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Given two fiber bundles E → B and E′ → B′, suppose Ψ0, Ψ1 : E → E′ are
bundle morphisms. A bundle homotopy between Ψ0 and Ψ1 is a bundle
morphism Ψ : E × I → E′ such that Ψ |E×{0} = Ψ0 and Ψ |E×{1} = Ψ1, where
E × I → B × I is the Cartesian product bundle and we identify E × {t} →
B × {t} with E → B in the obvious way.

Theorem 3.14 (Covering Homotopy Theorem). Let π : E → B and

π′ : E′ → B′ be fiber bundles with the same fiber and structure group, and as-

sume that B is a paracompact Hausdorff space. Suppose that ψ0, ψ1 : B → B′

are homotopic continuous maps, and Ψ0 : E → E′ is a bundle morphism cov-

ering ψ0. Any homotopy H : B × I → B′ from ψ0 to ψ1 lifts to a bundle

homotopy Ψ : E × I → E′ covering H such that Ψ(e, 0) = Ψ0(e) for all e ∈ E:

E × I
Ψ
- E′

B × I

π × Id
?

H
- B′.

π′

?
(3.3)

Proof. By Theorem 2.11, the map H : B × I → B′ induces a pullback bundle
H∗E′ → B × I and a bundle morphism H̃ covering H . (Recall that H∗E′ is
the subset of (B×I)×E′ consisting of elements ((b, t), e′) such that H(b, t) =

π′(e′), and H̃ is defined by H̃((b, t), e′) = e′.) On the other hand, Ψ0 can be

used to define a bundle isomorphism Ψ̂0 : (E × I)|B×{0} → H∗E′|B×{0} by

Ψ̂0(e, 0) =
(
(π(e), 0), Ψ0(e)

)
.

Lemma 3.10 shows that Ψ̂0 extends to a bundle isomorphism Ψ : E×I → H∗E′

over B × I:

E × I
Ψ
- H∗E′ H̃

- E′

B × I

π × Id
?

= B × I
?

H
- B′.

π′

?

The composite map Ψ = H̃ ◦ Ψ : E × I → E′ is thus a bundle homotopy
covering H . Its restriction to (E × I)|B×{0} is equal to H̃ ◦ Ψ̂0, which is

H̃ ◦ Ψ̂0(e, 0) = H̃
(
(π(e), 0), Ψ0(e)

)
= Ψ0(e).

Thus Ψ is the required bundle morphism. ut

For the next theorem, we introduce the following terminology. If π : E → B
is a surjective continuous map and X is a topological space, we say that π
satisfies the homotopy lifting property with respect to X if whenever
ψ0, ψ1 : X → B are homotopic maps and ψ̃0 : X → E is a lift of ψ0, any
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homotopyH : X×I → B between ψ0 and ψ1 lifts to a homotopy H̃ : X×I →
E such that H̃0 = ψ̃0. In other words, the dotted arrow in the following
diagram can be filled in with a continuous map H̃ :

X × {0}
ψ̃0

- E

X × I
?

∩

H
-

H̃
-

B.

π
?

Theorem 3.15 (Homotopy Lifting Property for Fiber Bundles). If

π : E → B is a fiber bundle, then π satisfies the homotopy lifting property

with respect to every paracompact Hausdorff space X.

Proof. If we consider the identity map X → X as a trivial bundle over X
with one-point fibers, then the theorem follows immediately from the covering
homotopy theorem, because a lift of H is the same as a bundle morphism from
X to E covering H . ut

The proofs of many important homotopy-theoretic results about fiber bun-
dles require nothing more than the homotopy lifting property (we will see a
few examples in the next section). For this reason, homotopy theorists make
the following definition: If E and B are topological spaces, a surjective contin-
uous map π : E → B is called a fibration if it satisfies the homotopy lifting
property with respect to every space.

Of course, Theorem 3.15 does not imply that every fiber bundle projection
is a fibration, because of the restriction to paracompact Hausdorff spaces. But
for all of our purposes, knowing that the homotopy lifting property holds for
paracompact Hausdorff spaces is sufficient. In fact, for many results in homo-
topy theory, it is even sufficient to assume only that it holds for closed balls.
Thus one defines a Serre fibration to be a surjective continuous map that
satisfies the homotopy lifting property with respect to B

n for every n. (As
we will see later, this is enough to imply the homotopy lifting property for
a much broader class of spaces, the CW complexes.) Theorem 3.15 implies,
in particular, that every fiber bundle projection is a Serre fibration. In order
to distinguish the two classes of fibrations, the more general type of fibra-
tion defined above is sometimes called a Hurewicz fibration , after Witold
Hurewicz, who introduced the concept in 1955. In fact, using a somewhat
more elaborate argument, Hurewicz [Hur55] proved that every fiber bundle
over a paracompact Hausdorff space is a (Hurewicz) fibration, but we will not
need this.
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Universal Bundles and Classifying Maps

With the groundwork laid in the preceding section, we are now in a position
to tackle the general classification problem for fiber bundles over paracompact
Hausdorff spaces.

Motivated by the discussion of Gauss maps in the first section of this
chapter, we make the following definition. Suppose V → B is a fiber bundle
with fiber F and group G. We say that V is a universal bundle if it satisfies
the following properties for every paracompact Hausdorff space M :

(i) Whenever E →M is a fiber bundle with fiber F and group G, there exists
a continuous map ψ : M → B such that E is isomorphic over M to ψ∗V .

(ii) Two continuous maps M → B induce isomorphic pullback bundles if and
only if they are homotopic.

Note that (i) is equivalent to

(i′) Whenever E →M is a fiber bundle with fiber F and group G, there exists
a bundle morphism from E to V .

To see this, note that Thm. 2.12 shows that (i′) implies (i); on the other hand,
if ψ is a continuous map such that E ∼= ψ∗V over M , then the composite map

E
∼=
- ψ∗V

ψ̃
- V

is a bundle morphism.
If V → B is a universal bundle and E → M is any bundle with the same

fiber and group, any continuous map ψ : M → B such that E ∼= ψ∗V over M
is called a classifying map for E. The definition implies that a classifying
map exists and is uniquely determined up to homotopy.

Some basic properties of universal bundles are described in the next propo-
sition. For any pair of topological spaces X and Y , the set of homotopy classes
of continuous maps from X to Y is denoted by [X, Y ]. If E → B and E′ → B′

are fiber bundles, a bundle map Ψ : E → E′ is called a bundle homotopy

equivalence if there is a bundle map Ψ ′ : E′ → E such that Ψ ′ ◦ Ψ and
Ψ ◦ Ψ ′ are bundle homotopic to the identity maps of E and E′, respectively.
Note that a bundle homotopy equivalence is, in particular, a homotopy equiv-
alence between the total spaces E and E′, and the corresponding base map
ψ : B → B′ is also a homotopy equivalence.

Proposition 3.16. Suppose V → B is a universal bundle with fiber F and

group G.

(a) For every locally compact Hausdorff space M , the assignment ψ 7→ ψ∗V
descends to a one-to-one correspondence between [M,B] and the set of

isomorphism classes of fiber bundles over M with fiber F and group G.

(b) If V → B and V ′ → B′ are two universal bundles with the same fiber and

group, and both B and B′ are paracompact Hausdorff spaces, then there

is a bundle homotopy equivalence Ψ : V → V ′.
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Proof. By virtue of Theorem 3.12, the assignment ψ 7→ ψ∗V descends to a
map from [M,B] to the set of isomorphism classes of bundles with the given
fiber and group. Property (i) in the definition of universal bundles shows that
this map is surjective, and property (ii) shows that it is injective.

Given two universal bundles V → B and V ′ → B′ with paracompact
Hausdorff base spaces, by property (i) in the definition of universal bundles
there are continuous maps ψ : B → B′ and ψ′ : B′ → B such that V ∼= ψ∗V ′

over B and V ′ ∼= ψ′∗V over B′. The composition ψ′ ◦ ψ : B → B satisfies
(ψ′ ◦ ψ)∗V ∼= V , so (ii) shows that it is homotopic to the identity of B,
and likewise ψ ◦ ψ′ is homotopic to the identity of B′. Thus ψ : B → B′ is
a homotopy equivalence. The corresponding bundle morphism Ψ : V → V ′

covering ψ is a bundle homotopy equivalence by the same argument. ut

The restriction to paracompact Hausdorff spaces in the preceding propo-
sition is a bit inconvenient, because the base of a universal bundle might
not always have this property. To circumvent this problem, we introduce the
following standard definition: If M is an arbitrary topological space, an open
cover of M is said to be numerable if there exists a partition of unity subordi-
nate to it. A numerable fiber bundle is a bundle that admits a numerable
trivializing cover. Clearly every fiber bundle over a paracompact Hausdorff
space is numerable. All of the results in this chapter that require paracom-
pact Hausdorff bases can be adapted to apply to numerable bundles over
arbitrary bases.

The next result reduces the problem of finding universal bundles to the
case of principal bundles.

Proposition 3.17. Suppose G is a topological group and V → B is a univer-

sal principal G-bundle. If F is any topological space endowed with an effective

left G-action θ, then the associated bundle V ×θF → B is universal for bundles

with fiber F and structure group G acting on F by θ.

Proof. Suppose M is a paracompact Hausdorff space and E →M is any bun-
dle with fiber F and group G acting by θ, and let P (E) →M be its associated
principal bundle. The universality of V implies that there is a continuous map
ψ : M → B covered by a principal bundle morphism Ψ : P (E) → V . Thm. 2.50
then shows that the associated morphism Ψθ : E → V ×θ F is a bundle mor-
phism covering ψ, so V ×θ F satisfies condition (i′). Given two continuous
maps ψ0, ψ1 : M → B, let E0 = ψ∗

0(V ×θ F ) and E1 = ψ∗
1(V ×θ F ). Then the

following statements are equivalent:

ψ∗
0(V ×θ F ) ∼= ψ∗

1(V ×θ F ) ⇔ E0
∼= E1

⇔ P (E0) ∼= P (E1)

⇔ ψ∗
0V

∼= ψ∗
1V

⇔ ψ0 ' ψ1.

Thus V ×θ F satisfies condition (ii). ut
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The following theorem makes it easy to recognize universal principal bun-
dles.

Theorem 3.18. Suppose G is a topological group and V → B is a principal

G-bundle whose total space V is contractible. Then V is a universal principal

G-bundle.

Before proving the theorem, we show that finding a bundle morphism be-
tween principal bundles is the same as finding a section of a certain associated
bundle. Suppose π : P → B and π′ : P ′ → B′ are principal G-bundles. Define
a left G-action on P ′ by

g · p′ = p′ · g−1,

where the action on the right-hand side is the canonical right action of G on
P ′. Using this action, we can define an associated bundle P×GP

′ → B, whose
structure group isG and whose model fiber is the total space of P ′. Recall that
a point in this bundle is an equivalence class [p, p′] with p ∈ P and p′ ∈ P ′,
and the definition of the equivalence relation implies that [p · g, p′ · g] = [p, p′]
for all g ∈ G.

Lemma 3.19. Suppose π : P → B and π′ : P ′ → B′ are principal G-bundles,

and let E = P ×G P
′ as above. Then there is a one-to-one correspondence

between bundle morphisms Ψ : P → P ′ and global sections of E . Given a

bundle morphism Ψ , the corresponding section Σ : B → E satisfies

Σ(x) = [σ(x), Ψ(σ(x))] (3.4)

for any local section σ of P .

Proof. Suppose Ψ : P → P ′ is a bundle morphism covering ψ : B → B′. First
we will show that (3.4) gives a well-defined map Σ : B → E . If σα and σβ
are two local sections of P , on the intersection of their domains they satisfy
σβ(x) = σα(x) · ταβ(x) for some G-valued transition function ταβ . By the
definition of the equivalence relation defining E and the equivariance of Ψ , we
have

[σβ(x), Ψ(σβ(x))] = [σα(x) · ταβ(x), Ψ(σα(x) · ταβ(x))]

= [σα(x) · ταβ(x), Ψ(σα(x)) · ταβ(x)]

= [σα(x), Ψ(σα(x))].

This proves that Σ is well-defined. It is a rough section of E because
πE (Σ(x)) = πE ([σ(x), Ψ(σ(x))]) = π(σ(x)) = x by definition of the projection
πE : E → X.

To see that Σ is continuous, let Φα : π−1(Uα) → Uα ×G be an admissible
local trivialization of P , and let σα be the corresponding local section, defined
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by σα(x) = Φ−1
α (x, e). Then the local trivialization Φ̃α of E associated with

Φα satisfies
Φ̃−1
α (x, p′) = [Φ−1

α (x, e), p′] = [σα(x), p′]

(see the proof of Thm. 2.45), so locally Σ can be written as the continuous
composition

Σ(x) = Φ̃−1
α (x, Ψ(σα(x))).

Conversely, suppose Σ : B → E is a global section. Given an admis-
sible local trivialization Φα of P , let σα and Φ̃α be as in the preceding
paragraph. We can write the restriction of Σ to Uα in the form Σ(x) =

Φ̃−1
α (x, σ̂α(x)) = [σα(x), σ̂α(x)] for some continuous function σ̂α : U → P ′.

Define Ψα : π−1(Uα) → P ′ by

Ψα(Φ−1
α (x, g)) = σ̂α(x) · g.

It is G-equivariant because Φα is, and it is continuous because Φα is a home-
omorphism. If Φβ : π−1(Uβ) → Uβ × G is another admissible local trivial-
ization of P and σβ is its corresponding local section, then Φ−1

β (x, g) =

Φ−1
α (x, ταβ(x)g) and σ̂β(x) = σ̂α(x) · ταβ(x) for some continuous G-valued

transition function ταβ, so on π−1(Uα ∩ Uβ) we have

Ψβ(Φ−1
β (x, g)) = σ̂β(x) · g

= σ̂α(x) · ταβ(x) · g

= Ψα(Φ−1
α (x, ταβ(x)g))

= Ψα(Φ−1
β (x, g)).

Thus we obtain a global bundle morphism Ψ : P → P ′ by letting Ψ = Ψα on
π−1(Uα). ut

Proof of Thm. 3.18. If V → B is a principal G-bundle with contractible total
space and P → M is any principal G-bundle over a paracompact Hausdorff
space M , then the associated bundle E = P ×G V of Lemma 3.19 has con-
tractible fibers, so Thm. 3.7 shows that E has a section. It then follows from
Lemma 3.19 that there is a bundle map from P to V .

Now suppose ψ0 and ψ1 are two maps from M to B. For i = 0, 1, let Pi =
ψ∗
i V and let ψ̃i : Pi → V be the canonical bundle morphism covering ψi. If
ψ0 ' ψ1, then P0 and P1 are isomorphic over M by Theorem 3.12. Conversely,
suppose P0 and P1 are isomorphic over M , and let η : P0 → P1 be a bundle
isomorphism covering the identity ofM . Consider the map Ψ0 : P0×{0, 1} → B
defined by

Ψ0(p, t) =

{
ψ̃0(p), t = 0,

ψ̃1(η(p)), t = 1.
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Lemma 3.19 shows that Ψ0 induces a section Σ0 of the associated bundle
E = (P0 × I) ×G V over A = M × {0, 1}. For any small ε > 0, Ψ0 extends to
the open set P0 × ([0, ε)∪ (1−ε, 1]) by letting Ψ0(p, t) = Ψ0(p, 0) for t < ε and
Ψ0(p, t) = Ψ0(p, 1) for t > 1 − ε, and therefore Σ0 extends to a neighborhood
of A. Because the fiber of E is contractible, Thm. 3.7 shows that Σ0 extends
to a section over all of M × I, and therefore Ψ0 extends to a bundle morphism
Ψ : P0 × I → V . The corresponding base map ψ : M × I → B is a homotopy
between ψ0 and ψ1. ut

It was shown by John Milnor in 1956 that for every topological group G,
there is a numerable universal principal G-bundle V → B. We will not re-
produce the construction here, but Milnor’s original presentation [Mil56] is
highly readable. Thanks to Proposition 3.16 (or rather an analogous propo-
sition for numerable bundles instead of bundles over paracompact Hausdorff
spaces), any other numerable universal G-bundle is bundle homotopy equiva-
lent to this one. Because maps into the same base space also classify bundles
with group G and arbitrary fibers, any paracompact Hausdorff space that is
the base of a principal G-bundle with contractible fibers is called a classify-

ing space for G, and denoted by BG; the corresponding universal principal
G-bundle is denoted by V G→ BG. The classifying space is not uniquely de-
termined, but it is unique up to homotopy equivalence; likewise, V G is unique
up to bundle homotopy equivalence.

Instead of constructing classifying spaces in full generality, in the remain-
der of this section we will concentrate on constructing them for the groups
that are most important in geometry – the real and complex general linear
groups, orthogonal groups, and unitary groups.

We begin with GL(n,R), taking our cue from the construction of Gauss
maps at the beginning of the chapter. For positive integers m ≥ n, recall
that Un(Rm) → Gn(R

m) is the tautological rank-m vector bundle whose fiber
over ξ ∈ Gn(Rm) is the subspace ξ itself. Let Vn(R

m) denote its associated
principal GL(n,R)-bundle, which can be identified with the set of all linearly
independent ordered n-tuples of vectors in Rm. Because each such n-tuple
can be identified with an m× n matrix of maximal rank, Vn(R

m) is an open
subset of the space of m × n real matrices and is thus a smooth manifold of
dimension mn, called a Stiefel manifold . The right action of GL(n,R) on
Vn(Rm) is just matrix multiplication on the right.

In order to circumvent the dimensional restrictions of Thm. 3.4, we need
to work with an infinite-dimensional Grassmannian. Let R∞ denote the direct
sum of countably infinitely many copies of R, which is just the set of infinite
sequences of real numbers (x1, x

2, . . . ) such that xi = 0 for all but finitely
many i. For each positive integer m, we can identify Rm with the subset
of R∞ consisting of sequences (xi) such that xi = 0 for i > m, and then
R∞ =

⋃
m Rm. Topologize R∞ by declaring a U ⊆ R∞ open if and only

if U ∩ Rm is open in Rm for each m. Then let Gn(R∞) denote the set of
all n-dimensional linear subspaces of R∞, and Vn(R∞) the set of linearly
independent ordered n-tuples of vectors in R∞. For brevity, we will often
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write Gn = Gn(R
∞) and Vn = Vn(R∞). We can consider Gn as the union

over all m ≥ n of Gn(R
m); a subset of Gn is open if and only if its intersection

with Gn(R
m) is open for each m. Similar remarks apply to Vn. Because the

right action of GL(n,R) on Vn(R
m) is equal to the restriction of that on

Vn(Rm+1) for each m, there is a global free right action of GL(n,R) on Vn

whose restriction to each finite-dimensional Stiefel manifold is equal to the
given action.

Theorem 3.20. With the projection π : Vn → Gn that sends an n-tuple of

vectors to the subspace they span, and the right action of GL(n,R) described

above, Vn is a universal principal GL(n,R)-bundle and Gn is a classifying

space for GL(n,R).

Proof. First we will show that Vn → Gn is a principal bundle. Given ξ ∈ Gn,
we can choose a basis (v1, . . . , vn) for ξ, thought of as an infinite “ma-
trix” whose columns are v1, . . . , vn. Note that there is some m such that
ξ ∈ Gn(R

m). Let A denote the m × n matrix whose columns are the top
m coordinates of (v1, . . . , vn); the fact that the vi’s are independent means
that A has some nonsingular n × n minor. For simplicity, let us assume it is
the top n × n minor. Let U denote the subset of Gn consisting of subspaces
spanned by n-tuples of sequences whose top n× n minor is nonsingular, and
let Um = U ∩Gn(Rm) for each m. Then U is a neighborhood of ξ because Um
is open in Gn(R

m) for each m.
Define a map Φ : π−1(U) → U × GL(n,R) as follows. Each ξ ∈ U can be

represented uniquely by an n-tuple (v1, . . . , vn) whose top n× n minor is the
identity matrix. Define

Φ(v1, . . . , vn) =
(
span(v1, . . . , vn),M(v1, . . . , vn)

)
,

where M(v1, . . . , vn) is the upper n × n matrix determined by (v1, . . . , vn).
This is clearly a bijection. On the open sets where other n × n minors are
nonsingular, we obtain similar local trivializations. Where two such trivial-
izations overlap, the transition functions, restricted to any finite-dimensional
Grassmannian, are identical to the transition functions for the trivializations
of the corresponding tautological bundles that we constructed in Example
1.16. Since these restrictions are continuous, it follows that the transition
functions are continuous as functions on open subsets of Gn. This completes
the proof that Vn → Gn is a principal GL(n,R)-bundle. The base space Gn

is paracompact by the result of Lemma 3.21 below.
Next we need to show that Vn is contractible, from which it follows that

the bundle Vn → Gn is universal. Consider the map Πn : R∞ → R∞ defined
by Πn(x

1, x2, . . .) = (0, . . . , 0, x1, x2, . . .), where each sequence is shifted n
spaces to the right and the first n slots are filled with zeros. Define a homotopy
H : R∞ × I → R∞ by

Ht(v) = (1 − t)v + tΠn(v).



Universal Bundles and Classifying Maps 65

The restriction ofH to Rm×I maps into Rm+n×I and is obviously continuous,
so H is continuous. Each map Ht is linear, and is easily seen to be injective.
Thus if (v1, . . . , vn) is a linearly independent n-tuple of vectors in R∞, then
(Ht(v1), . . . , Ht(vn)) is also linearly independent for each t ∈ I, so H yields a
homotopy from the identity map of Vn to Πn.

Now define a second homotopy F : Vn×I → Vn by

Ft(v1, . . . , vn) = ((1 − t)Πnv1 + te1, . . . , (1 − t)Πnvn + ten),

where ei is the element of R∞ with 1 in the ith place and zeros elsewhere.
It is easy to check that Ft takes its values in Vn, and provides a homotopy
from Πn to the constant map taking all of Vn to (e1 , . . . , en). Together these
homotopies show that Vn is contractible. ut

Here is the lemma used in the preceding proof.

Lemma 3.21. Suppose X =
⋃
nKk, where K1 ⊆ K2 ⊆ . . . is a nested se-

quence of compact Hausdorff spaces, and X has the topology coherent with the

collection {Kn}. Then X is paracompact.

Proof. . . . ut

It follows from the preceding theorem that the infinite Grassmannian Gn

is a classifying space for GL(n,R). Because every vector bundle admits a
reduction to an O(n)-structure, we might expect a close relationship between
the classification of GL(n,R)-bundles and that of O(n)-bundles. Here is how
the two classification problems are related.

Theorem 3.22. Suppose E →M is a fiber bundle with fiber F and group G,

and P (E) → M is its associate principal G-bundle. If H ⊆ G is a subgroup,

then E admits a reduction to H if and only if there is a subset PH ⊆ P (E)
that is a principal H bundle over M with the same projection as P and the

restriction of the right G-action to H.

Proof. . . . ut

Theorem 3.23. Suppose G is a topological group, E → M is a fiber bundle

with structure group G over a paracompact Hausdorff space M , and P (E) →
M is its associated principal G-bundle. If H ⊆ G is a closed subgroup, define

a left action of G on the coset space G/H by g ·g′H = (gg′)H. Then E admits

a reduction to H if and only if the associated bundle P (E)×GG/H →M has

a global section.

Proof. . . . ut

Corollary 3.24. If G is a topological group and H is a closed subgroup such

that G/H is contractible, then every fiber bundle over a paracompact Hausdorff

space with structure group G admits a reduction to H.
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Proof. By Thm. 3.7, the fact that G/H is contractible means that P (E) ×G
G/H has a global section, and thus Thm. 3.23 shows that E admits a reduction
to H .

Theorem 3.25. If G is a topological group and H ⊆ G is a subgroup such

that G/H is contractible, then a classifying space for G is also a classifying

space for H, and conversely.

Proof. . . . ut

To apply these results to the orthogonal groups, we need the following
result.

Proposition 3.26. For each n ≥ 1, the quotient space GL(n,R)/O(n) is

contractible.

Proof. Let Σ+(n,R) denote the space of positive-definite real n×n symmetric
matrices; it is a vector space and thus contractible. Define a right action of
GL(n,R) on Σ+(n,R) by

A · S = ATSA, A ∈ GL(n,R), S ∈ Σ(n,R).

If we think of S as the matrix representation for an inner product on Rn, then
it is easy to check that A · S represents the same inner product with respect
to a different basis. By the Gram-Schmidt algorithm, every inner product can
be transformed to the Euclidean one by a change of basis; in other words, for
every symmetric matrix X, there exists A ∈ GL(n,R) such that A · S = In,
the n × n identity matrix. Thus GL(n,R) acts transitively on Σ+(n,R). The
isotropy group of In is exactly O(n). Thus, by the homogeneous space charac-
terization theorem, it follows that Σ+(n,R) is diffeomorphic to the quotient
manifold GL(n,R)/O(n). ut

The next corollary summarizes the above results.

Corollary 3.27. The infinite Grassmannian Gn is a classifying space for both

GL(n,R) and O(n).

Similar results hold for the complex general linear group, with essentially
the same proof. The details are left to the reader.

Theorem 3.28. The infinite complex Grassmannian Gn(C∞) is a classifying

space for both GL(n,C) and U(n).




