Math 324 Midterm Solution October 31, 2008 1
(10 points)  Consider the integral:

4 4
/ / y cos(z?) dx dy
0 Jy?2/4

(a) Sketch the region in the z,y plane corresponding to this integral.
(b) Reverse the order of integration by treating the region as the other type.
(c) Compute the integral.

Solution:

(a) Since x = y?/4 meets * = 4 at (4,4), the region corresponding to the integral is the
region in the z, y plane in the first quadrant bounded by the curves z = y?/4, x = 4 and
y = 0.

(b) The integral as written is type II. To write it as type I we want to write z = y?/4 with
y being a function of x; that is,

Then the integral as type I becomes,

4 2y
/ / y cos(x?) dy dx
o Jo

(c) This integral is now possible to evaluate,

4 2 4
/ / y cos(2?) dy dx = / §y2 COS(x2)|§ﬁd1’
o Jo 0
4

:/ 2 cos(x?)dx
0

= sin(x2)|;1 = sin 16
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(10 points)  In polar coordinates r = @, 6 > 0 represents a spiral. The first "revolution” of
this spiral can be parameterized as, z(t) = tcost, y(t) = tsint, 0 < ¢ < 27. Call this portion
of the spiral, C.
Find,

/ Va2 +y?ds
c
Solution: Our parameterization for the curve C' is,
r(t) = (tcost,tsint), 0 <t < 2w

To compute the line integral we need to write the correct limits, rewrite the function in terms
of t and rewrite ds in terms of ¢ and dt. We have,

vV +y? = \/t20082t+t25in2t =t
ds = /2'(t)? + y'(t)%dt

with,
2'(t) = cost — tsint
y'(t) =sint + tcost
then,
ds = \/(cost — tsint)2 + (sint + t cost)2dt
=V1+t2dt
Thus,

2
/ \/:L’2—|—y2ds:/ tv 1+ t3dt
c 0

making a substitution, u = 1 4 ¢2, allows the integral to be evaluated as,

1 .
§(1+t2)3/2§ =~ [(1+4x2)32 — 1]

Wl
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(10 points)  Suppose the shape of a small open cone is described by the surface,

S z=2y22 492 0< 2 <4,

where units of length are cm.s.
If the cone has constant density p g./cm.?, find its moment of inertia about the z-axis, I..
(Hint: You may want to parameterize S in terms of r and 0)

Solution:
The equation for I, is,

I = //S(x2 +y%)pdS

where (22 + 3?) is the distance from the z-axis.
To calculate this surface integral, we must first parameterize the surface and then write the
limits of integration, the function and the infintesimal dS in terms of the parameters.
If we parameterize in terms of r and 8, we will have, x = r cosf, y = sinf. This means z = 2r.
Since we have 0 < z < 4, we will have 0 < r < 2. Thus the parameterization may be written
as,

r(r,0) = (rcosf,rsinf,2r), 0<0 <27, 0<r<2

We have,
(2° +y*) = (r*cos® 0 + r?sin® ) = r?
For infintesimal surface area, we have, dS = |r, X ry|drdf. We may calculate,

r, = (cosf,siné, 2)

rg = (—rsinf,rcosf,0)
r, X rg = (—2rcosf,—2rsind,r)
Ir, x 19| = V5

Thus we have,

27 2
IZ:/ / r2pr\/5dfrd9
o Jo
\/_ 2 1 112
= pVbh v }OdQ
0
27
= p\/g/ 4d6 = 87v/5p
0
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(10 points) Let R be the region in the first quadrant of the z,y plane bounded by the
curves, vy = 1, y = 4z, y = x/4.
Consider the change of variables, z = u/v, y = uv, u,v > 0.

(a) Sketch the region R in the x,y plane and the corresponding region D in the u, v plane.
(notice that the line u = 0 corresponds to (0,0) in the z,y plane.)

(b) Find the Jacobian, %.
(c) Use the change of variables to find the area of R by evaluating ffR 1 dxdy.

Solution:

(a) One way to find D is to find the curves in the u, v plane that correspond to the bound-
ary curves of R. Notice that we are restricting both v and v to be non-negative. This
corresponds to x and y also being non-negative.

ry=1 — uw=1 — u=1
y=4r — w=4dufv — V=4 — v=2
y=x/4 — w=ul/lv — V*=1/4 — v=1/2

We may also notice, as in the hint, that the origin in the x, y plane corresponds to u = 0.
Thus the corresponding region, D in the u, v plane is the rectangle,

D:{(u,v)yogug,%gvgz}
(b)
Oz,y) _|ru yu
o(u,v)  |Yu Yo
1 _u
= ;Z v
U
v
(c)
oz, y)
Area(R —// dxd —// dudv
( ) R Y D 3(u,v)




