN*tL 5 U, where p is the quotient map of ANt! by the group Z /nZ under the

action: i - (zg,...,zn) = (C*zo,. .., zN), where ( is a principal nth root of unity.
If n > 1, the singularity, @, in Uy is resolved by refining the fan g with the
addition of the one dimensional cone v = ((0,...,0,—1)). The resolution map,

7 : Uy = U, corresponds to the natural inclusion of fans. We gain an exceptional
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divisor, D,,. This construction corresponds in ¥’ to blowing up AN*! at the origin.
The blow-up, AN+t is also acted on by Z /nZin a way compatible with the action
on ANt The resolution of the singularity and the blowing up commute with the
quotient maps, so that we have a diagram:

~ p ~
AN+L T,
™} p ik
AN+ U
where the p are isomorphisms if n = 1.
We will be interested in calculating the linear equivalence class of the strict
transform of X in P. This result is given in the following proposition.

Proposition 8.1. Let X C P be the hypersurface corresponding to f + s™g = 0,
where f is a homogeneous polynomial in k[zo,...,zN] of degree d > mn and g is
one of degree d—mn. Let P be as described above and let X be the divisor in P that
is the strict transform of X. Then the linear equivalence class of X can be written
in terms of the torically defined divisor classes, {D,,} and D, as follows:

X ~dDy, + mD,

Proof. m : P — P is an isomorphism over P\ {Q}. Thus to calculate the strict
transform of X, we may work locally over U. For ease of notation, we will tem-
porarily refer to X N U, as X and X N U, as X.

X is given in Uy, by f + s™g. This means p~' X is given by f + g in ANt
where we remember degf = d, degg = d — mn. The blow-up ANt can be
seen as a subvariety of ANt! x PV, Let the bi-coordinates of AN*! x PV be

given in order by zo,...,ZN,%0,...,yn. Then 7*p~1X is given on AN*t! by
f(zo,...,zN) + g(zo,...,zN). Since the y; are not all zero, we can let A = z—
This gives:

f(xo,-..,zN) + 9(zo,...,2N) = fF(AYo,--., M\yn) + 9(A\yo, ..., Ayn)
= Adf(y(h - JyN) + A(d—mn)g(ym . JyN)
= AN@Emm (N f o, yn) + 9o, -, YN))

Thus we see the proper transform, 7*p~1X, of p~1X breaks into components: a
strict transform, p=1X, given by (A" f(yo,---,yn) + 9o, ---,yn)), and d — mn
copies of the exceptional divisor, E, given by (). That is 7*p~ !X = p=1X + (d —
mn)E as divisors on AN+1,

Now the quotient map, ﬁ\:/AN +1 5 U, is a degree n map of finite type, étale
away from E, and taking p—1X to X with degree n and E to D, isomorphically.
Thus we have:

P p X =nX + (d — mn)D,

X is not Cartier on Uy, but nX is. We have p*(nX) = np~! X, so we may also

write:
pe*p*(nX) = n?X + n(d — mn)D,

We have worked locally, but as the resolution is an isomorphism away from
the exceptional locus, the above holds on P also. This makes sense because the
quotient p : ANt — U, may be extended to the projective completion of AN+ in
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the obvious way as p : PN*! 5 P(1,...,1,n).

We will now calculate this divisor from a toric viewpoint. First observe that
everything we said earlier about P also holds for P, so that we have a similar
short exact sequence useful for calculating divisor classes. We have nX ~ ndD,,.
ndD,, is given on the cone (v, ...,vn_1,Un+1) by a linear operator, x, on N with
X(vo) = nd and x(v;) = 0 for ¢ # 0. Thus x is given in the dual lattice, M, by the
vector (nd,0,...,0,—d). Then x(u) = d shows that 7*(ndD,,) ~ ndD,, + dD,,.

Since the quotient map p : PNt — P is of finite type and degree n, we have:

pep*m* (nX) ~ pup*n*(ndD,,) ~ n*dD,, +ndD,

Observing that 7o p = pom, we may combine this with our previous calculation
to conclude:

n’X + n(d —mn)D,, ~ n2deO +ndD,

— X ~dD,, + mD,

9. THE CONSTRUCTION OF X WHEN Y 1S A COMPLETE INTERSECTION

We now want to consider the more general case when Y is a complete intersection
in PV. Let Y C PV be a non-singular projective variety of dimension N — 7 given
as the intersection of the hypersurfaces fy =0, 1 <t < r, where f; € k[zo,...,ZN]
with deg f; = dy > 1.

We will construct a variety of dimension N — r + 1 containing Y. In particular,
let X; be the hypersurface in P(1,...,1,n) given by f; + s™tg; = 0, where either
1<m; < %‘ and g; € k[zo, ..., zN] is homogeneous of degree dy — myn, or my = 0
and g; = 0. Let X, C P be the strict transform of X;. From our work in the last
section we know that as a divisor:

Xt ~ dtDvo + mtDu

Let X = (1 X;. Then Y ~ X N{s = 0}. This means Y lies in X with A5x ~
Oy (n). Let X C P be the strict tranform of X. Then X = X, and Y will also
lie in X with &y (n) as a normal bundle.

If X is non-singular we will have:

Kz~ (Kp+ ) Xolg
We know from the theory of toric varieties that:
Kg~—3Y Dy, =Dy~ (—1=n—N)D,, — 2D,

since Dy, ~ nDy, + Dy,
Combining this with the previous results shows:

Proposition 9.1. If X is non-singular, then Kz ~ ((d — 1 —n — N) Dy, + (m —
2)Dy)| %, where d=>"d¢ and m =) my.
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10. WHEN 18 X NON-SINGULAR?

Next we will want to show that for almost all {g;}, X is non-singular. We will
use the following proposition.

Proposition 10.1. Let f € k[zo,...,zn] be a homogeneous polynomial of degree
d>mn,letl] <m< %, and and let U = AN+1 \ {f = 0}. Then the linear
system, 0, defined by {af + g} C H°(U, Oy) for any a € k, g € k[zo . ..,7N] with

. . (2
g homogeneous of degree d — mn determines a morphism, U 5 U’ —— PL, where
N4+d—mn

p is the quotient by Z/mnZ, i is an embedding, and L = ("3 ™").
Proof. Tt is clear that 0 is a linear system on U with the correct dimension. Thus
we need to show that 0 has no base points on U, does not distinguish between
points in the same fiber of p, and separates points and tangents on U’.

Since f is non-zero for every point in U, it is clear that 0 has no base points.
Let P, € U with p(P) = p(Q). This means Q = (P for ¢ € k, (™" = 1. Then, if
(af + g)(P) = 0, we have:

(af +9)(Q) = af(CP) + g(CP) = ¢af(P) + ("~ ™"g(P) = ¢*(af (P) + g(P)) = 0

Thus U > PL factors through U’

Now let P,Q € U with p(P) # p(Q) If @Q is not a multiple of P, that is, not
on the same line through the origin, then we can choose g so that g(Q) = 0, but
g(P) # 0. Let a = —%, then af + g € 0 is zero at P, but non-zero at Q. If
Q = aP with @™ # 1, choose g so that g(Q) = a¢~™"g(P) # 0, and choose

a= —% so that (af + g)(P) = 0, but:

(af +9)(Q) = af (aP) + g(aP) = a’af(P) + a’~™"g(P)

= (a” = a®"")af(P) + a®""(af(P) + g(P)) = a*=""(a™" = 1)af(P) # 0
This shows that 0 separates the points of U’.

Now we will show that 0 separates tangents on U. Let P = (xo,...,zn) € U
and v = {vg,...,vn) € Ju,p be a non-zero element of the tangent space of U at
P. We want to choose af + g so that (af + ¢g)(P) =0 and v is not in the tangent
space of af + ¢ =0, that is V(af + g)(P) - v # 0.

If v )| (zg,...,2zN), then let a = 0. We can choose g so that g(P) = 0 with
Vg(P) arbitrary as long as Vg(P) - {zg,...,zn) = 0. In particular we can choose
g with g(P) =0 and Vg(P) -v #0.

Now suppose v || {(zo,---,zn). Choose g so that g(P) # 0. By changing
coordinates if necessary, we may assume P = (1,0,...,0) and v = {«,0,...,0).
Then if:

f = apzd + terms of lower degree in o,

we have f(P) = aog, and
Vf(P) -v= aa—f(P) = adag
Oxg
In particular, Vf(P) - v = ad(f(P)). Similarly Vg(P) - v = a(d — mn)g(P).
Thus if we again let a = —%, we have (af + g)(P) =0, and:
Viaf +g)(P)-v=aVf(P)-v+Vg(P)-v

= aad(f(P)) + a(d — mn)g(P) = —amng(P) #0
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This means 0 separates tangents of U. Since locally U’ looks like U, d will also
separate tangents on U’, which proves the proposition. O

Now we will present the main result of this section, which shows that X can be
constructed to be non-singular, so that we may apply proposition 9.1 in order to
determine its Kodaira dimension.

Proposition 10.2. Let Y be a non-singular complete intersection in PV of type
(di,...,d,). For some appropriate choice of (mi,...,m;), let X be defined as
above. Then except for a codimension 1 set in the space of possible g, X will be
non-singular.

Proof. We will proceed by induction on . If r = 0, we take Y = PV and X = P,
which is non-singular. If m; = 0 for all ¢, then we have required g; = 0 for all ¢. In
this case X is defined in P(1,...,1,n) by f1 =...= f, = 0. That is, X is the cone
over Y in P, and X is its strict transform in P. Then X will be non-singular since
Y is.

Thus we assume not all m; are zero. Rearrange the indices if necessary so that
m, # 0. We will let

Z={fi+s™g=...=fr_1+8"g_1 =0} CP,

and let Z be its strict transform in P. Then by the inductive hypothesis Z is non-
singular for almost all g;, and X = Z N {f, + s™ g, = 0}.
We will show in the following four lemmas that X is non-singular in four regions:
Xn{s=0}, XnD,, Xn(U\D.u |J{fi=0}),
mt;éO
and XN (U, \Du)N |J {fr =0}
my 750
By the localness of non-singularity this will demonstrate that X is non-singular. O
Lemma 10.3. X is non-singular at all closed points in X N {s = 0}.
Proof. X N {s = 0} C P can be covered by the N + 1 neighborhoods of the form
Ui = {z; # 0} with coordinates {y; = 3%,s' = 5} for j #i. Let f+s™g=0o0nU;
correspond to f'(yo,---,Yi,---,yn)+8™9 (yo,---,Ui,---,yn) = 0. Then X will be

non-singular for s = 0 if the cotangent vectors, {V(f{+s'™g}),...,V(fl+s™ g.)}
are linearly independents for all points in X NU; N {s = 0} for all 4, where V is the

gradient operator:
go(o o 2 8
=\ By B8

For s =0 = s’ =0, we have:

O v man_ Of .00 _Of
R + s = —— 435 = =7,
Oy; (f g) Jy; dy; Oy,

since either m > 0 or g = 0. Now:

of or  of 9 (f,+s,mg,)>

! m 1\ _ AN ——
V(f +s g)_<8y07"'76yia"'78yN78$/



16 TRAVIS KOPP

We know that Y is non-singular. This means the vectors {(a—f" o1 o1, )}
gular. g1 B B

are linearly independent for 1 < ¢ < r. But this means the vectors {V(f{ +s™tg;)}

are linearly independent. So X is non-singular on X N {s = 0} for any choice of g;.

The same holds for X since the resolution is an isomorphism in a neighborhood of
{s =0}. O

Lemma 10.4. X is non-singular at all closed points in X N D, for all {9: €
k[xo,. .., TN](dy—m,n)} oulside a set of codimension 1.

Proof. By considering the toric description of PP, we see that the exceptional set of
the resolution, D,, C P, is covered by N + 1 affine neighborhoods:

To Ti—1 Tiy1 TN TV
{U; ~ Speck | —,...,— = .. — 2|}
Z; Z; ZI; Z; S
Let us call the local coordinates of U, (yo,---,¥i,---,YN,v). Then the strict trans-

form of {f 4+ s™g = 0} is given in U; by v™f' + ¢’ = 0. X will be non-singular at
the points of X N D, if the vectors {V(v™ f! 4+ g;)} are linearly independent at all
points of X where v = 0 for all i. By the analysis in the proof of the last lemma,
we see this is true if the vectors {Vg; (or Vf{ if m; = 0)} are linearly independent
for all points of X N D, C D, ~ PN,

We assume by induction that ZnD, C D, is non-singular for almost all
{g1,.--,9-—1}. Then we want (Z N D,) N {g; = 0} to be non-singular. This
will be true if for every point P € Z N D, we do not have g,(P) = 0 and
Vgr € N3qp, p> that is Vg, is not in the normal space of Z N D,,. This space has
dimension r — 1, so the condition we wish to avoid is a condition of codimension
(N=(r—-=1)+1=N—r+2for g. € k[zo,-- -, TN](d,—m.n)- Since Z N D, has
dimension N — r + 1, we see that for g, chosen outside a set of codimension 1 in
k[zo,- -, TN](d,—m.n), We avoid the given condition for all P.

Thus for almost all {g;}, X will be non-singular for the points of X N D,. O

Lemma 10.5. X is non-singular at all closed points in

XN @A\ DU | {fe=0))

mg 750

for all {g; € k[zo,...,2N](d,—m.n)} outside a set of codimension 1.

Proof. By induction we know Z is non-singular in Z N U, for almost all choices of
{g+}- Let W = p~1(ZNU,) be the inverse image of Z N U, under the quotient map
p: AN+l 5 U, Then W will be non-singular away from the origin, and:

r—1
W= ﬂ{ft-i-gt = 0}
t=1

Now if (f; + g:)(P) = 0 and f;(P) # 0 for P € ANt then it is easy to calculate
that (f; + g¢)(¢P) = 0 if and only if (™" = 1. On the otherhand if m; = 0, then
ft(P) =0 implies fy(aP) =0 for all a € k.

From this we conclude that the quotient of AN*! by the action of Z/m,nZ
restricted to (W \ U,,,2o{f: = 0}) is an étale covering of degree ged({m})n.

If 0 is the linear system described in proposition 10.1 defined by {af, + g} with
deg g = d, — m,n, then the map defined by d factors as ANt \ {f, =0} - U’ —
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PL. When restricted to (W \ Unm, 2ot fe = 0}) the first map is the étale covering
discussed. Then we have:

w\ U {f=0h w5 et
m7#0
The last map is an embedding according to proposition 10.1. Now Bertini’s the-

orem tells us that for almost any section of 9, af, + g (we may take a # 0), the

corresponding hyperplane section i(W’) N H is non-singular. This means i~'(H) is

non-singular, and since p is étale, p~'i~!(H) is non-singular. However,

p~hiTHH) = W\ | {fe=0}) n{afr +9=0}

my -‘/—'0

1
=W\ U {r=0nn{f+-g=0}
mt;éO
This variety maps according to the quotient by Z /nZ in an étale fashion to U to
give:
m 1
ZnW\ U {fi=0)n{fr+s™-g=0}
mﬁEO
If we take g, = %g, this is just equal to:

xXn@.\ U {f=0}
my7#0
Since the resolution X — X is an isomorphism away from @ € U,, the lemma
follows. o

Lemma 10.6. X is non-singular at all closed points in

Xn@A\D)N U hi=0)

my :/'50

for all {g; € k[xo,...,TN](d,—m.n)} outside a set of codimension 1.

Proof. The argument here is similar to the one in lemma 10.4. By induction we
know that Z is non-singular on U, \ {Q} for almost all {g;}. Let W = p~1(Z N Uj)
as in the last lemma. Then for p~!(X N Us) to be non-singular on (p~1(X N
Us) \ {(0,...,0)}) N U,,, 201 ft = 0}, we need to avoid for all points P € (W \

{(0,...,00}) NU,,, 201 fe = 0} the condition:
9-(P) = —f-(P) and Vg, +Vf, € fw,p

Fixing g,(P) restricts Vg, to a N-dimensional space. Since codim W = r — 1,
dim Ay, p = r — 1. This mean the above condition has codimension (N — (r—1)) +
1= N —r + 2 in the space, k[zo, ..., ZN](d,—m.n), Of possible g,. Now:

dim (W\{(0,...,0Hn |J{f=0})=(N+1)-r
mt;éO
Thus taking the union of our sets to be avoided over all points of interest gives a
set of codimension 1 in the space of g, outside of which p~!(X NUj) is non-singular
on (p~H X NUy)\ {(0,...,00}) N Umm,z0lft = 0}. Since p is étale and 7 is an

isomorphism over U, \ {Q}, this means that X is non-singular in X N (U, \ D,) N
Un,zolfe=0} 0O
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Now looking at the results of the last four lemmas and considering that non-
singularity is a local condition shows that outside a codimension 1 set in the space
of {g:} we have that X is non-singular as stated in the proposition. O

11. THE KODATRA DIMENSION OF X

Having established that for almost all choices of {g;} X is non-singular, we now

want to say something about x(X) in order to address the first subquestion in
section 6 that we were interested in. We start with the following proposition.

Proposition 11.1. Letd = } > d; andm = 3 my. If X is non-singular and m = 2,
then X is of general type if and only if d > N +n + 1.

Proof. From the formula for K ¢ in proposition 9.1 we see that if d < N +n+1

then Ky is anti-effective, so #(X) = —oc. If d = N +n + 1 then Kg ~ 0, so

k(X)=0.
Now suppose d > N +n + 1. Then:

(n+1)Kg ~aDyy|g fora=(n+1)(d—1—n—N)>n+1.

Let D be a divisor equivalent to aD,, in P passing through Q). Then by the same
technique used to determine the equivalence class of X, we find that D ~ aD,,, as
divisors in P, where D is the strict transform of D.

Thus there is an injective map, 9 — |(n+1) K |, where 0 is the linear subsystem
of |aD,,| of divisors passing through @ in P. As a subsystem of ® we have the linear
system 97 defined by {af+sg} for a fixed non-zero f € k[zo,...,zN], and arbitrary
a € kand g € k[zo,...,TN](a—n). According to proposition 10.1 this induces a map
on U, \ {Q} whose image has full dimension. Thus we have:

k(X) > dim Pn+1)K 4 (X) > dim o, (X) = dim X
We must have x(X) = dim X. Thus X is of general type. O

Finally we may write down a proposition giving sufficient conditions for a com-
plete intersection projective variety to lie as a hypersurface in a variety of general
type or of Kodaira dimension 0 with normal bundle &(n) for some n. This is a
slight expansion of the previously stated proposition 6.2.

Proposition 11.2. Let Y C PV be a non-singular complete intersection variety of
multi-degree (dy, . ..,d;) with d; > 1 for all t, and n € N. If d; > 2n for some i, or
di,d; > n for some i # j, then Y lies in a non-singular projective variety X with
Ny 1% Oy (n), where X is of general type if > di > N+n+1 and k(X) =0 if
Z dt =N+n+1.

Proof. Ifd; > 2n,let m; =2and my = Oforallt # 4. If d;,d; > n,letm; =m; =1
and m; = 0 for all ¢ # i,j. Now construct X as in section 9 for the given {m}.
We have Ay, 3 =~ Oy(n). By proposition 10.2 we may choose {g:} so that X is
non-singular. X is the resolution or the blow-up of a complete intersection in P;
therefore X is projective.

Since Y m; = 2, we may apply proposition 11.1 and its proof to conclude that
X is of general type if Y.d; > N4+ n+1and 6(X)=0if Y dy=N+n+1. O
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