Open Problems

Peng Lu

In general one may ask how much of Theorem 1.3 in [H99] can be generalized
to dimension bigger than three, in particular dimension 4. A couple of more
specific questions are given below.

Let M be a closed manifold. Suppose (M",g(t)),t € [0,00) is a solution of
Ricci flow and ¢ (t) is the corresponding volume-normalized solution. Define

in (t) = max m]radg(i) (z)
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where injradg(f) (z) is the injectivity radius of § (f) at x.

(1) Suppose lim;_,  ia (£) = 0, show that there is a constant C' > 0 such
that |ng(t) (m)‘ < % for all z,t and that (M,g (f)) collapse to a lovxier di-
mensional Euclidean space. In particular this should be true when g (f) is a
homogeneous metric and M is a Lie group. [IJL] shows that the last statement
is true in dimension 4 and § (f) is of certain diagonal form.

(2) Assume Vi, > 0, show that there is an open set U C M and t; — oo
such that

(2a) g(t;)/t; — Joo on U;

(2b) goo is an Einstein metric with negative scalar curvature;

(2¢) Vol(U, §oo) = Voo (see [FIN] for more details).
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