
Math 549 Complex Manifolds Spring 2019

Assignment #3
Due 5/27/19

1. If S → M is a sheaf (viewed as a stalk space), U ⊆ M is open, and σ, τ ∈ S (U)
are sections, show that the set {x ∈ U : σ(x) = τ(x)} is open. If U is connected and
σ(p) = τ(p) for some p ∈ M , does this imply that σ ≡ τ on U?

2. Let M be a topological manifold and let S , T be sheaves over M (viewed as stalk
spaces). Show that every sheaf homomorphism F : S → T is a local homeomorphism.

3. Let M be a smooth manifold, and let Hp(M ;R) denote sheaf cohomology with coeffi-
cients in the constant sheaf R → M . Let U = {Uα}α∈A be an indexed open covering
of M such that each nonempty finite intersection Uα0

∩ · · · ∩ Uαp
is contractible. By

threading through the proof of the generalized de Rham theorem, show that the de
Rham isomorphisms I1 : H

1
dR(M) → H1(M ;R) and I2 : H

2
dR(M) → H2(M ;R) can be

described as follows.

(a) Let η be a closed 1-form on M . For each α, there is a smooth function uα on Uα

such that η|Uα
= duα. Then aαβ = uβ|Uα∩Uβ

− uα|Uα∩Uβ
defines a 1-cocycle on U

with coefficients in R, and I1[η] = [a].

(b) Let η be a closed 2-form on M . For each α, there is a smooth 1-form ϕα on Uα

such that η|Uα
= dϕα; and for each α and β such that Uα ∩ Uβ 6= ∅, there is a

smooth function uαβ on Uα ∩ Uβ such that ϕβ|Uα∩Uβ
− ϕα|Uα∩Uβ

= duαβ. Then

aαβγ =
(
uαβ + uβγ + uγα

)∣∣
Uα∩Uβ∩Uγ

defines a 2-cocycle on U with coefficients in

R, and I2[η] = [a].

4. Let M be a complex manifold. A smooth, real-valued function u on M is said to be
pluriharmonic if in any holomorphic coordinates, u is harmonic (in the usual one-
complex-variable sense) as a function of each complex coordinate when the others are
held fixed. Show that the following are equivalent.

(a) u is pluriharmonic.

(b) ∂∂u = 0.

(c) For every holomorphic embedding j : D →֒ M of the unit disk D into M , j∗u is
harmonic (in the usual sense) on D.

(d) In a neighborhood of each point, u is the real part of a holomorphic function.

5. Let M be a complex manifold, and let P denote the sheaf of (germs of) pluriharmonic
functions on M . For each q ≥ 1, let F q denote the sheaf of real (q + 1)-forms whose
(q + 1, 0) and (0, q + 1)-parts are zero; in other words, F q is the sheaf of real-valued
forms in E q,1 ⊕ · · · ⊕ E 1,q. Show that the following sheaf sequence is exact:

0 → P →֒ E
0 i∂∂
−→ F

1 d
→ F

2 d
→ . . .

d
→ F

q d
→ . . . .



Conclude that for q ≥ 2, Hq(M ;P) is isomorphic to the kernel of d : F q(M) →
F q+1(M) modulo the image of d : F q−1(M) → F q(M). State the analogous result
for q = 1. [Hint: For the proof of exactness at F q, if β is a local section of F q and
β = dα, write α = α(q,0) + α̃ + α(0,q) with α̃ a section of F q−1, and show that locally
dα(q,0) = d∂σ for some (q − 1, 0) form σ.]

6. Let M be a complex manifold, and let E be a holomorphic vector bundle over M .

(a) Show that the operator ∂ : Γ(E) → Γ(Λ0,1M ⊗ E) defined in class satisfies the
following two properties.

i. ∂(fσ) = (∂f)⊗ σ + f∂σ.

ii. Z(Wσ) − W (Zσ) = [Z,W ]σ, where Zσ is shorthand for the section of E
obtained by inserting Z into the Λ0,1 slot of ∂σ.

(b) Show that ∂ extends to an operator ∂ : Γ(Λp,qM⊗E) → Γ(Λp,q+1M⊗E) satisfying

∂(α⊗ σ) = ∂α⊗ σ + (−1)p+qα ∧ ∂σ,

where α is a smooth (p, q)-form, σ is a smooth section of E, and the wedge product
is between the differential form components of α and ∂σ.

(c) Show that ∂ ◦ ∂ = 0.

7. (Optional) Let M be a complex manifold, and let π : E → M be a smooth complex
vector bundle. A Cauchy-Riemann operator on E is a C-linear map ∂ : Γ(E) →
Γ(Λ0,1M ⊗ E) satisfying

(a) ∂(fσ) = (∂f)⊗ σ + f∂σ for all smooth complex-valued functions f .

(b) Z(Wσ)−W (Zσ) = [Z,W ]σ for all Z,W ∈ T ′′M .

(In part (ii), we define Zσ as in Problem 6. It follows from that problem that every
holomorphic vector bundle admits a Cauchy-Riemann operator.) If E is endowed with
a Cauchy-Riemann operator, show that E has a unique structure as a holomorphic
vector bundle such that the holomorphic sections of E are exactly those in the kernel
of ∂. [Hint: If (sk) is a smooth local frame for E over U ⊆ M , show that the (0, 1)-forms
θ
j
k on U defined by ∂sk = θ

j
k⊗sj satisfy ∂θ

j
k+θ

j
l ∧θlk = 0. Let (zj) be local holomorphic

coordinates for U and let (zj, bk) be the (complex-valued) coordinates on π−1(U) ⊆ E

defined by the local frame (sk), via the correspondence (zj, bk) ↔ bksk|z. Show that
there is a unique integrable complex structure on the total space of E such that Λ1,0E is
locally spanned by (π∗dzj, dbj+bkπ∗θ

j
k), and apply the Newlander-Nirenberg theorem.]


