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Vector Bundles

The bundles with which you are probably most familiar are vector bundles,
so we start by considering these in some detail.

SupposeM is a topological space. A( real ) vector bundle of rank k
over M is a topological spaceE together with a surjective continuous map
� : E ! M satisfying the following conditions:

(i) For each p 2 M , the set Ep = � � 1(p), called the �ber over p, is endowed
with the structure of a k-dimensional real vector space.

(ii) For each p 2 M , there exist a neighborhoodU of p in M and a homeomor-
phism � : � � 1(U) ! U � Rk such that the following diagram commutes:

� � 1(U)
� - U � Rk

U;
� 1�� -

where � 1 is the projection on the �rst factor; and such that for each q 2 U,
the restriction � jE q : Eq ! f qg � Rk is an isomorphism of vector spaces,
where f qg � Rk is identi�ed with Rk in the obvious way.

(For some purposes, it is handy to choose some other �xed �nite-dimensional
vector spaceV in place of Rk , and allow our local trivializations to take their
values in U � V , but unless we specify otherwise, we will always understand
them to take their values in U � Rk .)

Any pair ( U; � ), where U is an open subset ofM and � : � � 1(U) ! U � Rk

is a map satisfying the conditions in (ii) above, is called alocal trivialization
of E over U . The spaceM is called the base of the bundle , E is called
its total space , and � is called its projection . As long as the projection is
understood, we will often omit mention of it, and simply say \ E is a vector
bundle over M ," or \ E ! M is a vector bundle."

There are two important variations on this de�nition, which we will use
throughout the book.
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First, If M and E are smooth manifolds, � is a smooth map, and the
local trivializations can be chosen to be di�eomorphisms, then E is called a
smooth vector bundle . To distinguish the bundles we de�ned above in the
topological category from smooth vector bundles, we will sometimes call the
former topological vector bundles .

Second, if we replaceRk by Ck throughout, and all vector spaces are
considered as complex vector spaces, we obtain the de�nition of a complex
vector bundle . (Note that there is no requirement here for any of the spaces
to be complex manifolds, or for any of the maps to be holomorphic; we are
simply de�ning topological complex vector bundles over topological spaces, or
smooth complex vector bundles over smooth manifolds. Thereis also a notion
of holomorphic vector bundlesover complex manifolds, but they belong more
properly to the theory of complex manifolds, and we will not treat them in
this book.)

A line bundle is a (real or complex) vector bundle of rank 1.
Most of the considerations in this chapter apply equally to topological or

smooth bundles, and to real or complex ones. For simplicity,we will often state
our de�nitions and results only for real bundles in the topological category.
To translate them to complex bundles, simply make the substitutions

real ! complex;

Rk ! Ck ;

vector space! complex vector space;

linear ! complex linear:

Similarly, to translate to the smooth category, substitute

topological space! smooth manifold;

continuous ! smooth;

local trivialization ! smooth local trivialization ;

homeomorphism! di�eomorphism :

In the instances where there really is a distinction betweenthe real and com-
plex cases, or between the topological and the smooth categories, we will
clearly explain what the di�erences are.

Given a rank-k vector bundle E ! M , whenever two local trivializations
(U; � ) and (U0; � 0) overlap, we get a composite map� 0� � � 1 from (U\ U0) � Rk

to itself as follows:

(U \ U0) � Rk � � � � 1(U \ U0)
� 0
- (U \ U0) � Rk

U \ U0:

�
? � 1�� 1

-

This map always has a particularly simple form, as the next proposition shows.



1 Vector Bundles 3

Proposition 1.1. If (U; � ) and (U0; � 0) are local trivializations of a rank-k
vector bundle� : E ! M , there is a continuous map� : (U \ U0) ! GL(k; R),
called thetransition function from � to � 0, such that for all p 2 U \ U0,

� 0 � � � 1(p; x) = ( p; � (p)x):

If E is a smooth bundle, then� is smooth.

Proof. See [Lee08]. ut

Throughout this chapter, we will see a number of ways of constructing vec-
tor bundles. In each case, it is necessary to verify that all of the requirements
of the de�nition are satis�ed. To check directly from the de� nition that a given
set E is a vector bundle overM , one would have to construct a topology (and
perhaps a smooth structure) onE, and then construct the local trivializations
and verify that they satisfy all the required conditions. Th e following lemma
gives a shortcut: It shows that we need only construct the maps that we wish
to be the local trivializations, and if they overlap appropr iately the rest of the
conditions are automatic.

Lemma 1.2 (Vector Bundle Gluing Lemma). Let M be a topological
space, and suppose we are given a setE =

`
p2 M Ep, where eachEp is a (real

or complex) vector space of rankp. Let � : E ! M be the map that takes each
element of Ep to the point p. Suppose furthermore that we are given:

� an open coverf U� g� 2 A of M ;
� for each � 2 A, a bijective map � � : � � 1(U� ) ! U� � Rk whose restriction

to each Ep is a vector space isomorphism fromEp to f pg � Rk �= Rk ;
� for each �; � 2 A such thatU� \ U� 6= ? , a continuous map� �� : U� \ U� !

GL(k; R) such that the composite map� � � � � 1
� from (U� \ U� ) � Rk to

itself has the form

� � � � � 1
� (p; v) = ( p; � �� (p)v): (1.1)

Then E has a unique topology making it into a vector bundle of rankk over
M , with � as projection and the maps� � as local trivializations. If M is a
smooth manifold and the maps� �� are smooth, thenE has a unique smooth
structure making it into a smooth vector bundle.

Proof. See [Lee08] for the proof in the smooth case. The topologicalcase is
essentially the same, with appropriate substitutions. ut

As a matter of terminology, given a vector bundle E ! M , a collection
f (U� ; � � )g� 2 A , where f U� g� 2 A is an open cover ofM and � � is a local
trivialization of E over U� , will be called a trivializing cover for E .
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Local and Global Sections

Suppose� : E ! M is a vector bundle. A (global ) section of E is a contin-
uous map� : M ! E satisfying � � � = Id M , or in other words a continuous
right inverse for � . More generally, if U � M is an open set, alocal section
of E over U is a continuous map � : U ! E satisfying � � � = Id U . If
E ! M is a topological vector bundle, we will always understand global or
local sections to be continuous maps, and if it is a smooth bundle, we will
understand them to be smooth maps unless otherwise speci�ed. If we need
to consider maps that would be sections except that they are not yet known
to be continuous, we will use the termrough section for a map � : U ! E
satisfying � � � = Id U , but not assumed to be continuous.

If � : � � 1(U) ! U � Rk is a local trivialization of E , and � : V ! E is a
rough local section ofE , then for p 2 U \ V we can write � � � (p) = ( p; b� (p))
for some functionb� : U \ V ! Rk , which we will call the local representative
of � . It is easy to check that � is continuous (or smooth) if and only if its
local representative in each local trivialization is continuous (resp. smooth).

Lemma 1.3 (Existence of Local Sections). If � : E ! M is a vector
bundle, then everyv 2 E is in the image of a local section.

Proof. Given v 2 E, let p = � (v), and let � : � � 1(U) ! U � Rk be a local
trivialization of E over a neighborhoodU of p. Writing � (v) = ( p; x), we can
de�ne a local section � : U ! E by � (q) = � � 1(q; x). This is clearly a local
section whose value atp is v, and if E is a smooth bundle then it is smooth
because� � 1 is a di�eomorphism. ut

Every vector bundle E ! M has a global continuous section� : M ! E ,
called the zero section of E , de�ned by letting � (p) be the zero element of
the vector spaceEp for each p 2 M .

I Exercise 1.4. Show that the zero section of any vector bundle is contin-
uous, and the zero section of any smooth vector bundle is smooth.

The set of global sections ofE is denoted by �( E ); when E is a smooth
bundle, this is to be interpreted as the set of global smooth sections, but
otherwise as the set of continuous ones. It is a vector space over R or C,
depending on whetherE is a real or complex vector bundle, with the zero
section as its zero element. IfE is a topological bundle, then� (E ) is a module
over the ring C(M ) of continuous real-valued functions onM ; and if E is
smooth, it is a module over the ringC1 (M ) of smooth real-valued functions.

If E ! M is a rank-k vector bundle, a local frame for E is an ordered
k-tuple of local sections (� i ) = ( � 1; : : : ; � n ) over some open setU � M with
the property that for each p 2 U, the k-tuple ( � 1(p); : : : ; � k (p)) forms a basis
for the �ber Ep. It is called a global frame if U = M .

Local frames are intimately connected with local trivializations.
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Proposition 1.5 (Local Frames and Local Trivializations). Let � : E !
M be a rank-k vector bundle. If (U; � ) is a local trivialization of E , then there
is a local frame (� i ) over U, de�ned by

� i (p) = � � 1(p; ei ); (1.2)

whereei = (0 ; : : : ; 1; : : : ; 0) is the i th standard basis vector inRk . Conversely,
given any local frame(� i ) for E over U � M , there is a local trivialization �
over U satisfying (1.2).

Proof. See [Lee08]. ut

If E ! M is a vector bundle, asubbundle of E is a topological subspace
D � E such that for each p 2 M the subset Dp = D \ Ep is a vector
subspace ofEp, and such that D is a vector bundle overM with the restriction
� jD : D ! M as projection. In particular, this requires that � jD be surjective,
and that Dp have the same dimension for eachp 2 M . If E is a smooth bundle,
we require also thatD be an embedded submanifold ofE and a smooth vector
bundle over M .

Lemma 1.6 (Local Frame Criterion for Subbundles). Let � : E ! M
be a smooth vector bundle, and letD � E be a subset whose intersection
with each �ber Ep is an m-dimensional subspace ofEp. If each p 2 M has a
neighborhoodU on which there are local sections� 1; : : : ; � m : U ! E such that
(� 1(q); : : : ; � m (q)) form a basis for Dq at each q 2 U, then D is a subbundle
of E .

Proof. See [Lee08]. ut

Bundle Maps

After the de�nition of vector bundles as mathematical objects, the next order
of business is to de�ne the correct notion of maps between them. It turns out
that there are actually three di�erent sorts of maps between vector bundles, all
generically calledbundle maps, that can be useful in di�erent circumstances.
We will de�ne all three, moving from the most general to the most speci�c.

Suppose � : E ! M and � 0: E 0 ! M 0 are vector bundles. Without
additional quali�cation, a bundle map from E to E 0 is a continuous
map F : E ! E 0 with the property that there exists some continuous map
f : M ! M 0 such that the following diagram commutes:

E
F- E 0

M

�
?

f
- M 0:

� 0
?

(1.3)
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In other words, for eachp 2 M , we require that F maps the �ber Ep into the
�ber E f (p) . In this situation, we say that F covers f . If E and E 0 are smooth
bundles, we require that both F and f be smooth maps. Note that the mapf
need not be speci�ed as part of the given data, because ifF : E ! E 0 is known
to be a bundle map, we can always recoverf from the formula f = � 0� F � � ,
where � : M ! E is the zero section, and thus it is automatically continuous
(or smooth) if f is. If F : E ! E 0 is a map that satis�es (1.3) for some map
f : M ! M 0, but neither is necessarily known to be continuous, we will call
F a rough bundle map .

The second, more speci�c, kind of bundle map is the most useful one in
the context of vector bundles. A bundle mapF : E ! E 0 is called a vector
bundle homomorphism if for each p 2 E, the restriction F jE p : Ep ! E 0

f (p)
is a linear map between �bers.

The third kind of bundle map is the most speci�c. A bundle map F : E !
E 0 is called a vector bundle morphism if is is a vector bundle homomor-
phism that restricts to an isomorphism on each �ber; more speci�cally, this
means that for eachp 2 E, the restricted map F jE p : Ep ! E 0

f (p) is a vector
space isomorphism. A vector bundle morphism is called avector bundle iso-
morphism if it is bijective and its inverse is also a vector bundle morphism.
If E ! M and E 0 ! M 0 are vector bundles and there exists a vector bundle
isomorphism between them, we say they areisomorphic vector bundles . A
vector bundle isomorphism from a bundle to itself is called avector bundle
automorphism .

The next lemma gives a useful way of expressing vector bundlehomomor-
phisms in terms of local trivializations.

Lemma 1.7. SupposeE ! M and E 0 ! M 0 are vector bundles of ranks
k and m, respectively, and F : E ! E 0 is a vector bundle homomorphism
covering f : M ! M 0. If (U; � ) and (U0; � 0) are local trivializations of E and
E 0, respectively, such thatf (U) � U0, then the composite map� 0� F � � � 1 : U�
Rk ! U0 � Rm has the form

� 0 � F � � � 1(p; x) = ( f (p); bF (p)x);

for some continuous (or smooth) (m � k)-matrix-valued function bF de�ned
on U.

Proof. The fact that F is a bundle map coveringf means that � 0 � F � � � 1

can be written in the form

� 0 � F � � � 1(p; x) = ( f (p); 	 (p; x)) ;

where 	 (p; x) depends continuously onp and x. BecauseF is linear on each
�ber, for each p 2 U there is anm � k matrix bF (p) such that 	 (p; x) = bF (p)x.
We will show that bF is a continuous function of p.

If we write the matrix coe�cients of bF (p) as bF j
i (p), then we can express

them as the following composition:
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bF j
i (p) = dxj � 	 (p; ei )

�
;

where ei = (0 ; : : : ; 1; : : : ; 0) is the i th standard basis vector in Rk . Because
each such component function is a composition of continuousfunctions, it is
continuous. In the smooth category, the same proof shows that bF is a smooth
function. ut

In the situation of the preceding lemma, we will call the matrix-valued
function bF the local representative of F .

The next proposition gives an easy way to detect vector bundle isomor-
phisms.

Proposition 1.8. Every vector bundle morphism covering a homeomorphism
(or di�eomorphism in the smooth category) is a vector bundle isomorphism.

Proof. Let � : E ! M and � 0: E 0 ! M 0 be vector bundles, and suppose
F : E ! E 0 is a vector bundle morphism covering a homeomorphismf : M !
M 0. It follows easily from the facts that f is bijective and F is bijective on
�bers that F is globally bijective. We need to show that F � 1 is also a vector
bundle morphism. The fact that F is a bundle map means thatF � 1 maps
each �ber E 0

q to E f � 1 (q) , and its restriction to E 0
q is equal to the inverse of

F jE f � 1 ( q )
, so it is linear. Thus we only need to check thatF � 1 is continuous

(or smooth).
Given q 2 M 0, let p = f � 1(q), and choose neighborhoodsU of p and U0 of

q such that f (U) � U0, and small enough that there exist local trivializations
of both bundles, � : � � 1(U) ! U � Rk and � 0: � 0� 1(U0) ! U0 � Rk . By
Lemma 1.7, we can write

� 0 � F � � � 1(p; x) = ( f (p); bF (p)x);

where bF (p) is a continuous matrix-valued function of p. BecauseF is bijective
on �bers, the matrix bF (p) is invertible for all p. Because matrix inversion is a
continuous map from GL(k; R) to itself, it follows that the matrix entries of
bF � 1 are also continuous, and thus so is the composite map

� � F � 1 � � 0� 1(p; x) = ( f � 1(p); bF � 1(p)x):

Composing with � � 1 on the left and � 0 on the right, we conclude that F � 1

is continuous on U0, and since it is continuous in a neighborhood of each
point, it is continuous. For smooth vector bundles, the sameproof works with
\smooth" substituted for \continuous" throughout. ut

An important special case arises when we consider bundles over the same
base. If � : E ! M and � 0: E 0 ! M are vector bundles overM , a bundle
map F : E ! E 0 covering the identity map of M is called a bundle map
over M . If E and E 0 are bundles overM and there exists a vector bundle
isomorphism overM between them, then we sayE and E 0 are isomorphic
over M .

The next corollary follows easily from Proposition 1.8.
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Corollary 1.9. Every vector bundle morphism overM is an isomorphism.

SupposeE ! M and E 0 ! M are vector bundles overM . Any vector
bundle homomorphismF : E ! E 0 over M de�nes a map eF : �( E ) ! �( E 0)
by composition: eF (� ) = F � � . If E and E 0are smooth bundles, then the mapeF
is linear overC1 (M ); otherwise it is linear over C(M ). The next lemma shows
that this property completely characterizes vector bundle homomorphisms.

Lemma 1.10 (Bundle Homomorphism Characterization Lemma). If
E ! M and E 0 ! M are vector bundles, then every map from� (E) to � (E 0)
that is linear over C(M ) ( in the topological category) or linear over C1 (M )
(in the smooth category) is induced by a vector bundle homomorphism as
above.

Proof. See [Lee08] for the smooth case; the topological case is similar. ut

Examples

Let us introduce a few basic examples of vector bundles.

Example 1.11 (Product Bundles). If M is any topological space andV is
a k-dimensional real vector space, the product spaceM � V is the total space
of a rank-k vector bundle over M with the obvious projection. If V = Rk ,
the identity map can be taken as a (global!) local trivialization; otherwise,
any isomorphism' : V ! Rk yields a global trivialization Id M � ' : M � V !
M � Rk . Any such bundle is called aproduct vector bundle , and any vector
bundle that is isomorphic over M to a product bundle is called a trivial
vector bundle . Similar considerations apply when V is a complex vector
space.

Example 1.12 (Tangent, Cotangent, and Tensor Bundles). If M is a
smooth n-manifold, then its tangent bundle TM ! M and its cotangent bun-
dle T � M ! M are smooth vector bundles of rankn over M . Every covariant,
contravariant, or mixed tensor bundle over M is a smooth vector bundle, as
is the bundle � k M of alternating k-tensors.

The only example of a nontrivial bundle that is easy to visualize is the
following bundle over S1.

Example 1.13 (The M•obius Bundle). De�ne an action of the discrete
group Z on R2 by

n � (x; y) = ( x + n; (� 1)n y):

It is easy to check that this action is smooth, free, and proper, and thus
the quotient space E = R2=Z is a smooth manifold and the quotient map
q: R2 ! E is a smooth covering map. Let� 1 : R2 ! R denote the projection
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on the �rst factor, and " : R ! S1 the universal covering map"(t) = e2�it .
Then " � � 1 respects the identi�cations made by q, and thus descends to a
smooth map � : E ! S1:

R2 q- E

R

� 1
?

"
- S1:

�?

To visualize E , note that the restriction of � to the saturated closed subset
f (x; y) : 0 � x � 1g is a quotient map that identi�es only the boundary
lines, with (0; y) identi�ed with (1 ; � y) for all y 2 R. Thus the total space
of E can be thought of as the space obtained from this \strip" by gluing the
boundary lines together with a half-twist. It is easy to check that � : E ! S1

is a nontrivial smooth rank-1 vector bundle, called the M•obius bundle (see
Problem 1-1).

The next three examples of vector bundles are arguably the most impor-
tant of all, for reasons that will become evident later.

Example 1.14 (Tautological Line Bundles). The real projective space
of dimension n is the smooth n-manifold RPn de�ned as the set of 1-
dimensional linear subspaces ofRn +1 (see [Lee08]). Denote the coordinates
on Rn +1 by (x0; : : : ; xn ), and the equivalence class ofx = ( x0; : : : ; xn ) in
RPn by [x] = [ x0; : : : ; xn ]. For each i = 0 ; : : : ; n, let Ui be the subset ofRPn

consisting of the set of all equivalence classes [x0; : : : ; xn ] for which x i 6= 0.
The bijection Rn $ Ui given by (u1; : : : ; un ) $ [u1; : : : ; 1; : : : ; un ] (with 1 in
the i th place) de�nes smooth local coordinates onUi .

We de�ne a rank-1 vector bundle L ! RPn as the following subbundle of
the trivial bundle RPn � Rn +1 :

L = f ([x]; y) 2 RPn � Rn +1 : y 2 [x]g:

Because the �ber over [x] is exactly the line in Rn +1 represented by [x] itself,
this bundle is called the tautological line bundle over RPRPRPn .

For each i , the map � i : Ui ! L given by � i ([u1; : : : ; 1; : : : ; un ]) =
(u1; : : : ; 1; : : : ; un ) is a nonvanishing smooth local section ofL and thus a local
frame for L over Ui ; thus it follows from the local frame criterion (Lemma 1.6)
that L is a smooth subbundle of the trivial bundle.

Each such frame� i de�nes a local trivialization � i : � � 1(Ui ) ! Ui � R as
in Proposition 1.5; it satis�es

� i
�
[x]; y

�
=

�
[x]; yi � ;

� � 1
i

�
[x]; �

�
=

�
[x]; (�=x i )x

�
;

as you can check. On the overlapUi \ Uj , these local trivializations satisfy
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� i � � � 1
j

�
[x]; �

�
= � i

�
[x]; (�=x j )x

�
=

�
[x]; �x j =xi � ;

so the transition functions are � ij ([x]) = x j =xi .

Example 1.15 (Tautological Complex Line Bundles). The complex
projective space CPn is the set of 1-dimensional complex linear subspaces
of Cn +1 ; it is a smooth manifold of (real) dimension 2n. The exact same con-
struction as in the preceding example, but with the coordinates interpreted
as complex coordinates, de�nes a complex rank-1 vector bundle L ! CPn ,
called the tautological complex line bundle . On the set Ui \ Uj of equiv-
alence classes [z0; : : : ; zn ] with zi 6= 0 and zj 6= 0, its transition function is
� ij ([z]) = zj =zi .

Example 1.16 (Tautological Vector Bundles). We can generalize the
preceding construction to higher-rank tautological bundles as follows. IfV
is a �nite-dimensional real vector space of dimensionn, the set Gk (V ) of k-
dimensional linear subspaces ofV is a smooth, compact manifold of dimension
k(n � k), called a Grassmann manifold or Grassmannian . (See [Lee08].)
One way to see this is to choose a basis forV and then note that O(n) acts
transitively on G k (V ) by matrix multiplication, with closed isotropy subgroup
isomorphic to O(k) � O(n � k). A similar proof shows that if V is a complex
vector space, the set ofk-dimensional complex linear subspaces ofV (also
denoted by Gk (V )) is a smooth compact manifold of dimension 2k(n � k).
In either case, we let Uk (V ) ! Gk (V ) denote the following subbundle of the
product bundle Gk (V ) � V :

E = f (�; x ) 2 Gk (V ) � V : x 2 � g:

(In the special casek = 1, we have G1(Rn +1 ) = RPn , and U1(Rn +1 ) is the
tautological line bundle constructed in Example 1.14.)

To show that Uk (V ) is a smooth subbundle, we will use the local frame
criterion (Lemma 1.6). First, by choosing a basis for V , we might as well
identify V with Rn . (The complex case is similar.) For everyk-dimensional
subspace� � Rn , we can choose ann � k matrix whose columns span� .
Because this matrix must have rankk, somek � k minor of it is nonsingular.
Let U0 � Gk (V ) be the open subset consisting of those subspaces represented
by matrices whose upperk � k minor is nonsingular. By elementary column
operations, we can always put such a matrix into the following normal form
without changing the span of its columns:

�
I k

B

�
=

�
e1 : : : ek

B1 : : : Bk

�
;

where I k is the k � k identity matrix, B is an arbitrary ( n � k) � k matrix,
(e1; : : : ; ek ) are the standard basis vectors inRk , and (B1; : : : ; Bk ) are the
columns of B . It is easy to check that the matrix entries of B constitute
smooth coordinates onU0. We de�ne a local frame (� i ) for U k (V ) over U0 by
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� i (B ) =
�

ei

B i

�
:

This is smooth because its components are smooth functions of the coordinates
(B j

i ). The collection of open sets wheresomek � k minor is nonsingular forms
an open covering of Gk (V ); over each such open set, we can construct a smooth
local frame for Uk (V ) just as above, but with the coordinates reordered. Thus
Uk (V ) is a smooth rank-k vector bundle over Gk (V ), called the tautological
vector bundle over G k (V ) .

Before we continue with examples, we introduce several moreimportant
tools for constructing vector bundles.

Suppose� : E ! M is a rank-k vector bundle, fM is a topological space,
and f : fM ! M is a continuous map. We can construct a new vector bundle
over fM , whose �ber over eachp 2 M is the vector spaceE f (p) , as follows.

De�ne f � E to be the following subset of fM � E :

f � E = f (p; v) 2 fM � E : � (v) = f (p)g:

The projection e� : f � E ! fM is de�ned by e� (p; v) = p. For each p 2 fM , the
�ber e� � 1(p) is the vector spaceE f (p) .

Proposition 1.17 (Pullback Bundles). With � : E ! M and f : fM ! M
as above,f � E can be given the structure of a vector bundle overfM , called
the pullback of E by f or the bundle induced from E by f , so that the
map ef : f � E ! E de�ned by ef (p; v) = v is a vector bundle morphism. IfM
and fM are smooth manifolds,E is a smooth vector bundle, andf is a smooth
map, then f � E is a smooth vector bundle andef is a smooth vector bundle
morphism.

Proof. To put a vector bundle structure on f � E, we will construct local triv-
ializations for it using those of E . Given p 2 fM , let (U; � ) be a local trivial-
ization of E over some neighborhoodU of f (p). Let eU = f � 1(U), which is a
neighborhood ofp, and de�ne e� : � � 1( eU) ! eU � Rk by

e� (p; v) =
�
p; � 2(� (v))) ;

where � 2 : U � Rk ! Rk is the projection. The fact that � is a bijection from
� � 1(U) to U � Rk implies that e� is also a bijection, with inverse e� � 1(p; x) =�
p; � � 1(f (p); x)

�
. Where two such local trivializations overlap, we have triv-

ializations (U; � ) and (U0; � 0) of E satisfying � 0 � � � 1(p; x) = ( p; � (p)x) for
some continuous map� : U \ U0 ! GL(k; R). The resulting trivializations
( eU; e� ) and ( eU0; e� 0) of f � E satisfy

e� 0 � e� � 1(p; x) = e� 0
�
p; (� � 1(f (p); x)

�

=
�
p; � 2(� 0 � � � 1(f (p); x)

�

=
�
p; � (f (p))x

�
:
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Thus the transition function for f � E is � � f , which is continuous. The bundle
gluing lemma then shows that f � E is a vector bundle over fM .

Because� � ef (p; v) = � (v) = f (p) = f � e� (p; v), it follows that ef is a rough
bundle map. With respect to the trivializations ( eU; e� ) and (U; � ), it can be
written locally as � � F � e� � 1(p; x) = ( f (p); x). Thus it is continuous and maps
�bers of f � E isomorphically onto �bers of E .

Finally, if the given data are all smooth, the same proof goesthrough with
\continuous" replaced by \smooth" throughout. ut

I Exercise 1.18. Show that every pullback of a trivial vector bundle is
trivial.

I Exercise 1.19. If f : fM ! M is a constant map, show that the pullback
by f of any vector bundle over M is trivial.

A special case that is worth noting is that in which S is a subset ofM , and
� : S ,! M is the inclusion map. In that case, the pullback bundle� � E ! S
is called the restriction of E to S, and is sometimes denoted byE jS . If
E ! M is a smooth vector bundle andS is a smooth submanifold ofM , then
E jS is a smooth vector bundle.

The next theorem expresses an important relationship between pullback
bundles and vector bundle morphisms.

Theorem 1.20. Suppose� 0: E 0 ! M 0 and � : E ! M are vector bundles,
and F : E 0 ! E is a vector bundle morphism coveringf : M 0 ! M . Then E 0

is isomorphic to f � E over M 0.

Proof. By Corollary 1.9, it su�ces to show that there exists a vector bundle
morphism from E 0 to f � E over M 0. De�ne G: E 0 ! f � E � M 0 � E by

G(v) = ( � 0(v); F (v)) :

BecauseF is an isomorphism on �bers,G maps each �berE 0
p isomorphically to

E f (p) , which is the �ber of f � E over p. To see that it is continuous, suppose
(U; � ) is a local trivialization for E , and ( eU; e� ) is the corresponding local
trivialization for f � E constructed in the proof of Proposition 1.17. Then for
v 2 � 0� 1( eU),

e� � G(v) = e� (� 0(v); F (v)) =
�
� 0(v); � 2(� � F (v))) ;

which is a composition of continuous maps. Because� is a homeomorphism, It
follows by composition that G is continuous. The proof in the smooth category
is similar. ut

Our next technique for creating new vector bundles is one of the most
useful. It shows that certain functors can be applied to vector bundles to
obtain new ones.
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Let Vec1 be the category whose objects are �nite-dimensional (real or com-
plex) vector spaces and whose morphisms are vector space isomorphisms. If
F is a covariant functor from Vec1 to itself, for each �nite-dimensional vector
spaceV we get a mapF : GL(V) ! GL(F (V )) sending each isomorphism
A : V ! V to the induced isomorphismF (A) : F (V ) ! F (V). We say F is
a continuous functor if this map is continuous for every V , and a smooth
functor if this map is smooth.

Proposition 1.21 (Vector Bundles De�ned by Functors). If F : Vec1 !
Vec1 is a continuous functor, then for every vector bundleE ! M there is a
vector bundleF (E) ! M whose �ber at each pointp 2 M is F (Ep). If F
is a smooth functor and E is a smooth vector bundle, thenF (E) is also a
smooth vector bundle.

Proof. De�ne F (E) =
`

p2 M F (Ep), and let e� : F (E) ! M be the obvi-
ous projection. If (U; � ) is any local trivialization for E , note that for each
p 2 U, � jE p : Ep ! Rk is a linear map, and therefore there is a linear map
F

�
� jE p

�
: F (Ep) ! F (Rk ). De�ne a local trivialization for F (E), denoted

by e� : e� � 1(U) ! U � F (Rk ), as follows:

e� (v) =
�

e� (v); F
�
� jE ~� ( v )

�
(v)

�
:

This map is bijective with inverse

e� � 1(p; x) = F
�
� jE p

� � 1
(x):

Whenever two local trivializations ( U; � ) and (U0; � 0) for E overlap, the cor-
responding trivializations for F (E) satisfy

e� 0 � e� � 1(p; x) = e� 0
�

F
�
� jE p

� � 1
(x)

�

=
�

p;F
�
� 0jE p

�
� F

�
� jE p

� � 1
(x)

�

=
�

p;F
��

� 0jE p

�
�

�
� jE p

� � 1�
(x)

�

=
�
p;F (� (p))( x)

�
;

where� is the transition function for E . Thus the transition function for F (E)
is F � � , which is continuous or smooth as appropriate. The result follows from
the vector bundle gluing lemma. ut

Here is one last construction that can be used to produce new vector
bundles. It has the remarkable feature that the �bers of the new bundle are
not speci�ed in advance { they are simply \created" out of thi n air.

Theorem 1.22 (Vector Bundle Construction Theorem). Let M be a
topological space. Suppose we are given an open coverf U� g� 2 A of M , and
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for each �; � 2 A a continuous map� �� : U� \ U� ! GL(k; R) such that the
following relation is satis�ed for all �; �; 
 2 A:

� �� (p)� �
 (p) = � �
 (p); p 2 U� \ U� \ U
 : (1.4)

(The juxtaposition on the left-hand side represents matrix multiplication. )
Then there is a rank-k vector bundle E ! M with local trivializations
� � : � � 1(U� ) ! U� � Rk whose transition functions are the given maps� �� .

Proof. First note that (1.4) implies the following additional rela tions among
the maps� �� . First, taking � = � = 
 , we obtain � �� (p)� �� (p) = � �� (p), and
then multiplying both sides by � �� (p)� 1 we conclude that

� �� (p) = I k ; p 2 U� ; (1.5)

where I k is the k � k identity matrix. Second, taking � = 
 , we get
� �� (p)� �� (p) = � �� (p), which implies that

� �� (p) = � �� (p)� 1; p 2 U� \ U� : (1.6)

De�ne an equivalence relation on the disjoint union
`

� 2 A (U� � Rk ) as
follows. Given (p� ; x � ) 2 U� � Rk and (p� ; x � ) 2 U� � Rk , declare (p� ; x � ) �
(p� ; x � ) if and only if p� = p� and x � = � �� (p� )x � . Identities (1.5), (1.6), and
(1.4) imply the re
exive, symmetric, and transitive proper ties of this relation,
respectively.

Let E denote the set of equivalence classes with the quotient topology.
Let � :

`
� 2 A (U� � Rk ) ! M be the map whose restriction to each set

U� � Rk is projection on the �rst factor. Then � is continuous and respects
the identi�cations made by the quotient map, so it descends to a continuous
map � : E ! M . Because each� �� (p) is a vector space isomorphism from
Rk to itself, the vector space structure onRk descends to one on each �ber
Ep = � � 1(p).

For each � , becauseU� � Rk is a saturated open subset of the disjoint
union, which is mapped bijectively onto � � 1(U� ), it follows that the identity
map of U� � Rk descends to a homeomorphism� � : � � 1(U� ) ! U� � Rk .
These maps will be our local trivializations. It is then straightforward, using
the de�nition of the equivalence relation, to check that any two such maps
overlap as follows:

� � � � �
� 1(p; x) = ( p; � �� (p)x):

The theorem then follows from the vector bundle gluing lemma. ut

We also have the following uniqueness result for vector bundles in terms
of their transition functions. It shows, in particular, tha t the vector bundle
constructed in Thm. 1.22 is uniquely determined up to isomorphism by its
transition functions.
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Theorem 1.23. Let � : E ! M and � 0: E 0 ! M be two rank-k vector bun-
dles over the same base. Supposef U� g� 2 A is an open cover ofM such that
both E and E 0 admit local trivializations over each U� . Let f � �� g and f � 0

�� g
denote the transition functions determined by the given local trivializations of
E and E 0, respectively. ThenE and E 0 are isomorphic over M if and only if
for each � 2 A there exists a continuous(or smooth) map � � : U� ! GL(k; R)
such that for all �; � ,

� 0
�� (p) = � � (p)� 1� �� (p)� � (p); p 2 U� \ U� : (1.7)

Proof. SupposeF : E 0 ! E is a vector bundle isomorphism overM . Then
for each � , the map � � � F � � 0

�
� 1 : U� � Rk ! U� � Rk is a bijective bun-

dle map. Thus there is some continuous map� � : U� ! GL(k; R) (the local
representative ofF , in the terminology we introduced earlier) such that

� � � F � � 0
�

� 1(p; x) = ( p; � � (p)x):

Then a straightforward computation shows

(p; � 0
�� (p)x) = � 0

� � � 0
�

� 1(p; x)

=
�

� 0
� � F � 1 � � � 1

�

�
�

�
� � � � � 1

�

�
�

�
� � � F � � 0

�
� 1

�
(p; x)

= ( p; � � (p)� 1� �� (p)� � (p)x);

which proves (1.7).
Conversely, if there exist maps� � satisfying (1.7), de�ne F : E 0 ! E by

F jU � = � � 1
� � � � � � 0

� , where

� � (p; x) = ( p; � � (p)x):

Then F is continuous on U� because it is a composition of continuous func-
tions, and (1.7) shows that it is well-de�ned. Becausex 7! � � (p)x is a linear
bijection of Rk , it follows that F is a vector bundle morphism covering the
identity, so it is a vector bundle isomorphism. ut

The most important application of the preceding construction is provided
by representations of GL(k; R). If V is a real or complex vector space, we
let GL( V ) denote the group of invertible linear transformations from V to
itself. When V is �nite-dimensional, choosing a basis forV gives a one-to-one
correspondence between GL(V ) and GL(k; R) or GL( k; C), as appropriate. In
this case, we will use this correspondence to give GL(V ) a smooth structure
so that it becomes a Lie group. It is easy to check that the resulting smooth
structure is independent of the choice of basis.

If G is a topological group, arepresentation of G is a continuous ho-
momorphism � : G ! GL(V ) for some vector spaceV. It is said to be �nite-
dimensional if V is �nite-dimensional, in which case dimV is called the
dimension of the representation . Without further speci�cation, we will
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always assume that our representations are �nite-dimensional. A representa-
tion is said to be faithful if it is injective; in this case, it gives an isomorphism
betweenG and some topological subgroup of GL(V ). If G is a Lie group and
V is �nite-dimensional, we require in addition that � be smooth, in which
case� (G) is a Lie subgroup of GL(V) and � yields a smooth isomorphism
G �= � (G).

Proposition 1.24 (Vector Bundles De�ned by Representation s). Sup-
poseE ! M is a vector bundle of rankk, and � : GL(k; R) ! GL(V ) is an m-
dimensional representation. Then there is a rank-m vector bundle� (E ) ! M
with the following property: Given any trivializing cover f (U� ; � � )g for E with
transition functions � �� , there is a trivializing cover f (U� ; e� � )g for � (E ) over
the same open sets, with transition functionse� �� = � � � �� . If E is a smooth
vector bundle and� is a smooth representation, then� (E ) is smooth.

Proof. Just apply Thm. 1.22 to the transition functions f � � � �� g. ut

The following generalization is also frequently useful.

Corollary 1.25. Suppose E1; : : : ; Eq are vector bundles overM of ranks
k1; : : : ; kq, respectively, and� : GL(k1; R) � : : :� GL(kq; R) ! GL(V) is an m-
dimensional representation. Then there is a vector bundle� (E1; : : : ; Eq) ! M
of rank m with the following property: Given any open cover ofM over which
all the bundlesE i are tivialized, with transition functions � i

�� for E i , there
exists a trivializing cover for � (E1; : : : ; Eq) over the same open sets, with tran-
sition functions e� �� (p) = � (� 1

�� (p); : : : ; � r
�� (p)) .

I Exercise 1.26. Prove the preceding corollary.

I Exercise 1.27. If F : Vec1 ! Vec1 is a continuous functor, show that
the map � : GL( Rk ) ! GL( F (Rk )) de�ned by F is a continuous representa-
tion, and for any vector bundle E ! M , the vector bundles � (E ) and F (E )
are isomorphic over M .

Here are some examples of how one can use these results to construct new
bundles from old ones.

Example 1.28 (Whitney Sums). Given vector bundles E and E 0 over M
of ranks k and k0, respectively, we will construct a new vector bundleE � E 0 !
M , called the Whitney sum of E and E 0, whose �ber at each p 2 M is
Ep � E 0

p. To illustrate the various approaches, let us show how to give it a
vector bundle structure in three di�erent ways.

First, we will use the bundle gluing lemma. Just de�ne the total space to
be E � E 0 =

`
p2 M (Ep � E 0

p), with the projection � � : E � E 0 ! M de�ned in
the obvious way. For eachp 2 M , choose a neighborhoodU of p small enough
that there exists local trivializations ( U; � ) of E and (U; � 0) of E 0, and de�ne
� � : � � 1

� (U) ! U � (Rk � Rk 0
) by
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� � (v; v0) =
�
� (v); (� 2(� (v)) ; � 2(� 0(v0)))

�
:

Then it is straightforward to check that given another such pair of local triv-
ializations ( eU; e� ) and ( eU; e� 0), the transition function has the form

e� � � � � 1
� (p; (x; y)) =

�
p; (� (p) � � 0(p))( x; y)

�
;

where � (p) � � 0(p) is the block diagonal matrix
�

� (p) 0
0 � 0(p)

�
:

It follows that E � E 0 is a vector bundle.
Second, we will use the pullback operation. Note that the product map

� � � 0: E � E 0 ! M � M realizesE � E 0 as a rank-(k + k0) vector bundle over
M � M : Its �ber over ( p; q) is Ep � Eq = Ep � Eq, and its local trivializations
are product maps. Let � : M ! M � M denote the diagonal map , de�ned
by �( p) = ( p; p). Then we de�ne E � E 0 to be the pullback bundle � � (E � E 0)
over M .

Third, we will use Corollary 1.25. De�ne a representation � : GL(k; R) �
GL(k0; R) ! GL(Rk � Rk 0

) by

� (A; A 0) =
�

A 0
0 A0

�
;

and de�ne E � E 0 = � (E; E 0).
If E and E 0 are complex vector bundles, thenE � E 0 is a complex vector

bundle, and if E and E 0 are smooth, then it is a smooth vector bundle

I Exercise 1.29. Show that all three constructions in the preceding ex-
ample yield vector bundles that are isomorphic over M .

Example 1.30 (Tensor Product Bundles). De�ne a representation

� : GL(k; R) � GL(k0; R) ! GL(Rk 
 Rk 0

)

by � (A; A 0) = A 
 A0, where

A 
 A0
� X

i

vi 
 v0
i

�
=

X

i

A(vi ) 
 A0(v0
i ):

If E ! M and E 0 ! M are vector bundles overM of ranks k and k0,
respectively, the bundle� (E; E 0) is denoted byE 
 E 0, and is called thetensor
product of E and E 0. The �ber of E 
 E 0 over p 2 M can be canonically
identi�ed with the (abstract) tensor product space Ep 
 E 0

p. Similarly, the
q-th tensor power representation � q : GL(k; R) ! GL(Rk 
 � � � 
 Rk ) de�ned
by

� q(A) = A 
 � � � 
 A

yields a bundleAq whose �ber at p can be identi�ed with the abstract tensor
product of q factors of Ep.
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Example 1.31 (The Dual Bundle). If E ! M is a vector bundle, its
dual bundle is the bundle whose �ber at p 2 M is the dual spaceE �

p , the
space of scalar-valued real-linear or complex-linear functionals on Ep. We can
identify E � with the bundle � (E ), where � : GL(k; R) ! GL(k; R) is the
contragredient representation given by the transposed inverse matrix:

� (A) = ( A � 1)T :

Alternatively, E � is the bundle associated with the functor V 7! V � , A 7!
(A � 1)T .

Example 1.32 (Complexi�cation). If E ! M is a real vector bundle of
rank k, we obtain a complex vector bundle of rankk, called the complex-
i�cation of E and denoted by CE, by applying the representation given
by inclusion GL(k; R) ,! GL(k; C). The �ber of CE over p can be identi�ed
with the vector space of all formal linear combinations of elements ofEp with
complex coe�cients.

Example 1.33 (Underlying Real Vector Bundles). Given a complex vec-
tor bundle E ! M of rank k, we obtain a real vector bundleER of rank 2k,
called the underlying real vector bundle associated with E , by apply-
ing the functor F : Vec1 ! Vec1 that takes each complex vector spaceV to
the same space, but considered as a real vector space, with complex multi-
plication \forgotten." Applied to Ck , this functor yields the representation
� : GL(k; C) ! GL(2k; R) de�ned by replacing each complex matrix entry
a + ib with the 2 � 2 block

�
a � b
b a

�
:

�

0

B
@

a1
1 + ib1

1 : : : ak
1 + ibk

1
...

...
a1

k + ib1
k : : : ak

k + ibk
k

1

C
A =

0

B
B
B
B
B
B
@

a1
1 � b1

1

b1
1 a1

1

: : :
ak

1 � bk
1

bk
1 ak

1
...

...
a1

k � b1
k

b1
k a1

k

: : :
ak

k � bk
k

bk
k ak

k

1

C
C
C
C
C
C
A

:

The �bers of ER can be identi�ed as sets with the �bers of E , but with
scalar multiplication restricted to real numbers. You should be aware that
this operation is not the inverse of complexi�cation, because if we start with
a rank-k real bundle, complexify, and then take the resulting underlying real
bundle, we end up with a bundle of rank 2k.

Example 1.34 (The Conjugate Bundle). If E ! M is a complex vector
bundle, we de�ne E ! M to be the bundle associated with the representation
� : GL(k; C) ! GL(k; C) given by � (A) = A. The �ber of E over p 2 M can
be identi�ed as a set with the �ber Ep itself, but with complex multiplication
determined by (a; v) 7! av. (See Problem 1-5.)
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Fiber Metrics

Recall that a Riemannian metric on a smooth manifold is a smoothly-
varying choice of inner product on each tangent space. For arbitrary vector
bundles, we have the following analogous notion. If� : E ! M is a real
vector bundle, a �ber metric on E is a choice of inner product on each
�ber, which is continuous in the sense that for any continuous local sections
� 1; � 2 of E , the function p 7! h� 1(p); � 2(p)i is continuous. If E is a smooth
bundle, we require in addition that this function be smooth whenever � 1 and
� 2 are smooth. Alternatively, we can think of a �ber metric as a (continuous
or smooth) section of the tensor product bundleE � 
 E � , which is symmetric
and positive de�nite at each point. A real vector bundle together with a choice
of �ber metric is called a Euclidean vector bundle .

If E is a complex vector bundle, a �ber metric on E is de�ned similarly,
except that we require that the inner product on each �ber Ep be Hermitian ,
which means that it satis�es the following identities for al l v; w 2 Ep and all
a; b2 C:

hv; wi = hw; vi ;

hav; bwi = abhv; wi ;

hv; w + xi = hv; wi + hv; xi ;

hv; vi > 0 if v 6= 0 :

A complex vector bundle together with a choice of �ber metric is called a
Hermitian vector bundle .

Lemma 1.35. Every vector bundle over a paracompact base space admits a
�ber metric.

Proof. Use a partition of unity. ut

Theorem 1.36. If E ! M is a real vector bundle, thenE � �= E . If E ! M
is a complex vector bundle, thenE � �= E .

Proof. In either case, begin by choosing a �ber metric onE. In the real case,
for any v 2 Ep, we de�ne an elementF (v) 2 E �

p by

F (v)(w) = hw; vi : (1.8)

The tensor characterization lemma of [ISM] (modi�ed in an obvious way for
topological bundles) shows that for each section� of E , we obtain a continuous
section F (� ) of E � . The map � 7! F (� ) is linear over C(M ) by properties
of inner products, so it is a vector bundle homomorphism fromE to E � by
Lemma 1.10.

In the complex case, we proceed analogously, but now we use the same
formula (1.8) to de�ne a map F : E ! E � . ut

It is not always the case that a complex vector bundle is isomorphic to its
dual { see Problem 1-7 for an example.



20 1 Vector Bundles

Problems

1-1. Show that the M•obius bundle of Example 1.13 is isomorphic to the tau-
tological line bundle over RP1, and neither is trivial. [Hint: Consider the
complement of the zero section.]

1-2. SupposeE ! M is a Euclidean or Hermitian vector bundle, andS � E is
a vector subbundle. De�ne S? =

`
p2 M S?

p , whereS?
p is the set of vectors

in Ep that are orthogonal to Sp.
(a) Show that S? is a vector subbundle ofE .
(b) Show that E is isomorphic overM to S � S? .

1-3. (a) SupposeE1 ! M 1, E2 ! M 2 are vector bundles, andF : E1 ! E2 is a
vector bundle homomorphism with constant rank. Show that Ker F �
E1 and Im F � E2 are vector subbundles.

(b) If E ! M is an m-dimensional vector bundle and S � E a k-
dimensional vector subbundle, de�ne the quotient bundle E=S as
the set

E=S =
a

p2 M

Ep=Sp:

Show that E=S has a unique structure as an (m � k)-vector bundle
such that the natural projection E ! E=S is a vector bundle homo-
morphism with kernel S.

(c) If E is a Euclidean or Hermitian vector bundle andS � E is a vector
subbundle, show that E=S is canonically isomorphic toS? .

(d) Let
� fM; eg

�
be a Riemannian manifold and M � fM an (immersed

or embedded) submanifold. De�ne thealgebraic normal bundle to
be NM = ( T fM jM )=TM , and the geometric normal bundle to be
NgM = TM ? � T fM jM . Show that NM and NgM are canonically
isomorphic.

1-4. SupposeM is a topological space. LetV 1
R (M ) denote the set of isomor-

phism classes of real line bundles overM , and V 1
C (M ) the set of isomor-

phism classes of complex line bundles.
(a) Show that V 1

R (M ) and V 1
C (M ) are abelian groups under tensor prod-

uct. What is the identity? What is the inverse of a bundle E?
(b) Show every element ofV 1

R (M ) has order at most 2.
(c) Compute V 1

R (S1), giving an explicit representative for each equivalence
class.

1-5. Let E ! M be a complex vector bundle, and let� : GL(k; C) ! GL(k; C)
be the representation � (A) = A. Show that the �ber of � (E ) over p 2 M
is naturally isomorphic to the complex vector space whose underlying set
is Ep, but whose complex multiplication is given by (a; v) 7! av.

1-6. Let M be an oriented 2-manifold with a Riemannian metric. Show that
there is a natural complex line bundleT0M ! M whose underlying real
2-plane bundle is isomorphic toTM . [Hint: Cover M by open sets carrying
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oriented orthonormal frames, and construct transition functions using a
representation ofSO(2) in GL(1; C).]

1-7. This problem shows that the tautological complex line bundle over CP1

is not isomorphic to its dual.
(a) Show that the formula f (x; y; z) = [ x + iy; 1� z] = [1 + z; x � iy ] gives

a di�eomorphism f : S2 ! CP1.
(b) Using the two charts Uj = f [w1; w2] : wj 6= 0 g on CP2, with the usual

coordinates (x; y) $ [1; x + iy ] on U1 and (x; y) $ [x + iy; 1] on U2,
compute the transition functions for the universal bundle L ! CP1

and the complex line bundleT0S2 ! S2 constructed in Problem 1-6.
(c) Prove that T0S2 is isomorphic overS2 to L � 
 L � .
(d) Prove that L is not isomorphic over S2 to L � . [Hint: Use Problem

1-4 and the the fact that TS2 does not admit a global nonvanishing
section.]


