SMALL POLYNOMIAL MATRIX PRESENTATIONS
OF NONNEGATIVE MATRICES

MIKE BOYLEAND DOUGLASLIND

ABSTRACT. We investigate the use of polynomia matrices to give efficient pre-
sentations of nonnegative matrices exhibiting prescribed spectral and algebraic
behavior.

1. INTRODUCTION

Let S be a unital subring of the real numbers R, and S, denote the set of its
nonnegative elements. The inverse spectral problem for nonnegative matrices asks
for necessary and sufficient conditions on an n-tuple of complex numbers for it to
be the spectrum of ann x n matrix over S;. When S = R various ingenious and
fascinating partial results are known (see results, discussions, and referencesin [2,
12, 20, 21] and morerecently [15, 16]). Thereisaclear conjectural characterization
in [6] of which lists of nonzero complex numbers can be the nonzero part of the
spectrum of a matrix over Sy. This conjecture has been verified for many S,
includingthemaincasesS = R [6] and S = 7Z [13], but the problem of determining
reasonable upper bounds for the minimum size of a matrix with a given nonzero
spectrum is still out of reach, evenfor S = R.

The use of matrices whose entries are polynomials with nonnegative coefficients
to represent nonnegative matrices goes back at least to the original work of Shan-
non on information theory [24, §1]. Such matrices can provide much more compact
presentations of nonnegative matrices exhibiting prescribed phenomena, aswell as
give a more amenable and natural algebraic framework [4], of particular value in
symbolic dynamics[5]. Their use focuses attention naturally on asymptotic behav-
ior having a comprehensible theory. In particular, it seems to us that the problem
of determining the minimum size polynomial matrix presenting a given nonzero
spectrum is likely to have a satisfactory and eventually accessible solution, which
may also be useful for bounding the size of nonpolynomial matrix presentations.

In this paper we give realization results, constructing polynomia matrices of
small size presenting nonnegative matrices satisfying certain spectral and algebraic
constraints.  Perhaps the main contribution is to show how certain geometrical
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ideas interact with polynomial matrices. We hope that the combined geometric-
polynomial viewpoint may beuseful in approaching deeper problems. For example,
the minimum size problem and the Generalized Spectral Conjecture [5, 7] may be
approached in terms of turning the epimorphisms of Theorems 5.1 and 8.8 into
isomorphisms.

For the statement of our specific results, recall a matrix is primitive if it is non-
negative and some power is strictly positive. The inverse spectral problem for
nonnegative matrices reducesto the inverse spectral problem for primitive matrices
[6]. The Perron Theorem showsthat one necessary condition onalist A of complex
numbers for it to be the spectrum of a primitive matrix is that there be one positive
element, called the spectral radius of A, that is strictly larger than the absolute
value of each of the other elements. If one further requiresthat A be the spectrum
of a primitive matrix over S, then A must also be S-algebraic, that is, the monic
polynomia whose roots are the elements of A must have coefficientsin S.

In Section 3 we show how to associate naturally to each matrix with entriesin
S [¢] a corresponding matrix with entries in S;.. Handelman [9] showed that an
S-algebraiclist A satisfying the Perron condition aboveiscontainedin the spectrum
of aprimitive matrix over S with the same spectral radius correspondingtoal x 1
polynomial matrix if and only if no other element of A is a positive real number.
After devel oping some machinery for polynomial matricesin Section 3 and Section
4, we show that every S-algebraic A satisfying the Perron condition is contained
in the spectrum of a primitive matrix with the same spectral radius coming from a
2 x 2 polynomia matrix over S [r]. This answers a question raised in [4, §85.9]
and generalizes aresult of Perrin (see Remark 6.7). The proof, combined with a
simple geometrical observation, alows us to recover Handelman's original result
in Section 7. In Section 8 we refine our resultsfor nonzero spectra by finding small
polynomial matrix presentations for actions on appropriate S-modules.

We thank Robert Mouat for suggesting an important simplification in the basic
construction of Section 3.

2. PRELIMINARIES

We collect here some convenient notation and terminol ogy.

Let S denote an arbitrary unital subring of the reals R, so that S is a subring
containing 1. Note that S is either the discrete subring Z of integers or is dense
in R. Denote by K the quotient field of S. Welet S = S N [0, oo) denote the
nonnegative semiring of S, and S;4+ = S N (0, co) be the set of strictly positive
elements of S. The ring of polynomials with coefficientsin S is denoted by S[z],
and the semiring of polynomials with coefficientsin Sy by S [¢].

A list is acollection of complex numbers where multiplicity matters but order
does not. We use the notation A = (A1,..., A,) for alist, so that (1,1,2) =
(2,1,1) # (1,2). Alist A iscontained in another list A’, in symbols A C A/, if
for every 1 € A the multiplicity of A in A islessthan or equal to its multiplicity
inA’.
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The spectral radius of alist A isthe number p(A) = max;ca |A]. A list A is
Perronif p(A) > Oand thereisai € A of multiplicity one such that » > |u| for
all other elements u € A. In particular, if A isPerronthen p(A) € A.

Given alist A, let fa(t) = [[,c(t — 1) denote the monic polynomial whose
roots are the elements of A, with appropriate multiplicity. For example, if A =
(1,1,2) then fa(t) = (r — 1D2(t — 2). We say that alist A is S-algebraic if
fa(t) € Slt].

Matrices are assumed to be square. A matrix is called nonnegative (respectively,
positive) if al of its entries are nonnegative (respectively, positive) real numbers.
If Aisarea matrix, let sp(A) denote the list of (complex) eigenvalues of A and
sp* (A) thelist of nonzero eigenvalues of A. The spectra radius p(A) of A isthen
just the spectral radius of thelist sp(A). We say that A isPerronif sp(A) isPerron.
Thus a primitive matrix is always Perron.

3. THE §-CONSTRUCTION

Let P(t) = [pij(1)] beanr x r matrix over S[¢]. We construct a directed graph
I'p ) Whose edges are labeled by elementsfrom'S. The adjacency matrix of I'p ;) is
denoted by P (r)?, which hasentriesinS. The processof passingfrom P (z) to P (¢)"
is called the §-construction.

To describe I'p(;), let d(j) = maxi<i<, deg(p;j). The vertices of I'p(;) are
symbols ji,wherel < j <rand0 <k <d(j). Forl<j<randl <k <d())
put an edge labeled 1 from ji to jx_1. For each monomial at* in pij(t) put an edge
labeled a from ip to ji. This completes the construction of I'p ;).

Example3.1. LetS = Z and

2t+3 42+5+6
Pm:[ 7 8249 }

Thegraph I'p () isshown in Figure 1.

FIGURE 1. Thegraph I'p(;) for Example 3.1
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Using the vertex ordering 11, 1o, 22, 21, 20, the adjacency matrix of I'p ;) takes
theform

01000
2 3456
P =0 00 10
0 00O001
07 809
Remarks3.2. (1) If A isamatrix over S, then A% = A. Thus every matrix over S

arises from the f-construction.

(2) The g-construction can be viewed asageneralization of the compani on matrix
of apolynomial. Forif P(r) = [p(t)]is1 x 1 and m = deg(p), then P(¢)? isthe
companion matrix of ™[t — p(t~1)].

(3) Our construction of P (¢)% from P(r) isavariation of the f construction of an
S matrix from ¢ P(¢) in[14] (whereS = Z). In particular,

det[7 — t{P()%}] = det[I — t{t P(1)}*].

The g-construction generally yields smaller matrices than the #-construction, and
so is better suited for our purposes.

If A isamatrix over the complex numbers C, then the polynomial

det[l — tA] = ]_[ (1— Ar)
resP* (A)

determines the list sp*(A) of nonzero eigenvalues of A. The following result,
essentially contained in[3, Thm. 1.7] (seealso [4, §5.3]), showsthat for A = P (¢)"
this polynomial can be readily computed from the smaller matrix P (z).

Proposition 3.3. If P(¢) isa polynomial matrix over S[¢], then
(3.1) det[7 — 1 {P(1)")] = det[I —t P(1)].

Proof. Let P(t) = [p;j(t)] ber x r,and S, bethe permutation group of {1, ..., r}.
LetV={ji:1<j<r,0<k<d(j)}bethevertex setof I'p(,), and S(V) denote
the permutation group of V. Denote the Kronecker function by §;;.

Consider the expansion of det[/ — ¢ {P(¢)"}] using permutations in S(V). We
first observe that any & € S(V) contributing a nonzero product

(32) [ 18020 =t {P®E 3]
veV

to this expansion must have aspecia form. For 1 < i < r we havethat 7 (ig) = ji
forsomel < j < rand0 < k < d(j). Observethatfork > 1thenonzeroentriesin
the jithrow of I —¢{P(¢)"} can occur only incolumns ji or ji_1. Sincex (i) = ji,
we must then have 7 (ji) = jr—1. We then see inductively that 7 (jx—1) = Jjr—2,
..., w(j1) = jo. Ananaogous argument for predecessors of j; showsin turn that
7 (jk+1) = Jkt1s - -+ 7(agi) = Jjag)- 1f ax denotesthe coefficient of #X in p;; (1),
then the subproduct of (3.2) over the subset {ip} U {j, : 1 < £ < d(j)} C Visthen
(—DF (—apt*t1).
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Thisobservation also showsthat if i" # i and 7 (ip) = j;,, then j’ # j. Hencern
induces a permutation o € S, defined by o (i) = j whenever r(ig) = ji. Clearly
7 is determined by o and the choices of k with 0 < k < d(j). Conversely, each
o € S, and choice of k’sdetermine arelevant .

Toformalizetheseobservations, define K tobetheset of all functionsk: {1,...,r} —
Z4 suchthat 0 < x(j) < d(j). Foreacho € S, andx € K define

(Uj)x(oj) fork =0,
o,k (Jk) = jk—l for 1 <k < K(j),
Jk fork(j) <k <d(j).
Let E(o0) = {5k : kK € K} C S(V). Clearly the E(o) are pairwise digoint for
o € S,. Our previousobservationsshow that _J,, . s, €(0) containsall permutations
in (V) that could possibly contribute a nonzero term to the expansion of det[/ —

t{P®)")].
Fix o € S,. The expansion of

r

[1[8).0) = o @]

j=1

containsmonomialsparameterizedby K, wherex € K determineswhich monomial
from each polynomial to select to form a product. As observed above, the same
monomials appear in the expansion of

> N 70.) [ v, — H P -
keK veV

but multiplied by ]_[;zl(—l)K(f ). Sincethecyclelengthsof 7, increaseover those
ino by atotal amount 3%, «(j), it follows that

.
(s 7,0) [ [(-D*Y) = sgno.
j=1

Hence

> 76,0 [ [[Bvrar — PO 4, 3] = @ON0) [ [[8).0) — 1 PjojD].

keK veV j=1
Summing over o € S, establishes the result. O

Example3.4. If P(¢) isthepolynomia matrix in Example 3.1, thereader can verify
that

det[l — ¢ P(t)] = det[l — 1 {P(t)"}] = 1 — 12¢ — 172 — 25¢3 — 4¢* + 16¢°.

Remark 3.5. Let I" be adirected graph. Borrowing terminology from [3], we call
asubset R of vertices of I" aromeif I has no cycle disoint from R. Alternatively,
R isarome if every sufficiently long path in I' must pass through R, so that all
roads lead to R. A rome is effectively a cross-section for the path structure of T.
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For example, if P(¢) isan r x r polynomial matrix, then I'p;) has a rome
R = {19, 20, ..., ro} Of size r. Conversely, suppose that I' is a directed graph
whose edges e are labeled by elements wt(e) € S. Suppose that I has arome R
of size r. For each ordered pair (i, j) of verticesin R, let 2;; denote the (finite)
set of paths w from i to j that do not otherwise contain a vertex in R. For each
such o define its length £(w) to be the number of edges, and its weight to be
wt(w) = [[,, Wt(e) € S. Let

pij) =) wt@)" e sp,

weQ,-j

and P = [p;j(t)]. If A isthe adjacency matrix of T, then A and P(z)* may be
quite different. However, an argument similar to that in Proposition 3.3 shows that
det[ — tA] = det[I — t {P()*}] = det[I — ¢ P(¢)]. Thus our results anount to
finding graphs with prescribed spectral behavior having small romes.

4. MANUFACTURING POLYNOMIAL MATRICES

Let A bead x d nonsingular matrix over S, and K be the quotient field of S.
It is convenient to use row vectors, and therefore to write the action of matrices on
the right. Suppose we have r vectorsxy, .. ., X, € S? whose images under powers
of A span K¢. Further suppose that each image x; A can be written as an S-linear
combination of thex; A—* for 1 < i < r and k > 0. Then there are polynomias
pij(t) € S[t] suchthat

x1A4 = x1p11 (A7) + xap12(A™H + - F % pr (AT,

XrA = lerl(A_l) + XZPrZ(A_l) +---+ errr(A_l)-

Let P(t) = [pij(t)] betheresulting r x r polynomial matrix. Form P(1)!, say
of sizen. DefineaK-linear map v : K" — K¢ by ¥ (jix) = x; A=K, Itisroutineto
check that the following diagram commutes.

b
g LO5 g

a v

Kd s Kd
A

Sincethe x; generate K¢ under powers of A, it follows that v is surjective.

This method provides the algebraic machinery to obtain given matrices A as
guotientsof §-constructions. The next section shows how to use positivity to control
the spectral radius as well as obtain primitivity of P (z)".
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5. SMALL POLYNOMIAL MATRICES

In this section we redlize a given Perron list as a subset of the spectrum of a
primitive nonnegative matrix having the same spectral radius obtained via the b-
construction from a polynomial matrix that iseither 1 x 1 or 2 x 2.

Theorem 5.1. Let A be an S-algebraic Perron list of nonzero complex numbers.
Then there is a polynomial matrix P(¢) over S, [¢] of size at most two such that
P ()" isprimitive, p(A) = p(P (1)), and A C sp*(P(1)%).

Proof. If A = {A} forsomei € S, thenlet P(z) bethel x 1 constant matrix [A].

Let d denote the cardinality of A, which we may now assume s at least 2. Put
A=p(A) € A, falt) = HueA(t — ) € S[t],and let C bethed x d companion
matrix of fa(z). If € denotesthe jth standard basis vector, then e;C = ;1 for
1<j<d-1

Let v be aleft-eigenvector for C correspondingto 2 and V = Rv. Denote by W
the direct sum of the generalized eigenspaces corresponding to the other elements
of A, andlet 7y denote projectionto V along W. Notethate; ¢ W for1 < j < d,
since W isa C-invariant proper subspace and each e; generates R? under (positive
and negative) powers of C. We identify R with Rv viat < rv, and think of 7y as
havingrangeRR. Replacing v with —v if necessary, wemay assumethat y (e1) > 0,
and hence ry (€)) = vy (e1C/ 1) = A/ Ly (er) > Ofor 1 < j < d.

Weclamthatv,v—ey,...,v—e;_1 arelinearly independent. For if not, thenv
would be alinear combinationv = vie; + - - - + vg—1€4—1. Taking dth coordinates
of vC = Av showsthat vy—1 = 0, and then taking (d — 1)st coordinates showsin
turn that vy—2 = 0, and so on, contradicting v # 0 and proving our claim. Hence
the R -cone generated by v, v — e1, ..., v — e;_1 has nonempty interior. This
interior must therefore contain someu € S¢ of the form

U=coV+ci(v—erp)+---+cg—1(v—=es_1),
wherec; > 0for0 < j < d — 1landinadditionwy (u) > 0. Thus

1
V= U-+cie1+---+cg-164-1
Co—f-cl—i—--'—i-cd_l( =1~ )

lies in the interior of the R,-cone K generated by ey, ..., e;_1 and u, and in
addition K N W = {0}.

Our goal isto show that for all sufficiently large N there are elements a;, b}, a,
and b in S such that

edCN =mer+---+ag-1€1-1+aq€; +au
= a16,C "+ + a4 16,C7 1 + ageq + au,

uCY =brer+ -+ bg_184-1 + ba€q + bu
= bledCﬂHl + -+ bd_ledCfl + bgey + bu.

(%)
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Supposefor now thisgoal hasbeen met. Then applying €~V *1 to both equations
puts usinto the situation described in Section 4, withr = 2, X1 = €4, X2 = u, and

Py = | @2k aa T b ag g ag ™ ar

b]_lN+d_2 + bth+d—3 R bd—ltN + ble_l piN-1]|"
The graph I'p 1 is strongly connected because a;, b, a, b > 0. It also has period
onesinced > 2 and gcd(N — 1, N) = 1. Therefore P(r)" is primitive. The map
¥ defined in Section 4 shows that C is a quotient of P(¢)%, sothat A = sp(C) C
sp* (P()*), and hence p(A) < p(P(#)?). The Perron eigenvector for P(1)" is
mapped by v to a vector which is nonzero (it is a strictly positive combination of
el ..., &—1, and u) and which is therefore an eigenvector of C with eigenvalue
p(P(1)?), proving that p(A) > p(P(1)). This completes the proof except for
establishing (x).

To provethat (x) holdsfor sufficiently large N, we consider separately the cases
S =7Z and S densein R.

First supposethat S = Z. Since A is Z-algebraicand |A| = d > 2, it follows
that |HueA'““| =|fa(0)| >1,andhencer = p(A) > 1L LetL=Ze1 ®--- P
7.e;_1® 7u bethelatticegenerated by eq, . . ., €;—1, U. Choose M large enough so
that every trandateof Q = [1, M]? containsan element of L. Supposethatw e Z¢
has the property that w — Q is contained in the interior K° of the cone K. Then
w— Q containsanelementx =w —qinL,say X = ni€1+---+ny_1€;—1 +nu
withn;, n € Z. These coefficients n;, n must then bein Z, ; because x € K° and
the representation of x as alinear combination of the linearly independent vectors
e1,...,eq—1,uisunique. Nowq=w—x € Z¢NQ,andsoq = g1€1+- - - +qq€y
withal g; € Z . Thus

W=X+0q=n1+qg1)e1+ -+ (ng-1+ ga-1)€i—-1+ q4€s + nu,
where the coefficient of each vector liesin Z. ... Since v isthe dominant eigendi-
rection, itseigenvalue A > 1, and wry (ey) > O, my(u) > 0O, it follows that for al
sufficiently large N both e;CY — Q anduC® — Q are contained in K°. By what
we have just done, this showsthat (x) isvalidinthecase S = Z.

Finally, supposethat S isdenseinR. Let Ks denotetheset of all elementsin K of
theformsiey +- - - +s4-164-1+su, wheres;, s € S, ;. Clearly Ks isdensein K.
Letw denoteany vector inS? lyingintheinterior K° of K. Then (w— (0, 1)¥)nK*°
is open and nonempty, and so contains some vector x = w — q € Ks C S%. By
definition, x has the form

X=x1€1+ -+ x9-164-1 1+ xU,
wherex;, x € Sy4. Theng=w—x € SN (0, 1), sothat g = g1€1+ - - - +qa€,
whereg; € S; . Hence
W=x+0g=(x1+q1)er+ -+ (xg—1+ ga-1)€—1 + qi€s + xU,

where each coefficient liesin S;4. Since v is the dominant eigendirection and
wy(eg) > 0, my(u) > 0, both e,C"N and uC” are in K° for all sufficiently
large N. By the above, we have established () when S is dense, and compl eted the
proof. O
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6. EXAMPLES AND REMARKS

We illustrate how the ideas in the proof of Theorem 5.1 work in three concrete
situations, and also make some general remarks.

Example6.1. Let S = Z and A = (2,1). Then A isan Z-algebraic Perron list
with & = p(A) = 2. Using the notation from the proof of Theorem 5.1,

0 1
Cz[_2 3}, v=[-1 1], and W=R.[-2 1].

Wepicku=v+ (v—ey) =[-3 2],sothat 7y (u) > Oand v isintheinterior
K° of the cone K generated by e; and u. Here L = Zey + 2Zep, so we can let
0 = [1, 2]2. Theminimal N for whichbothesCY — Q anduC” — Q arecontained
in K° turns out to be N = 4. We compute

eC*—[1 1= [-31 30]=141 0]+15-3 2]eL, and

uc*—[1 1]=[-19 16]=51 O0]+8-3 2] e L.
Continuing with the method of the proof, we have

eC* = (14e; 4 15u) + (e1 + e) = 15e; + & + 15u,
uC?* = (5e1 + 8u) + (€1 + &) = 6e1 + e + 8u.

Hence

e&C = 1561C 3 + &5C 3+ 15uC 3 = e(15C* + C~3) + u(15Cc3),
UC = 661C 3+ e,C 3 +8uC 3 =e)6C %+ C 3 +u@®Cc3).
From this we obtain
15¢4 + 3 153
P@) = |:6t4+ 383

Then P(r)? isa9 x 9 primitive integral matrix whose characteristic polynomial is
12— — 154 — 71 +30 = (r — 2)(t — 1) f (1),

where f (¢) isanirreduciblepolynomial of degree7, al of whoserootshave absol ute
value between 1.46 and 1.86. Thus P (¢) satisfies our requirements.

Example 6.2. Again let S = Z and put g(t) = 3 + 32 — 15 — 46. Denote
the roots of g(r) by A = 3.89167, uy = —3.21417, and up = —3.67750. Then
A = (A, u1, u2) is aZ-algebraic Perron list. The companion matrix C of g(r)
turns out to have a positive left-eigenvector v corresponding to A. Thus we can
let u = e since v lies in the interior of the positive orthant K = R3. Hence
we can use the manufacturing technique in Section 4 with » = 1 and the single
vector x1 = ey, yielding a1l x 1 polynomia matrix. However, since i1 and wo
are negative and closein sizeto 1, it takes alarge value of N to force e;CY inside
K. By direct computation we find the smallest N which worksis N = 49 and that
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eiIC®=[a b c],where

a = 36488554855989658309872537378,
b = 11571239128278403776343659967,
¢ = 67410400385366369466556470.

Hence
eiIC =aelC®+beC™ +ceC™,

resulting in p(r) = at®® + br*” + ct*. Then [p(r)]¥ isa49 x 49 primitiveintegral
matrix whose characteristic polynomial is g(¢)h(¢), where h(¢) is an irreducible
polynomial of degree 46 all of whose roots have absolute value between 3.709 and
3.8915 < A and the bounds are optimal to the given accuracy.

Example 6.3. For this example we use the dense unital subring S = Z[1/6]. Let
A = (1/2,1/3), an S-algebraic Perron list. Here

0 1

C = [—1/6 5/6] v=[-1 3], and W=R-[-1 2].

Wepicku =[—2 5], andlet K bethe R, -cone generated by e; and u.
First notice that although

uC = [-5/6 13/6] € K°NS?

has coordinates in S and is an R -combination of e; and u, it isnot an Sy -
combination of e; and u, since
13

1
UC=§)91+3—0U

istheuniquerepresentation of uC asalinear combinationof e; andu,and1/30 ¢ S.
Thisdifficulty explainsthe necessity in our proof of getting S, combinationsclose
to the given vectors.

Herebothe,C anduC arein K°. Weneedtofind vectorsa e; + b u that are close
to the given vectors, which is effectively a problem in Diophantine approximation
of rationals by elements of S.

For exC, weseek a,b € Sy sothat x = aeg +bu = [a — 2b 5b] is
coordinatewise less than but closeto eoC = [-1/6 5/6]. Thusb < 1/6, so we
pick b = 5/36. Thena < —1/6 + 10/36 = 4/36 and we pick a = 3/36 = 1/12.
Then

o1 5, 1.5
20 T T B T T T 3™

C=efscit 2 ) +u(2
Q=13 36 3%/

A similar calculation gives

uC = 1C_1+1 +u %3
=%2\3 72 216)

S0 that
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Hence we find
1t+ 5 5
P(t) = 9 36 36
1t+ 1 93
36 72 216

Then P(r)f isa3 x 3 primitive matrix over S, whose eigenvaluesare 1/2, 1/3, and
—19/72.

Remark 6.4. The singleton case A = (1) in Theorem 5.1 was handled using a
1 x 1 matrix. With the single exception of thecaseS = Z and A = (1), a2 x 2
polynomial matrix can also be found satisfying the desired conclusions. For if
1 > 1 apply the proof to (i, 1), and if A < Lapplyitto (x,A%). If A = 1and S is
dense, pick . € SN (0, 1) and apply the proof to (1, u).

To discuss the exceptional case, suppose that A is an r x r primitive integral
matrix, wherer > 2. Then A" > 0 for somen > 1. The spectra radius of A”
is bounded below by the minimum of the row sums of A", and hence by . Thus
p(A) = p(AMHY" > yl/n 5 1. Thisshowsthat when'S = Z and A = (1) there
cannot bea 2 x 2 polynomial matrix satisfying the conclusions of Theorem 5.1.
Remark 6.5. The construction in the proof of Theorem 5.1 typically introduces
additional nonzero spectrum. When S = Z there is a further restriction on a Z-
algebraic Perronlist A that it be exactly the nonzero spectrum of aprimitiveintegral
matrix. Definetr(A”) =), ., A", and the nth net trace to be

tr(8) = ) (5) treah,

d|n

where u is the Mdbius function. If there were a primitive integral matrix A with
$p*(A) = A, then tr,(A) would count the number of orbits of least period n
in an associated dynamical system (see [19, p. 348]). Hence a necessary (and
easily checked) condition for there to be a primitive integral matrix A such that
> (A) = Aisthat tr,(A) > Ofor al n > 1. Kim, Ormes, and Roush [13] have
shown that this condition also suffices. Their remarkable proof uses, among other
things, polynomial matrices to find the required A.

When'S #£ 7Z, an obviously necessary condition replaces the net trace condition
above: if tr,,(A) > Othentrg,(A) > Oforal k > 1. The Spectral Conjecture in
[6] statesthat when'S # Z this condition is sufficient for an S-algebraic Perron list
to be the nonzero spectrum of a primitive matrix over S... The Spectral Conjecture
was proven in [6] for the case S = R, and some other cases.

Remark 6.6. Thereare constraints of Johnson-Loewy-London type[11, 20] which
put lower bounds on the size of a polynomia matrix P (z) for which P(¢)" realizes
agiven Perron list A. For example, for S = Z, if tri(A) = n and p(A) < 2, then
the size of P(¢) must be at least n (otherwise adiagonal entry of P(¢) would have
aconstant term 2 or greater, forcing p(A) > 2). Without trying here to formulate
these constraints carefully, it seems reasonable to us to expect that they may give
nearly sharp bounds on the smallest size of a polynomial matrix realizing a given
nonzero spectrum.
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Remark 6.7. As pointed out in [4], one consequence of work by Perrin [22] is
aversion of Theorem 5.1 without the additional property that P(¢)? is primitive.
This property is significant because applications of nonnegative matrices are often
reduced to or based on the primitive case.

Remark 6.8. The technigue in Section 4 of manufacturing nonnegative matrices
using a general matrix with Perron spectrum was introduced in [17] and used sub-
sequently in various guises (e.g. [8, Thm. 5.14], [10], [18]).

7. HANDELMAN’S THEOREM

We use the geometric point of view developed above to recover the main parts
of Handelman’'s result [9, Thm. 5].

Suppose that P(t) = [p(¢)] with p(#) € Syi[t]. By Proposition 3.3, every
nonzero eigenvalue v of P(r)! satisfies1 = u1p(u—1). Severa people have
observed that strict monotonicity of p(¢) for + > 0 then implies that sp* (P (1)")
cannot have any positive members except for the spectral radius p(P(t)“). The
following result of Handelman provides a converse to this, and is relevant, for
exampl e, in determining the possi bl e entropies of uniquely decipherable codes[10].
Handelman's original proof employed results about the coefficients of large powers
of polynomials.

Our proof combinesideas from the previous section with the following elemen-
tary property of linear transformations. In order to state this property, recall that the
nonnegative cone generated by aset of vectorsin areal vector spaceisthe collection
of al finite nonnegative linear combinations of vectorsin the set.

Lemma 7.1. Let B be an invertible linear transformation of a finite-dimensional
real vector space and suppose that B has no positive eigenvalue. Then for every
vector e, the nonnegative cone generated by {eB™ : m > 0} isa vector subspace.

Proof. Given a vector g, let K be the nonnegative cone generated by the {eB™
m > 0}, and let W be thereal vector space generated by {eB™ : m > 0}. Weclaim
that K = W.

For suppose that K # W. Let K denote the closure of K. Since proper cones
are contained in half-spaces [23, Thm. 11.5], it follows that K # W. Then U =
K N (—K) is asubspace of W suchthat U C K. Both W and U are mapped
into themselves by B. Hence the quotient map D of B on W /U maps the closed
cone K /U into itself. Furthermore, K /U has nonempty interior and (K/U) N
(—K/U) = {0}. It then follows (see[1] or [2, p. 6]) that the spectral radius A p of
D isan eigenvalue of D. Because B isinvertible and W/ U is nonzero, we have
that Ap > 0. But every eigenvalue of D isan also eigenvalue of B, contradicting
the hypothesis on B. O

Theorem 7.2. Let A be an S-algebraic Perron list of nonzero complex numbers
having no other positive elements except its spectral radius. Thenthereisal x 1
polynomial matrix P () over S;[¢] suchthat P (¢)* isprimitive, p(A) = p(P(1)"),
and A C p*(P(1)").
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Proof. We use the same notation as in the proof of Theorem 5.1, except we do not
need the auixiliary vector u. Asinthat proof, d isthecardinality of A, V = Rvisthe
dominant eigendirection for the companion matrix C of f (t) = ]‘[MeA(t — ) €
S[z], and W is the complementary C-invariant subspace. Herethecased = 1is
trivial, so we assumethat d > 2.

Let B betherestriction of C to W, and e be the projection of e; to W along V.
The form of the companion matrix showsthat {eB™ : m > 0} generates the vector
space W. Itthenfollowsfrom Lemma7.1that Oisinthestrict interior of the convex
hull of afinite number of theeB™. Thusthereisan M > d such that v is contained
inthe strict interior of the positive cone H generated by {e1C™ : 0 < m < M}. Let
I denotethe set of nonnegative integral combinations of the {&1C™ : 0 < m < M}.
It is routine to show that I is syndetic in H, so that thereisan a > 0 such that if
X—[Lal?c Hthen(x —[1,alH) NI # 2.

Since v is the dominant eigendirection and wy (e1) > O, it follows that for all
sufficiently large N > M we have that e,CY — [1,a4]? ¢ H. Hence there are
vj € [1,a]l and w,, € Z4 C Sy such that

d M
eCcN — Zvjej = Z w,,&1C™.
j=1 m=0

Sincee1C™ e S¢ for al m > 0, we seethat each v; € SN[1,a] C S44. Applying
C~N+1 then shows that

d M
j=1 m=0

Thus we are again in the situation of Section 4, withr = 1 and x;1 = e1. Let
P = [p(t)] betheresulting 1 x 1 matrix over S;[7]. Sincev; > 0for1 < j <d
and d > 2, it follows that P(r)" is primitive. The same arguments as before now
show that p(A) = p(P(1)") and A C sp* (P (1)"). O

8. DIRECT LIMIT MODULES

A matrix A over S induces an automorphism A of its associated direct limit
S-module G(A) (the definitions are given below). The isomorphism class of the
S-module automorphism A determines the nonzero spectrum of A, and often gives
finer information. In the case S is afield, A isthe linear transformation obtained
by restricting A to the maximal subspace on which it acts nonsingularly, and such
an A is classified by its rationa canonical form. For more complicated S, the
classification of A ismore subtle (see [7] and itsreferences): theisomorphism class
of A isdetermined by and determinesthe shift equivalence classover S of the matrix
A (the “algebraic shift equivalence” classin [7]), whichinthecase S = Z isan
important invariant for symbolic dynamics[19].

Let S[+*] denotethering S[z, 1] of Laurent polynomialswith coefficientsin S.
Aswework with polynomial matrices, it will be convenient for usto consider G (A)

asan S[+*]-module, by letting 72 act by A (the convention of using #~* here rather
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than ¢ will be explained later). Knowmg the class of G4 (A) asan S[¢*]-moduleis
equivalent to knowing the class of AasanS- module automorphism. We let g5 (A)
denote the cardinality of the smallest set of generators of the S[z*]-module Gg(A).

Our main result of this section sharpens Theorem 5.1 to show that if A isPerron,
then we can aways find a P(¢) over S [t] of size a most g5(A) + 1 so that
P(1)" is primitive with the same spectral radius as A and thereis an S[r*]-module
epimorphism GS(P(t)h) — Gg(A). Thisresult implies Theorem 5.1 by letting A
be the companion matrix of fa (r). Wewill also seethat the size of P(¢) here must
aways be at least g4(A), and for some A must be at least g(A) + 1.

Now we turn to the promised definitions. We first recall the definition of direct
limits, using the directed set (Z, <), of systems of modules over a commutative
ring R. Foreveryi e Zlet M; bean R-module, andforali < jlete;;: M; — M;
be an R-homomorphism such that ¢;; istheidentity on M;, andif i < j < k then
djk o ¢ij = ¢ir. Then ({M;}, {¢;;}) iscalled adirected system of R-modules. The
direct limit of such asystem isthe R-module

(@ieZ Ml)/ N,
where N isthe R-submodule of the direct sum generated by elements of the form
(8.1) (-...0,4i,0,...,0,—¢ij(a),0,...),

wherea; € M; occursintheithcoordinateand —¢;;(a;) € M; inthe jthcoordinate.

To specialize to our situation, let A be ad x d matrix over S. Consider the
directed system ({M;}, {¢;;}) of S-modules, where M; = S’ for dl i € Z, and
¢ij = A/~ fori < j. Thedirect limit of this system is called the direct limit
S-module of A, and isdenoted by G(A). Thusatypical element of G5(A) hasthe
form (s)) + N, wheres; € S¢ for al i ands; = 0 for almost all i. Using members
of N of theform (8.1), each element (s;) € P, S? is equivalent modulo N to one
of theform(...,0,0,s,0,0, . )W|th at most one nonzero entry.

TheS-moduIehomomorphlsm A of G¢(A) isdefined by A (8$)+N — (5A) +
N. Toseetha A isan automorphism note that (5A) + N = (S+1) + N, SO A
agrees with the automorphism of G (A) induced by theleft-shift on the direct sum.

There is a more concrete descri pti on of the direct limit S-module. To describe
this, recall that K denotes the quotient field of S. Define the eventual range of A to
be

o0 d
R(A) = [R/A/ = [RIAT

Then therestriction A* of A to R(A) isan invertible linear transformation. Set
Gg(A) = {x e R(A) NKY : xA™ e S for somem > 0} .

The restriction A of A to G¢(A) isan S-module automorphism of Gg(A).

Lemma8.1. Thereisan S-moduleisomorphism between G¢(A) and GS(A) which
intertwines A and A.
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Proof. Asobserved above, each element (s;) + N € G¢(A) hasarepresentation as
(...,0,0,5,0,0,...)+N,wheres; occursintheith coordinate. By using another
element of N of theform (8.1) and increasing i if necessary, we may also assume
that s; € R(4) N K¢. Define y: Gg(A) — Gg(A) by mapping such an element
to (A*)7's € GS(A) It is routine to show that v is a well-defined isomorphism
which intertwines A and A. O

In view of this result, we will often identify G¢(A) with (~}S(A).
Example 8.2. () Letd = 1, S = Z, and A = [2]. Then Gg(A) = G,([2]) =
7Z[1/2], and A acts by multiplication by 2.

b)Letd =2,S =7 and B = [1 ﬂ Then G, (B) = Z[1/2] - [1, 1], and B
again acts by multiplication by 2.

Here A and B give isomorphic direct limit S[z*]-modules.
Remark 8.3. Since A* isinvertible over S[1/(det A*)], it follows that

R(A) NS? C Gg(A) € R(A) NS[1/(det A)].

Henceif 1/(det A*) € S, then Gg(A) = R(A) N S4, and in particular Gg(A) =
R(A)NKA.

Notice that 7 — rA: S[tT]¢ — S[tr*T]¢ is an S[¢*]-module homomorphism.
Denote its cokernel S[r*]-module by

coker(I —tA) = /S (1 —1A).

Lemmas8.4. Let A beamatrix over S. Thenthereisan S[¢*]-moduleisomorphism
between G¢(A) and coker(/ —tA).

Proof. There are obvious S-module identifications
D, S = P,y St = S[E.

Inthe definition of G(A), theS-submodule N isgenerated by elements of theform
(...,0,s5,—s4,0,...), with sin say the ith coordinate. This element isidentified
withssi —sA it = s/ (1 —tA). Itfollowsthat N = S[+*]9(I — rA). Hence

Go(A) = (D, S%)/ N = S[r£19/ SEE14(I — 1 A)
as S[+*]-modules. O

Notethat I = tA on coker(I — tA). Hence under the isomorphisms coker (I —
tA) = Gg(A) = 5S(A) from the previous two lemmas, the action of 1~1 on
coker(I —tA) corrasponds to the action of A on GS(A) This explains our earlier
definition of the S[#*]-module structure on G g(A).

We next highlight the measure of the compIeX|ty of G4(A) which was used in
the preambl e to this section.

Definition 8.5. Let A beamatrix over S. Define g (A) to bethesize of the smallest
generating set for Gg(A) asan S[+*]-module.
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Suppose that A isd x d. Since S[+*]¢ is generated by d elements over S[¢*],
and since G¢(A) is aquotient of S[+*]? by Lemma 8.4, it follows that g5(A) <
d. When S = K is afield, then g, (A) is simply the number of blocks in the
rational canonical form of A* over K. Also, if K isthe quotient field of S then
any set which generates G (A) over S[+*] will generate G (A) over K[+*], sothat
g (A) < gg(A). However, thisinequality can be strict.

Example8.6. Let B bead x d cyclic permutation matrix, and A = I 4+ 2B. Since
theeigenvaluesof A aredistinct, it followsthat A issimilar over Q to the companion
matrix of its characteristic polynomial, so that 8pA) =1

Consider the map

¢: ZIFV ) 2T - tA) — 24/ 241 — A)
induced by ¢ (r) = 1. Any set of Z[r*] generators for G, (A) maps to a spanning
set for the (Z/27)-vector space

781781 — A) =729 724(—2B) = (2/27)°..
This shows that g,(A) > d. Our remarks above show that g, (A) < d, so that
g7(A) =d.

We now turn to polynomial matrices. Let P(¢) beanr x r matrix over S[t], and
P(t)* bethe n x n matrix resulting from the y-construction. Proposition 3.3 and
Lemma 8.4 suggest introducing the S[+*]-module G (P (t)) defined by

Gg(P (1)) = S[t*17/SIF*1 (1 — t P(1)) = coker (I — t P(1)).
Lemma8.7. Gg(P(t)) and Gg(P(¢)*) areisomorphic S[¢*]-modules.
Proof. Recall from Section 3that P ()% isindexed by symbols ji, wherel < j < r
and0 < k <d(j). Lete;, S[+*]" be the corresponding elementary basis vector,
and similarly e; € S[r*]". Define¢: S[t*1" — S[+*1" by ¢(e;,) = t*e;. Thenfor
1<k <d(j),

olei (I —t{POH)] = d(e)) — t¢(g;,_y) =0,

while

olep(I —t{PON)] =¢ —t pjr()er — -+ — 1 pjr ()& = & (I — tP(1)).
Hence

o[SIET (I — t{P®)"))] = SUFV (I — tP(1)).
This shows that ¢ induces an isomorphism of S[z*]-modules

Go(P(1)") = coker(I — t{P(1)"}) —2> coker (I — tP(1)) = Gg(P (1))
completing the proof. O

Since coker(1 — 1 P(t)) is generated by the images of the r elementary basis
vectors, it follows that g¢(P(1)¥) < r, athough P (1)* may have size much larger
than r.

Suppose that A isamatrix over S, and that P(¢) isanr x r polynomia matrix
such that there is a S[t*]-homomorphism from G¢(P(1)?) onto G¢(A). Then
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gs(A) < gS(P(t)h) < r, sothat g5(A) is alower bound for the size of any such
polynomial matrix. Our final result showsthat, evenwithafurther Perronrestriction,
we can always come within one of this lower bound.

Theorem 8.8. Let A be a Perron matrix over S. Then there exists a polynomial
matrix P(t) over Sy[¢] of size at most g<(A) + 1 such that p(P(1)*) = p(A),
P(1)" is primitive, and there is a S[t*]-module homomorphism from G (P (t)*)
onto G(A).

Proof. Suppose that A isad x d Perron matrix over S. As before, let K denote
the quotient field of S. Let . = p(A) > 0 bethe spectral radius of A, and v be an
eigenvector corresponding to A.. Let m bethe dimension of the eventual range R(A)
of A. Set V = Ryv, and define 7y : R(A) — V to be projection to V aong the
direct sum of the generalized eigenspaces of the other eigenvaluesof A = A|x(4).
Identifying V with R viatv < ¢ meanswe can think of 7y as having range R.

Let g = g5(A). Weidentify Gg(A) with Gg(A), and for notational simplicity
use A instead of A. By definition there are elements x1, ...,X, € Gg(A) that
generate G(A) over S[t*]. Since R(A) NSY C G4(A) spans R(A) N K¢ using
K-linear combinations, there must be at least one x; with y (X;) # 0. Replacing
X; with —x; if necessary, we can assume that 7y (X;) > 0. Then by adding to each
x; alarge enough integral multiple of x;, we can also assume that wry (x;) > O for
1<i<g.

For afinite set W of vectorsin RY, let K(W) = Y,y R4+-w denote the non-
negative real cone generated by 'W.

Since Gg(A) spans R(A) N K? using K-linear combinations, for all sufficiently
large D the cone

K(xA/:1<i<g -D<j< D))

has nonempty interior in R(A). We extract vectors by, ..., b,,—1 from (X AT
1<i<g —-D < j< D}suchthat {by,...,b,_1,V}islinearly independent.
Proceeding asin the construction of u in Theorem 5.1, we choose co, c1, . . ., ¢m—1
from K to define

Xgt1=coV+c1(V—Db1) 4+ +cm_1(v—D0p_1)

suchthat v (Xg+1) > Oandvisintheinterior of K ({by, ..., byu—1, Xg41}). Define
bm = Xg1+1. Applying alarge power of A and adjusting D if necessary, we may
assumethat each b; € S, Set

X={xA/:1<i<g+1-D<j<D)

and B = {b1, ..., by}

Let mRea): R? — R(A) denote the projection to R(A) aong the eventual
nullspace of A. For each standard basis vector € € R? let u; = 7p(a)(€).
Observe that u; = (ejA%)(A*)~?, and so u; € Gg(A) for every j. Sincethe x;
generate under S[r*], by increasing D if necessary one last time we may assume
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thereare y;(x) € S suchthat u; = ), .y ¥j (X)X. Set

d
L=y Ml

j=1lxeX
We claim that for any v € Gg(A) N7,

82 v=>_ y(x, wherey(x) € Sand |y ()| < T'[|V] for al x € X.
xeX

To check thisclaim, supposethat v = Y°7_; vjej € Gg(A) NS?, wherev; € S and
lvj| < |IVlloo for 1 < j < d. Then

d d
V=mga)(V) = Z Vi TR(A) (&) = Z vjU;j
=1 j=1

d d
= Z vj (Z Yj (X)X) = Z(Z V;jYj (X)> = Z Y (X)X,

j=1 xeX xeX j=1 xeX

where
d
00l = |3 u700| < TIviee foralixe X,
j=1

establishing (8.2).

Our goa nowistoshowthatif z € Gg(A) withrry (z) > O, thenfor all sufficiently
large N > D wecanwritezAY asanS  , -combination of vectorsfromX. Applying
thisto z = X1,...,Z = Xg41 puts us into the situation of Section 4, and the
construction of the required polynomial matrix P(z) of size g + 1 then follows
using the same method asin the proof of Theorem 5.1. Asin the proof of Theorem
5.1, we consider separately the casesS = Z and S dense.

First supposethat S = Z. Then |det A*| = [, cepx(a) 1| € Z4+, and hence
A > 1 If A = 1, then since A is Perron we must have that sp*(A) = {1} and
G,(A) = R(A) N Z? = Z. Inthis case simply take P(¢) = [1].

Now suppose that A > 1. The lattice @Tzl Zb; has a fundamental domain
F = @721[0, Db;. Let C = max{||W[l: W € F}. Choose A € Z such that
A>2CT andAx e Z4foral x € X. Puty = A Y .y X € G,(A) NZ7,

Supposethat z € G,(A) and wy(z) > 0. Since A > 1landv € K(B)°, for all
sufficiently large N we have that zZAY —y e K(B)°. Hence there are nj € Ly

such that
d

zAN —y = "njb; +w,
j=1
wherew € F and S0 W]l < C. SincezAY,y, and the b; arein G,(A) Nnz4, it
followsthat w € G,(A) NZ%. By (8.2),w = Y, . ¥ (X)X, where y (x) € Z and
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ly(X)| < T[|W|leo < CT foral x e X. Thus

d

zA" = “njbj+ > [A +y(0]x.

j=1 xeX
SinceB Cc Xand A > |y (X)| for dl x € X, we have that
zAN = Zs(x)x,

xeX

where £(X) € Z, 4 for dl x € X. Thiscompletesthe case S = Z.

Finally, suppose that S isdense in R. Let z € Gg(A) with 7y (z) > 0. Then
for al sufficiently large N we have that zAN e S¢ and zAN e K(B)°. Since S is
dense, we can find 8 € S such that §x € S? for al x € X and also that

zAN — 8% "x e K(B)°.
xeX
By density of S, we can chooses; € S, such that

ZAN—(SZXZiSJ‘bj‘f‘W,

xeX j=1

where [ < 8/2I. Thenw € Gg(A) N S%, and so by (8.2) we have that
W =3 cx7X)X, where y(x) € Sand |y (x)| < I'|W|le < 8/2foral x e X.
Thus

m

xAN =3 "sib 4+ ) [5+ v (0]x.

j=1 xeX
SinceB c Xand$§ > |y (x)| for dl x € X, we have that
zAN =) £,
xeX
where&(x) € Sy forall x € X. O

Example 8.9. It is not possible to strengthen the statement of Theorem 8.8 by
simply replacing gs(A) + 1 with gs(A). For let A be the companion matrix of
p(t) =12 —3t+1andS = Z. Clearly gs(A) = 1. Now suppose P (¢)? isprimitive
and there is an S[¢*]-module homomorphism from Gs(P (1)) onto Gs(A). Then
the two positive roots of p () must be contained in the eigenvalues of P ()%, and
therefore the size of P (¢) must be greater than 1 by Section 7.

Remark 8.10. In Theorem 8.8 we considered possibly singular matrices A. This
is necessary: when S is not a principal ideal domain, it can happen for a singular
matrix A over S thereisno nonsingular matrix B over S such that the S[¢*]-modules
Gs(A) and Gs(B) areisomorphic [7, Prop. 2.1].
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