HOMOCLINIC POINTS OF ALGEBRAIC Z¢-ACTIONS
DOUGLAS LIND AND KLAUS SCHMIDT

ABSTRACT. Let a be an action of Z¢ by continuous automorphisms of
a compact abelian group X. A point z in X is called homoclinic for « if
a’z — 0x as ||n|| — oco. We study the set An(X) of homoclinic points
for a, which is a subgroup of X.

If o is expansive then Aq(X) is at most countable. Our main results
are that if « is expansive, then (1) As(z) is nontrivial if and only if
a has positive entropy and (2) Ao (X) is nontrivial and dense in X
if and only if o has completely positive entropy. In many important
cases Aq(X) is generated by a fundamental homoclinic point which can
be computed explicitly using Fourier analysis. Homoclinic points for
expansive actions must decay to zero exponentially fast, and we use
this to establish strong specification properties for such actions. This
provides an extensive class of examples of Z%actions to which Ruelle’s
thermodynamic formalism applies.

The paper concludes with a series of examples which highlight the
crucial role of expansiveness in our main results.

1. INTRODUCTION

An algebraic Z%-action is an action of Z¢ by (continuous) automorphisms
of a compact abelian group. The dynamics of a single group automorphism
have been investigated in great detail over the past several decades. More
recently, the study of algebraic Z%-actions for d > 2 has revealed a striking
interplay between these actions and commutative algebra. In §2 we summa-
rize those parts of this interaction needed here.

The purpose of this paper is to study the homoclinic points of algebraic
Z%-actions. Let a be an algebraic Z%action on the compact abelian group X
and let Ox denote the additive identity of X. A point z € X is homoclinic
for v if o™z — Ox as ||n|| — co. The set Ay (X) of all homoclinic points for
« is clearly a subgroup of X which we call the homoclinic group of a. In §3
we discuss some elementary properties of the homoclinic group, including
countability of A,(X) whenever « is expansive.
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Our two main results are contained in §4. These are that if « is an
expansive algebraic Z?-action, then (1) A, (X) is nontrivial if and only if «
has (strictly) positive entropy, and (2) A, (X) is nontrivial and dense in X if
and only if o has completely positive entropy. The second result is proved by
first establishing in Lemma 4.5 the density of A, (X) for certain “principal”
expansive actions by use of Fourier analysis. For these actions A, (X) is
generated by a single fundamental homoclinic point which can be computed
explicitly. This lemma is then combined with some commutative algebra to
prove (2). Recent work of Kaminker and Putnam [3], [11] has suggested a
general duality in the K-theory of C*-algebras. For a principal expansive
action o on X we show that A, (X) is isomorphic to the dual group of X,
providing a class of examples to which their duality theory applies.

Ruelle has investigated expansive topological Z%-actions which satisfy an
orbit tracing property called specification (see [12] and [13]), showing that
there is a thermodynamic formalism for such actions. In §5 we show that
expansive algebraic Z%-actions with completely positive entropy always sat-
isfy very strong specification properties, thereby providing a extensive class
of examples to which the thermodynamic formalism applies.

General algebraic Z%actions can be built from simpler ones using a twisted
skew product construction. In §6 we use the specification properties from §5
to show that a twisted skew product is measurably isomorphic to a direct
product. For d = 1 this fact proved useful in substantially simplifying the
proof that ergodic automorphisms of compact abelian groups are measurably
isomorphic to Bernoulli shifts.

Finally, we describe in §7 examples of nonexpansive algebraic Z%actions
which show that in general there is no relationship between entropy and the
size of the homoclinic group. One of these examples has completely positive
entropy and trivial homoclinic group, while another has zero entropy and
uncountable homoclinic group. The latter example makes crucial use of a
result from Fourier analysis about the decay of the Fourier transform of a
smooth measure on a hypersurface with sufficient curvature.

2. ALGEBRAIC Z% ACTIONS

In this section we review the connections between algebraic Z%actions
and commutative algebra.

Let Ry = Z[ulﬂ, e ,ujl] be the ring of Laurent polynomials with integral
coefficients in the commuting variables wuq,...,uq. We write f € Ry as
[ = Y meza cf(m)u™ with «™ = o™ - -+ -} and ¢f(m) € Z for every
m = (mq,...,mq) € Z%, where c;(m) = 0 for all but finitely many m.

Let a be an algebraic Z%action on a compact abelian group X. The
additively-written dual group M = X is a module over the ring Ry with
operation

fra= Y cf(m)am(a) (2.1)

meZd
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for f € Ry and a € M, where a™ is the automorphism of M = X dual
to a™. In particular,

u™ - a = a™(a) (2.2)

for m € Z% and a € M. The module M is Noetherian (and hence countable)
whenever « is expansive (see (4.10) and Proposition 5.4 in [14]). Conversely,
if M is an Rg-module, define an algebraic Z%action ajs on the compact
abelian group Xy, = M by declaring o} to be dual to multiplication by u™
on M. Note that X,; is metrizable if and only if M is countable.

A prime ideal p C Ry is said to be associated with an Rg-module M if
p={f€Ry:f-a=0,} for some a € M, and the module M is associated
with a prime ideal p C Ry if p is the only prime ideal associated with M.
The set of (distinct) prime ideals associated with a Noetherian Rg4-module
M is finite.

If a is an algebraic Z%action on X, then its topological entropy h(«)
coincides with the metric entropy hy, (), where Ax is the normalized Haar
measure on X. We recall the following results from [14], [8], and [17, Lemma
4.5] (cf. also [15], [4], and [16]), which show that the dynamical properties
of aps are largely controlled by the prime ideals associated to M.

Lemma 2.1. Let M be a Noetherian Ri-module with associated prime ideals
{pla e 7pm}

(1) The following conditions are equivalent.
(i) ans is expansive;
(ii) ag,yp, is expansive for every j=1,...,m;
(iii) Ve(p;) NS? = @ for every j = 1,...,m, where

Ve(py) = {z € (C)?: f(z) =0 for every fep;},
C*=C~{0} and S={z€ C:|z| =1}.
(2) The following conditions are equivalent.
(i) apr is mizing (with respect to Haar measure);
(ii) QR,/p; 1S MiTING forevery j=1,...,m;
(iii) p;N{u™ —1:0#m € Z} = for every j =1,...,m.
(3) The following conditions are equivalent.
(i) aar has positive entropy (with respect to Haar measure);
(ii) R, /p; has positive entropy for some j =1,...,m;
iii) p; is principal and o - 4s mizing for some j=1,...,m.
J Rd/pj
(4) The following conditions are equivalent.
(i) ans has completely positive entropy (with respect to Haar measure);

(ii) ARy /p; has positive entropy for every j =1,...,m;
(iil) p; is principal and ag, . is mizing for every j =1,...,m.

(5) There exists a Noetherian Rg-module N D M with the following prop-
erties.

(i) hlan) = h(enr);
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(i) N = NO @ ... @ N™ where each of the modules NY) has a
finite sequence of submodules N — ég]]) DD Néj) = {0}
with N,EJ)/N,EQI = Rq/pj for k =1,...,s;. In particular, an is
expansive (or mizing) if and only if apy is expansive (or mizing).

In view of this lemma it is useful to have an explicit realization of Z%
actions of the form ag,/,, where p C Ry is a prime ideal. Let o be the
shift-action of Z? on TZ* defined by

(Umx)n = Tm+4n (23)
and for f =3 cza cp(m)u™ € Ry put
flo) = Z cr(m)o™: TZ — T2 (2.4)

meZ4
Identify R4 with the dual group of TZ* by setting
(f,z) = exp[2mi(f(o)x)o] (2.5)

for f € Rq and z € TZ'. A closed subgroup X C TZ* is shift-invariant if
and only if its annihilator X+ = a C Ry is an ideal, in which case

X =Xp,a={2¢ TZ" | f(o)z = 0pga for every f€a} (2.6)

and ap,/, is the restriction of o to Xg, /q C T2,

More generally, if o is an expansive algebraic Z%action on X, then X is
metrizable, M = X is a Noetherian Rg-module, and there exist elements
a1,...,ap in M such that M = Rgy-a1 + -+ + Rgq - a,. The surjective
homomorphism (f1,..., fn) — fi-a1+- -+ fn-ay from (Ry)"™ to M dualizes
to a continuous, injective group homomorphism ¢: X — @ = (T”)Zd
and allows us to regard X as a closed, shift-invariant subgroup of (T”)Zd
and « as the restriction to X of the shift-action ¢ on (T”)Zd. We write a

typical point # € X C (T")%" as # = (zn) with 2, = (a:E,l), . .,x&")) e T
for every n € Z%, or alternatively as = = (z(1, ... 2(") where 2() ¢ TZ*.

Every character in

XL C (Tn)zd — @ TN o (Rd)n
7.4

is of the form

n

(h,z) = [J (R, =) (2.7)

i=1

for z = (z,...,2™) € X c (T")2", where h = (R b)) € (Rg)™
and (h(),2()) is defined by (2.5). The shift-invariance of X guarantees that

Xt ={he(Ry)": (h,x)=1 for every z € X}
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is a submodule of (R;)", and hence Noetherian. In particular there exist
B, n) e (R, j = 1,...s, which
generate X+ as an Rg-module, and which therefore satisfy that

X={xz¢€ (T”)Zd  (u™hj,x) =1 forallm e Z% and j = 1,...,s}. (2.8)

finitely many elements h; = (

Fort e T and t = (tM, ... t() € T" set

t| = min{|t + k| : k € Z}, u4:£g§u@p (2.9)
For m = (my,...,mq) € Z% put
HmH=g@ymﬂ (2.10)
and set
B(r)={mez: |m| <r}. (2.11)

The following proposition was proved in [17], and is a simple consequence
of expansiveness.

Proposition 2.2. Letn > 1, andlet X C (T”)Zd be a closed, shift-invariant
subgroup such that the restriction o of the shift-action o on (T”)Zd to X
is expansiwe. In the notation of (2.9) and (2.11) there exist constants
e,n € (0,1) and C > 0 with the following property: if © € X C (T”)Zd
satisfies that

max |xn| <e
nek+B(L)

for some k € Z* and L > 0, then
|lzi| < CnE.

3. THE HOMOCLINIC GROUP

Our main object of study is the homoclinic group of an algebraic Z9%-
action.

Definition 3.1. Let a be an algebraic Z%action on X. An element z € X
is a-homoclinic (to the identity element Ox of X), or simply homoclinic, if
lim o"r =0x.
[nf|—o0
The subgroup A, (X) C X of all a-homoclinic points is called the homoclinic
group of a.

For y € X note that o”(y + z) — a®(y) — Ox as ||n|| — oo if and only
if z € Ay(X), so that the set of points in X asymptotic to y is exactly
y + Aq(X). Hence the homoclinic group of o determines the asymptotic
behavior of « at all group elements.

See [1] for the role homoclinic points play in the general theory of dynam-
ical systems.
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If the homoclinic group of a Z%action is finite, then clearly it must be
trivial. Hence the homoclinic group is either trivial, countably infinite, or
uncountable. The last case can occur (consider the full Z9-shift ag, on ’]I‘Zd,
or see Examples 7.3 and 7.5). However, for expansive actions the homoclinic
group is always countable.

Lemma 3.2. The homoclinic group of an expansive algebraic Z%-action is
at most countable.

Proof. Let o be an expansive algebraic Z%-action on X and p be a metric
on X compatible with the topology of X. Fix an expansive constant é > 0
for a. This means that if p(a®z,a™y) < 6 for all n € Z%, then 2 = y. For
j>1andy € X define

Ej={ze X :p(a"z,0x) <d/2 forall n with |n| > j}
and
Bj(y) ={z € X : p(a"z,a™y) <6/2 for all n with [n|| < j}.

We claim that that |E; N Bj(y)| < 1 for all y € X. For if x and 2’ are in
E; N Bj(y), then for ||n|| > j we have that

p(a™z,a”2") < p(a®z,0x) + p(0x,a”z’) < 6,
while for ||n|| < j we have that
p(a™z,a™z’) < p(a®z, a™y) + p(a™y, a®z’) < 6.

Hence z = 2’ by expansiveness. For fixed j the open cover {B;(y) : y € X}
of X has a finite subcover, so that F; is finite for every j > 1. Hence
Ay (X) C Uj2, Ej is at most countable. O

As noted above, some condition is needed to ensure countability of the
homoclinic group. In Example 7.5 we describe a nonexpansive Z3-action
with zero entropy and uncountable homoclinic group.

For a hyperbolic toral automorphism there is a direct geometric descrip-
tion of its homoclinic group.

Example 3.3. (The homoclinic group of a hyperbolic toral automorphism.)
This example shows that for the Z-action generated by a single hyperbolic
automorphism ¢ on T*, the homoclinic group Ad)(Tk) is the intersection of
the stable and the unstable subgroups of ¢, that it is dense in T*, and that
the restriction of ¢ to A¢(Tk) is isomorphic to the transpose of the dual

automorphism $ on the dual group TF = ZF,

Let m: R¥ — T* be the usual quotient map and A € GL(k,Z) be the
linear hyperbolic map such that 7 0 A = ¢ o 7. Then R¥ = € @ &, where
A contracts on the subspace € and expands on the subspace €. Observe
that € N Z* = {0} since there are no contracting automorphisms of non-
trivial discrete groups. Similarly, & N Z* = {0}. Hence 7 is injective on €,
and we claim that its image C' = 7(C) is dense in T*. To verify this asser-
tion, note that C' is connected, so that C is connected and compact in T*,
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hence a subtorus that is obviously invariant under ¢. If C' # T*, then the
quotient automorphism of ¢ on Tk/ C would be a toral automorphism all
of whose eigenvalues are greater than one in modulus, which would violate
preservation of Haar measure. Hence C' = T*, as claimed.

We next show that Ay = A¢,(Tk) = CNE. For suppose that z € Ay, and
let x € R¥ be a lift of z, so that 7x = z. Since 7 is a local homeomorphism,
it follows from ¢7(z) — 0 as j — +oo that A/x is asymptotic to a lattice
point m € Z in the sense that A7(x—m) — 0 as j — +oo. Thus x € C+m.
Similarly, ¢’ (x) — 0 as j — —oo shows there is a n € Z* such that x € €+n.
Observe that (C+m)N(€+n) is the singleton {x} and that z = 7x € CNE.
Conversely, for every m, n € Z*, the point in (C+m)N(€+4n) clearly projects
under 7 to an element of Ay. Hence Ay = C' N E.

Define : Z*¥ — A, by 0(n) = 7[€N (€ +n)]. In the previous discussion
the lift x could be adjusted by a lattice point so that m = 0, showing that
0 is surjective. It is injective since &€ N Z* = {0} and = is injective on €.
Clearly § o A = ¢ o 0, so that the action of ¢ on Ay is isomorphic to the

~Y

action of A on ZF. The matrix of the dual automorphism gg on Tk = ZF
with respect to the standard basis on Z* is the transpose AT of A, verifying
the last claim of the first paragraph.

Finally, we prove that Ay is dense in T*. From the above we know that
Ay = (€N (€ + ZF)], and we claim that I' = €N (€ + ZF) is dense in C.
First note that I' C € is A-invariant, and thus connected since otherwise A
would induce a contracting automorphism of the discrete group I" modulo
its connected component of the identity. Hence I is a subspace of €, and
7ZF c T @&, thus T @& = RF, and so I’ = €. Then density of C' = 7(€) in
T* proves that A, = 7(I") is also dense.

We conclude this example with some remarks whose relevance will become
clearer in Example 4.7. If A is the companion matrix of a monic polynomial
with constant term +1, then it is easy to construct an explicit conjugacy in
GL(k,Z) between A and A". Hence in this case T* contains the countable
group Ay such that the action of ¢ on Ay is isomorphic to the action of the

dual automorphism ¢ on T#. However, this fails for general A € GL(k,Z).

For example, the matrix A = [1? 2] is not conjugate to AT in GL(2,7Z) (see

[10, p. 81]), and so here (Ay, ¢) is not isomorphic to (T*, ).

Example 3.4. (An ergodic nonhyperbolic toral automorphism having trivial
homoclinic group.) Let A € GL(k,Z) have characteristic polynomial x4 (t)
that is irreducible over Q and which has some but not all of its eigenvalues
on the unit circle. There is an A-invariant splitting R* = € & N @ &, where
A contracts on €, expands on €, and is an isometry on N. Let ¢ be the
automorphism of T* induced by A and 7: R¥ — T* the quotient map.
As in the previous example, we obtain that A4(T*) = 7(€) N 7(€). Now
(C® &) N Z* = {0}, since otherwise y () would have a proper factor with
integer coefficients, contradicting its irreducibility. Hence Ay (T*) = {0}.
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This is an example of a (nonexpansive) Z-action with completely positive
entropy having trivial homoclinic group.

In Example 3.3 the homoclinic group is dense. We show in the next section
that for an expansive action on a nontrivial group this occurs exactly when
the action has completely positive entropy. For now, let us point out one
direct consequence of density.

Proposition 3.5. Let a be an algebraic Z%-action on X, and suppose that
Ay (X) is dense in X. Then o™ is ergodic with respect to Haar measure for
every n # 0.

Proof. Denote a™ by ¢, and observe that since n # 0 we have A,(X) C
Ap(X), so Ay(X) is dense in X as well. Let X\ denote Haar measure on
X. If ¢ were not ergodic, there would exist a nonconstant f € L?(X,)\)
with fo¢ = f (Ma.e.). Since Ay(X) is dense, there is a t € Ay(X) and
an € > 0 such that £ = {z € X : |f(x) — fi(z)| > €} has A(E) > 0, where
fi(x) = f(x +t). On the other hand,

(f=f)og" =Fod" =(fod")gn=F— fo-ni;

and f4-n; — f in measure since ¢~ "t — Ox. Since ¢ preserves Haar mea-
sure, we would then obtain that

0<ANE)=X¢"E) = A{I(f = fi) o ¢"| > €})
= A{|f = fo-nil > €}) = 0

as n — 0o. This contradiction shows that ¢ is ergodic. O

The density of the homoclinic group in this proof plays a role remarkably
similar to that of minimality of the horocycle flow in the proof of ergodicity
of the geodesic flow. In particular, if 7T} denotes the translation operator
Tif = frand Ugf = f o ¢, then the commutation relation UyT; = Tj,-1,Uy
is crucial to the proof. This relation is analogous to the Weyl commutation
relation between the horocycle and geodesic flows (see [9] for details).

We conclude this section by briefly discussing the functorial properties
of A. Consider the category whose objects are pairs (X, «), where « is an
algebraic Z%action on the compact abelian group X, and whose morphisms
0: (X,a) — (Y, 3) are group homomorphisms 6: X — Y so that foa™ =
B™ o6 for all n € Z. For the rest of this section we write A(X, «) instead of
Ay (X) to emphasize the functorial nature of A. If 0: (X, o) — (Y, ) is
a morphism, then the restriction A(6) of 6 to A(X, «) has range contained
in A(Y,3). Hence A is a covariant functor from the category of algebraic
Z%-actions to the category of abelian groups.

Suppose that

0—— (X, ) L>(Y,,6’) L>(Z,fy) —0

is a short exact sequence. It is easy to see that

0 — AX,a) 2D A(v, 8) 22 A(2,)
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is also exact. However, the following example shows that exactness can fail
at (Z,7).

Example 3.6. (A surjective morphism of algebraic Z-actions that is not
surjective on the corresponding homoclinic groups.) Let A = [{1] and «
be the Z-action on X = T? generated by the automorphism of X induced
by A. Consider the morphism 6: (X, ) — (X, «) defined by 0(x1,z2) =
(221, 2x2), which is clearly surjective. According to Example 3.3, A(X, «)
is a free subgroup of X that is isomorphic to Z2. Hence A(0)(A(X,a)) has
index 4 in A(X, «), so that A(0): A(X,a) — A(X, «) is not surjective.
To see the underlying reason making this example work, let K = kerd
and y be a point in A(X,«) that is not in the image of A(¢). Then the
coset y + K is “homoclinic” in the sense that o™ (y + K) converges to 0+ K
in the Hausdorff metric as [n| — oo. Since K is finite, there are ki, ko € K
such that o (y + k1) — Ox as n — —oo and " (y + k2) — 0x as n — +o0.
However ki # ks, and so no element of y 4+ K is itself a-homoclinic.

The category of algebraic Z%actions is closed under the operations of
taking arbitrary direct products and inverse limits. It is routine to show
that A commutes with both of these operations. We use this observation to
show that right exactness of A can fail more dramatically than indicated by
Example 3.6.

Example 3.7. (A surjective morphism from an algebraic Z-action with triv-
ial homoclinic group onto one with dense homoclinic group.) We use the
inverse limit of a collection of Z-actions (X, ;) indexed by j € Z. For each
JEZLlet X = T2, let a;j be the automorphism of X; described in Example
3.6, and let 0;: X; — X;_; be defined by 6;(x) = 2z as in that example.
Put

(Xa O[) = @ <{(X]"aj)}) {03})
Since A commutes with inverse limits, we see that
A(X, o) = lim ({AXG, a5)}, {A®0;)})-

Now each A(Xj,q; ) is isomorphic to Z2, and A(6;) is multiplication by 2.
Since no element of Z? except 0 is infinitely divisible by 2, it follows that
A(X, «) is trivial.

Define ¢: X — X by ¢((z;)) = zo. Then 1 is a surjective morphism
from (X, a) to (Xo, ), and A(Xo, ap) is dense in Xy by Example 3.3.

4. HOMOCLINIC GROUPS OF EXPANSIVE ALGEBRAIC Z% ACTIONS

In this section we determine which expansive algebraic Z?-actions (where
d > 1 as usual) have nontrivial homoclinic group and which have dense
homoclinic group.

Theorem 4.1. Let o be an expansive Z%-action by automorphisms of a
compact abelian group X. Then Ay (X) # {0x} if and only if a has positive
entropy.
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Theorem 4.2. Let a be an expansive Z%-action by automorphisms of a non-
trivial compact abelian group X. Then Ay (X) is dense in X if and only if
a has completely positive entropy.

Note that Example 3.4 shows that both of these results are false if the
expansiveness assumption is dropped.

For the proof of Theorem 4.1, by §2 we may assume that X is a closed,
shift-invariant subgroup of (T™)%" for some n > 1, and that « is the shift-
action of Z¢ on X. For every z = (zV,...,2™) € X ¢ (T")?%" and n € Z¢
we set zy, = (wg), . ,a:;n)) € T™ and define |z, | and ||n|| by (2.9) and (2.10).
The following lemma is an immediate consequence of Proposition 2.2.

Lemma 4.3. Let a be an expansive algebraic Z%-action on X and assume
that X C (']I‘")Zd as above. There is a positive constant 7 < 1 such that for
every x € Ao (X) there is a C > 0 such that |xn| < C Pl for all n € 7.

Thus homoclinic points for expansive algebraic Z%actions must decay
exponentially fast, and this is crucial to what follows. Note that the expan-
sive hypothesis is necessary, since, for example, the shift-action on TZ! has
homoclinic points which decay arbitrarily slowly.

Lemma 4.4. Let a be an expansive algebraic Z%-action on X. If Ay (X) #
{0x} then h(a) > 0.

Proof. We use the notations above and assume that X C ('I[‘”)Zd. Since «
is expansive there exists a § > 0 such that if z = (zn) € X C (T")%" and
SUPpezd |Tn| < d, then x = Ox. If e,7 > 0 we say that a set £ C X is
(r,e)-separated if there exists, for every pair z,z’ of distinct points in E, a
coordinate n € B(r) with |z, — x| > . We denote by s(r,e) the maximum
of the cardinalities of all (r, £)-separated sets in X and observe that
) 1
h(a) = hiri)sogp @ 1) log s(r, €)

for every e € (0,9) (see [8, Appendix A] or [15]).

If there exists a nonzero a-homoclinic point z € X we can choose an
e € (0,6) with 2¢ < |zy| for some n € Z?. Adjusting by an iterate of « if
necessary, we may assume that n = 0. Apply Lemma 4.3 to find an r > 0
with |2n| < € for every n € Z¢ . B(r). Lemma 4.3 also allows us to find an
integer k > 2r for which

> |okal <e.

0#neZd
Let L > 1 and put, for every w = (wy) € {0,1}B(0),
yw)= D wao™(x).
neB(L)
Our choices of €, r and k£ imply that the set
B(L) = {y(w) :w € {0,1}8)} c X
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is (kL, ¢)-separated. Since E(L) has cardinality |E(L)| = 2C2L+D? e obtain
that
. 1
h(a) = hrrp_)solép @iy log s(r, €)
(2L+1)Y  log2
(2kL +1)% k4

Lemma 4.5. Let f € Ry be a (possibly reducible) Laurent polynomial such
that the Z-action o = QR,/fR, on X = XR,/fR, 1S expansive and mizing,
(and so has positive entropy by Lemma 2.1). Then the homoclinic group
Ay (X) is countable and dense in X.

Furthermore there exists a group isomorphism 7: Rq/fRq — As(X)
with o™ - 7(h) = 7(u™h) for every h € Ry/fRq and n € Z. Therefore the
Z2-action obtained by restricting o to Ay (X) is isomorphic to the Z%-action
on X dual to c.

> 0. O

> lim log2
L—oo

Proof. As in §2 we represent X as a closed, shift-invariant subgroup of TZ*
and « as the shift-action of Z¢ to X. Let £2(Z% R) denote the Hilbert space
of square-summable real-valued functions on Z%, and define the convolution
of v,w € 2(Z4R) by (v * W)n = Ykezd VkWn_k. For each h € Ry let
h € 2(Z4,R) be defined by hy = c,(—n). If we use o for the shift action of
74 on £2(Z, R), then the sign reversal in defining & means that h(c)v = hxv
for all v € £2(Z4,R).

The Fourier transform sends each v = (vq) € ¢2(Z%,R) to the function
0: T¢ — C defined by

17(1_’) _ Z ,Une27ri(t-n)’
nezd

where t = (t1,...,tg) and t -n = tiny + - - - + tgng. By Plancherel’s formula
o € L2(T% Apa), and we have (b xv)"= ho for h € Ry and v € 2(Z%, R).

Let F denote the Fourier transform of f. By Lemma 2.1(1), expansiveness
of o implies that F(t) # 0 for every t € T, so that 1/F € C°>°(T?). Since

(1/F)(=t) = 1/F(t),
the Fourier coefficients of 1/F are real. By applying the inverse Fourier
transform to 1/F we obtain an element w® € ¢2(Z4, R) with w® = 1/F and

S Il sl < oo

neZd
for all £ > 1. (Indeed, 1/F is real-analytic, so that w} decays exponentially
fast, but we do not need this stronger statement.) In particular, for each
h € Ry the point h x w® = h(o)w? € (2(Z%,R). Also note that f * w?, as
an element of ¢2(Z% R), is the indicator function of {0}.

Define n: ?(Z%,R) — TZ" by reducing each coordinate (mod 1), and

put % = n(w®). We call z* the fundamental homoclinic point of «. The
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restriction of 7 to
A={hxw®:heRy}

is a group homomorphism of A into the homoclinic group A, (X) with the
property that

n(hxw®) = h(o)(z")
for all h € R;. We claim that
n(A) = Aa(X) (4.1)
and
{heRg:nhxw®)=0x}=fRy. (4.2)

In order to prove (4.1), let z € A,(X). Denote the set of all elements
in £2(Z%,R) with integral values by ¢?(Z% 7). By Lemma 4.3 we can find
y € 2(Z%,R) with n(y) = z. Now 0 = f(o)z = n(f*y), so f+y € (2(Z%, 7).
Since yn — 0 as ||n|| — oo and f has finite support, it follows that (f*y)n —
0 as |In| — co. Since each (f *y)n € Z, we see there is an h € Ry with
h=fxy. Thus § = h/F,soy=hsw" and x = n(h = w"). This proves
that n(A) = Ay (X), establishing (4.1).

For (4.2), observe that every h € Ry with n(h  w?) = h(o)z® = 0
satisfies that h * w® = g for some g € Ry, and by applying the inverse
Fourier transform we see that h = fg € fR4. This completes the proof that
the map 7(h) = n(h * w?) is an isomorphism from Ry/fR4 to Ag(X).

To prove density of A, let g € AZ. Then for every h € Ry we have that

1= (g,n(h*w")) = exp[2mi(F * h x w*)o] = exp[2mi (g * w*) *E)O},

so that g * w® € Ei(Zd,Z). Hence § * w® = k for some k € Ry, and
G=g*w"x f=kxfimplies that g = kf € fRq. It follows that AL = X1,
so that A, is dense in X. O

Example 4.6. (Calculation of the fundamental homoclinic point for an ex-
pansive action.) Let f(u1,us) = 3 —uj — ug. Clearly Ve(f) NS? = @, so
that ap,/rp, is expansive by Lemma 2.1(1). We compute the fundamental
homoclinic point x* as follows.

The Fourier transform F of f is F(s,t) = 3 — e 2™ — ¢=2™_ We can
compute the inverse Fourier transform of 1/F explicitly using a geometric
series:

1 1 _1 i 3k (g 2mis | o= 2mityk
F(s,t) 311— %(67271’1'5 + e~ 2mit) 3 =

_ i i g~ (m+n+1) (m + ”) o~ 2mi(mstnt)

m=0 n=0 n
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Hence w” is given by

N g—(m+n+1) (m + n) if m>0andn >0,
= n

0 otherwise.

Every homoclinic point for ag,/rg, is therefore an integral combination of
translates of 2% = n(w®), the reduction of w® (mod 1).

A similar analysis applies to every polynomial in R4 having one coefficient
whose absolute value strictly exceeds the sum of the absolute values of its
other coefficients.

Example 4.7. (Calculation of the fundamental homoclinic point for a hy-
perbolic toral automorphism.) Let A = [{1] and let ¢ be the automorphism
of T? induced by A. The Z-action generated by ¢ is an instance of our gen-
cral algebraic framework as follows. Let f(u1) = uf—u;—1and o = ag, /tg,
be the corresponding Z-action on X = Xp, /¢, C T%. Then ¢: X — T?
defined by ¥ (x) = (zo,x1) is easily checked to be an isomorphism of «
with ¢. In Example 3.3 we described A,(T?) geometrically. Here we use
the notations and proof of the previous lemma to compute the fundamental
homoclinic point z* of « analytically.

The Fourier transform of f is F/(t) = e 4t —e=2mt _1_ Let A = (14++/5)/2
and p = (1 —+/5)/2 be the roots of f. Then

1 1 1/V5 1/V5

F(t) — (e2mit — \)(e=2mit — ) e=2mit — )\ e=2mit _

Now
1/v5 _ 1 1 _y (_1)\_n_1> o~ 2mint
6727rit _ )\ A\/g 1— )\716727rit = \/5
1 ,
—_ Z _)\n—l) e27r7,nt7
(-7
and
15 1 1 _y (—1Mn_1> p2mint
e—Qm‘t — \/5672771',5 1— MeQm‘t = \/5 .
Hence
_ L pnttoifn>1
5 - M
P

——— 7l ifn <o.

V5
Using this one can verify directly the crucial property that
1 ifn=0,

oA A A A
(f e w0)n = Wntz ™ Wnar = Wn = {0 otherwise



HOMOCLINIC POINTS 14

Thus z® = n(w?) is the fundamental homoclinic point of a.
To compare this result to the geometric construction in Example 3.3,
recall the notation used there. It is then easy to compute that

€+ (=1,0) N& = {(wy,wr)} = {x},

and so mx = Y(z2) € Ay(T?).

This brings up a subtle point related to the remarks at the end of Exam-
ple 3.3. Let f(u1) € R; be monic with constant term +1 and have degree k.
Denote by A the transpose of the companion matrix of f. The matrix of
multiplication by u; on Ry/fR; = ZF with respect to the standard basis
{1,u,..., u]f_l} is AT, while in our formalism the matrix representing ¢
on TF is A. Yet Lemma 4.5 implies that these matrices are conjugate in
GL(k,Z). The explanation for this discrepancy is as follows. There is an
isomorphism 0: Z%¥ — Ay as in Example 3.3, and the matrix of ¢ on Ay
with respect to the image of the standard basis for Z* under 6 is indeed A.
But Lemma 4.5 shows that if t* € A, is the fundamental homoclinic point
for ¢, then {t®, ¢(t*),...,¢*1(t*)} is also a basis for A,, and with respect
to this basis ¢ has matrix AT. It is this basis, not the standard one, that is
used in the proof of Lemma 4.5. We are grateful to Manfred Einsiedler for
pointing this out to us.

Proof of Theorem 4.1. Let o be an expansive algebraic Z%action on X. If
Ao (X) # {0x}, then h(a) > 0 by Lemma 4.4.

Conversely, suppose that h(a) > 0. Then parts (1) and (3) of Lemma 2.1
guarantee that at least one prime ideal p associated to the Noetherian Rg4-
module M = X is principal and satisfies that ag, /, is mixing and expansive.
By Lemma 2.1(5) we can find a Noetherian Rgz-module N D M with the
properties described there, and we set 3 = ay and ¥ = Xy. According
to the description of N there exists a submodule N’ C N with N/N’ =
Ry/p, and by dualizing we obtain a (-invariant subgroup Y’ C Y with
Y' = N/N' = Ry/p. It ' = ap,) is the restriction of 8 to Y’ then
Lemma 4.5 shows that Ag (Y”’) is dense in Y'. Lemma 2.1(3) shows that
h(3") = h(ag,sy) > 0, and Lemma 4.5 yields that {Oy } # Ag/(Y') C Ag(Y).

Let Z C Y be the kernel of the surjective group homomorphism 7: ¥ —
X dual to the inclusion M C N. Then Z is a closed, -invariant subgroup of
Y whose dual is N/M. Lemma 2.1(5) shows that § = ay is expansive and
so has finite entropy. The addition formula for entropy in [8, Appendix A]
implies that the restriction Bz of § to Z has entropy h(6z) = h(ay) —
h(apr) = 0. Since [ is expansive, so is Bz, so that Lemma 4.4 shows that
Ap,(Z) = Ag(Y)NZ = {0y }. Hence the restriction of 7: ¥ — X to Ag(Y)
is injective. As Ag(Y) # {0y} and 7(Ag(Y)) C Ay(X), we conclude that
Aa (X) 7& {OX} O

We begin the proof of Theorem 4.2 with a definition.
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Definition 4.8. Let f € R4 be an irreducible polynomial such that ag, g,
is expansive and mixing, let £ > 1, and let

R = Ry/f*Ry. (4.3)
Suppose that n > 1 and define

[a, b] = i ab; € R (4.4)

for every a = (a1,...,ay), b = (b1,...,b,) € R*. If N C R" is an R-
submodule we set
N'={be R":[a,b] = 0 for every a € N},
N"=(N"Y ={a€ R":[a,b] = 0g for every b€ N’} D N.
Lemma 4.9. Let R be as in Definition 4.8, let n > 1, let N C R™ be an
R-module, and define the R-modules N',N" C R™ as in (4.5). We regard

the R-modules N C N” C R" as Rg-modules and consider the closed, shift-
invariant subgroups

(4.5)

X = Xpn = R C (Rg)" = (T"%",
Z=(N"Ycy =N'cXxc T

Then the restrictions to X, Y and Z of the shift-action o of Z¢ on (T”)Zd are
expansive, and the closure Ay (Y') of the homoclinic subgroup Ay (Y) CY is
equal to Z. Furthermore there exists a group isomorphism 7: N' — A, (Y)
with o™ - 7(a) = 7(u™a) for every a € N’ and n € 7.

Proof. For h € Rgand z € X = R= (Rq/fFRy)~C T2 we define h(o)x €
Xp by (2.4) and observe that h(c)x = 0pza whenever z € Xg and h € f*Ry.
Hence we may abuse notation and set

a(o)r = h(o)x

for every x € Xp and a = h+ f*R; € R. With this convention we can write,
for any submodule L C R™, the group L' C Xg» = (Xg)" in the form

Lt = {a: = (W, ... 2™y e (Xp)":
n (4.6)
Zai(a)x(i) = 0x, forevery (ai,...,a,) € L}.
i=1

According to Lemma 4.5, the homoclinic group A,(X) of the shift-action o
of Z4 on X C (']I‘”)Zd is given by

A (X) ={(h(o)z®, ... hp(o)z®) : h = (h1,...,h,) € R" }.
By (4.6), a homoclinic point (h1(o)x?, ..., hy(0)2") € Ag(X) lies in N+ =
Y if and only if

n

Z%‘(U) - hi(o)z® = [a, h](0)x" = 0x,
i=1
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for every a = (a1,...,a,) € N. From the proof of Lemma 4.5 we know
that ¢ = Og is the only element in R having g(o)z® = 0Ox,. Hence
(hi(o)x®, ... hp(o)x?) € N+ = Y if and only if [h,a] = Og for every
a € N or, equivalently, if and only if h € N'.

This shows that

Ay (Y)={(h(o)z?, ... hp(o)z®) : h=(h1,...,h,) € N'}

and establishes the promised isomorphism 7: N’ — A,(Y). Furthermore
we see that an element b = (by,...,b,) € R" annihilates every o-homoclinic
point in Y if and only if b € N”, and hence that A,(Y) = Z. O

The proof of the following lemma is based on ideas of P. Smith and R. Wie-
gand, which we use with their kind permission. Roughly speaking, this result
would be easy if R were a field using a dimension argument, so we localize R
at f to approximate a field and replace vector space dimension with module
length.

Lemma 4.10. Let R be as in Definition 4.8, let n > 1, and let N C R" be
an R-module. Then there exists an element g € R~ fR with gN” C N.

Proof. Let S = R~ fR be the semigroup of regular elements in R. Then
S # @ since f is irreducible and hence not a unit by definition. Let Q) =
S~1R be the ring of fractions of R, which is the localization of R at f. Then
every ideal of @ is of the form a; = (f7) = f/Q for some j € {1,...,k}, and

{OQ}:akCak_1C~--Ca1CQ.

Furthermore, if a C @ is an ideal, and if v: a — @ is a @-module homo-
morphism, then a = (f7) for some j € {1,...,k}, and

0g = v(0) = Y(f*7 ) = fFI7(f7),
so that y(f7) = gf’ for some g € Q. By setting 5(h) = gh for every h € Q
we have extended v: a — @ to a -module homomorphism 7: Q — Q.

We claim that, if M; C Ms are @)-modules, then every (J-module ho-
momorphism 6: M; — @ can be extended to a Q-module homomorphism
0: My — Q (i.e. that Q is injective). Indeed, let M; C Ms be a maxi-
mal Q-module for which there exists such an extension : M; — Q of §. If
My # Ms, then we choose a € Mo~ My, set a={h € Q: h-a € M}, define
a @Q-module homomorphism 7v: a — @ by v(h) = 0(h - a), and apply the
above observation to find an extension 7: Q — @ of . Then the Q-module
homomorphism 6": M1 4+ Q - a — Q, defined by &' (b+ h - a) = 0(b) + 5(h)
for every h € Q and b € M, is a proper extension of . This contradiction
implies that 6 can indeed be extended to all of Ms.

For every -module M we denote by M* = Homg (M, Q) the set of all Q-
module homomorphism b: M — Q. Then M* is a (-module with respect
to the operation (h,b) — h-b, defined by (h-b)(a) = b(h-a) for every h € Q,
be M*and a € M. The module M* is called the dual module of M. In this
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terminology we can rephrase the above extension property by saying that,
for every short exact sequence

O—>M1;>M2—>M3—>O

of ()-modules, where ¢ is the inclusion map, the sequence
0— MF — M -5 M7 — 0 (4.7)

is exact, where * is the restriction map.

For every @-module K and nonzero a € K the ideal a = ann(a) = {h €
Q : h-a=0g} is of the form a = (f7) for some j € {1,...,k}, and by setting
b= fi=1 . a we obtain a nonzero element in K whose annihilator satisfies
that ann(b) = (f). It follows that there exists, for every nonzero Noetherian
(@-module K, a filtration

{OK}ZK()CKlC--'CKl:K

such that K;/K;_1 = Q/(f) for every j =1,...,1. The integer | = [(K) > 1
is independent of the specific filtration chosen and is called the length of K.
From the independence of {(K) of the specific filtration we conclude that if

00— K1 — Ky — K3—0
is a short exact sequence of Noetherian (Q-modules, then

If (K) =1 then K = Q/(f) = K*, and I(K*) = [(K) = 1. Repeated
application of (4.7) and (4.8) shows that [(K) = [(K™*) for every Noetherian
Q-module K.

Consider the Q-module M = Q ®r N C QQ ®r R" = Q", define the Q-
modules M’ M" C Q™ as in (4.5), and observe that M’ = Q ®p N’ and
M" = Q ®r N”. By applying the above discussion to M C M"” and M’ we
see that the sequences

0—M—Q" — L —0,
0— L — Q") — M" —0
are exact, where L = Q"/M, (Q™)* = Q™ and L* = M’. By replacing M
with M’ in the second exact sequence in (4.9) we obtain that the sequence

0— M — Q" — (M) —0 (4.10)

(4.9)

is again exact, and that
kn=1Q™) = l(M)+I(L) = l(L*)+1(M*) = (M"Y +1(M) = L(M")+1(M").

Hence (M) = I(M"), and therefore M = M" since M C M", I((M") =
I(M)+1(M"/M), and I(M" /M) = 0.
We have proved that

{0} =M"/M = (Qor N")/(Q®r N) = Q&g (N"/N),
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i.e. that there exists, for every a € N”, an element g € R~ fR with g-a € N.
As N” is Noetherian we can find a single element g € R~ fR with g-N” C N,
as claimed. O

Lemma 4.11. Assume the hypotheses of Lemma 4.9 and also that Y #
{0x}. Then the following conditions are equivalent.

(1) The restriction of the shift-action o of Z¢ on R C (T")Zd toY = N+
has completely positive entropy;

(2) Ay(Y) is dense in Y

(3) N"=N.

Proof. (1) = (2) = (3): Regard N, N” C R" as Rg-modules. Then Y/Z =
(R"/N)/(R"/N") = N"/N, so that the Z%action oy, induced by the
shift-action o on X is isomorphic to ayr/y. Lemma 4.10 implies that there
is a nonunit g such that gN” C N, so that each prime ideal associated
with the Rg-module N”/N is nonprincipal since it contains both f and an
irreducible factor of g. Then Lemma 2.1(3) shows that h(ay»/y) = 0. Since
oy has completely positive entropy, the factor oy,7 must be trivial. Hence
Z=27,(Y)=Y and N" = N.

(2) = (1): Since Y # {0x} and A,(Y) is dense in Y, then the entropy
h(oy) of the shift-action oy of Z% on Y is positive by Lemma 4.4. If oy
does not have completely positive entropy, then Theorem 6.4 of [8] implies
there would exist a closed, shift-invariant proper subgroup K C Y with
h(oy k) = 0. Since oy/x would be expansive (see [14, Cor. 3.11]), Lemma
4.4 would then imply that A,(Y) C K, contradicting (2). Hence (2) = (1).

(3) = (2): This follows from Lemma 4.9. O

Proof of Theorem 4.2. Let o be an expansive and mixing algebraic Z%-action
on X. If A,(X) is nontrivial and dense in X then we see exactly as in the
proof of the implication (2) = (1) in Lemma 4.11 that o has completely
positive entropy.

Conversely, if a has completely positive entropy we denote by M = X
the Noetherian Rg-module defined by (2.1)—(2.2), write {p1,...,pm} for the
set of associated prime ideals of M, and note that, by Lemma 2.1, p; is
principal and ag, /. expansive and mixing forevery j = 1,...,m. We choose
irreducible Laurent polynomials fi,..., f,, € Rq with p; = (f;) = fj R4 for
j=1,...,m and write N = N @ ... o N™ > M for the Noetherian
Rg-module appearing in Lemma 2.1(5). If we can prove that AQN(j) (Xnw)

is dense in X ;) for every j =1,...,n, then
m
ADzN (XN) == H AO‘N(j) (XN(J))
j=1

is dense in X, and the surjective group homomorphism 7: Xy — X =
Xy dual to the inclusion M C N satisfies that 7 - o, = a® - 7 for every
n € Z% and that 7(Aay (Xn)) C An(X). In particular, A,(X) is dense
in X.
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We fix j € {1,...,m} and recall from Lemma 2.1(5) that NU) has a
filtration

ND =ND 5.5 N = {0} (4.11)

with N /N = Ry/f;Ry for every | = 1,...,s;. Since p; = (f;) is the
only prime ideal associated with N, it follows that a NG) is mixing and has
completely positive entropy by parts (2) and (4) of Lemma 2.1. The filtration
(4.11) allows us to regard NU) as a module over the ring R = Rd/f;j Ry,
since fjsj -a = 0y for every a € NU).

Choose elements aq, . ..,a, in NU) with N©) = R.a; +---+ R a, and
consider the surjective R-module homomorphism k: R* — NU) defined
by k(hi,...,hn) = h1 a3 + -+ + hy - ay for every (hy,...,h,) € R". If
K is the kernel of x, then K C R" is an R-submodule (and hence also an
R4-submodule) of R", and

Xyo = K+ c R c (Ry)" = (T

As o) has completely positive entropy, it follows from Lemma 4.11 that
AQN(].) (X () is dense in X ;) = K, as claimed. This completes the proof
of Theorem 4.2. O

Remark 4.12. Let o be an expansive algebraic Z%action on X. The previ-
ous proof shows that Z = A, (X) is the maximal closed a-invariant subgroup
of X on which « has completely positive entropy. This gives an intrinsic
description of the Pinsker algebra of o as the inverse image of the Borel
o-algebra of X/Z under the quotient map X — X/Z (cf. [8, §6]). Hence
despite the uncomplicated dynamics of individual homoclinic points in X,
their closure is precisely the largest closed invariant subgroup of X on which

the action is Bernoulli (see [15, Thm. 23.1]).

5. SPECIFICATION

Specification is an orbit tracing property that has proved useful in the
study of expansive homeomorphisms. Ruelle [12] investigated the extension
of this notion to Z%actions, motivated by statistical mechanics. Our purpose
in this section is to show that expansive algebraic Z%actions provide a large
class of Z?-actions having specification.

First recall the definition of the norm | - || on Z? from (2.10) and of the
cube B(r) C Z% from (2.11).

Definition 5.1. (1) Let T be a continuous Z%-action on a compact metric
space (X, p). The action T has weak specification if there exists, for every
e > 0, an integer p(¢) > 1 with the following property: for every finite
collection Qy, ..., Q; of rectangles Q; = [1%{a;,...,b;} C Z? with

dist(Q;, Qx) = meémﬂegk lm—mn| >ple) forl1<j<k<t,  (51)
7
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and for every collection of points M 2® in X, there exists a point
y € X with

p(TPy, T2y <& foralln e Q;,1<j<t (5.2)

(2) The Z%-action T has strong specification if there exists, for every
e > 0, an integer p(¢) > 1 with the following property: for every collection
of rectangles Qy,..., Q; in Z? satisfying (5.1) and every subgroup I" C Z¢
with
dist(Q; + q, = min m —nl|| > p(e 5.3
(Q+a Q)= jmin fm-n|zpE) 63
whenever 1 < j,k <t and q € I' \ {0}, and for every collection of points
M z® in X there exists a point y € X satisfying (5.2) and with
™y =y
for every m € I.
(3) Let « be an algebraic Z%-action on X with homoclinic group A, (X),
and let p be a metric on X consistent with its topology. The action a has
homoclinic specification if there exists, for every € > 0, an integer p(g) > 1

with the following property: for every rectangle Q C Z¢ and every z € X
there exists an a-homoclinic point y € A, (X) with

pla™z,a™y) < e forall ne Q,
p(0x,a™y) < e for all n € Z¢~ (Q+ B(p(e))).

Note that each of these three properties is preserved under taking quo-
tients.
This section is devoted to the proof of the following theorem.

Theorem 5.2. Let o be an expansive algebraic Z%-action on a nontrivial
compact abelian group X. Then the following are equivalent.

(1) « has completely positive entropy;
(2) « has weak specification;

(3) « has strong specification;

(4) « has homoclinic specification.

The proof of this requires three lemmas. For the first of these we assume
that f € Ry is a (possibly reducible) polynomial such that the Z?-action
a = ap,/fr, o0 X = Xp, /g, is expansive. As in §2 we view X as the
closed, shift-invariant subgroup

X={xe€ TZ" | f(o)z = 0pza}

and identify a with the restriction ox of the shift-action o on TZ to X.
If o also denotes the Z?-shift on ¢>°(Z? R), then for every h € Ry and
w € £*°(Z%R) the point h(c)w = Y pczdcn(n)o®w € (°(Z4R). If we
define % as in the proof of Lemma 4.5, then h(o)w = hxw. Let £=(Z% Z) C
(>=(Z% R) be the subgroup of bounded, integer-valued maps from Z¢ to
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Z and let n: (*°(Z4,R) — T2 be the map that reduces each coordinate
(mod 1). Then

nH(X) = {ver®ZLR): flo)wet>(2%2Z) ).

Let || - ||oo denote the supremum norm on £>°(Z% R), |-|: T — R be defined
by (2.9), and write w € £>°(Z%,R) as w = (wy : n € Z9).

Lemma 5.3. For every ¢ > 0 and L > 0 there is an v > 0 such that if
u,v € N HX), f[ullee < L. Wl < L, and (f(0)u)n = (f(o)v)n for all
n € B(r), then [n(u)o — n(v)o| < e. Consequently, if u,v € n~1(X) and
flo)u = f(o)v, then u =v.

Proof. Suppose that for some ¢ > 0 and L > 0 we can find, for every
r > 0, elements u, v € (X)) with |[u")|s < L, |07 < L,
(f(@)u)y = (f(o)v)y for all n € B(r), and |[n(u)g — n(v)o| > e.
Then the sequence {u(”) —v(") : = 1,2, ...} has a limit point w € £*(Z%,R)
in the weak*-topology (i.e. the topology of pointwise convergence) such that
|lwo| > € and f(o)w = 0. Hence n(tw) € X for all t € R, and by choosing ¢
sufficiently small we have that n(tw) # 0x and supycza [7(tw)n| is arbitrarily
small, contradicting expansiveness of a = ox.

The second assertion follows easily from the first by taking limits. O

Lemma 5.4. Ifag, g, is expansive then it has both homoclinic and strong
specification.

Proof. As in the proof of Lemma 4.5 we regard X as a closed, shift-invariant
subgroup of TZ and « as the restriction ox to X of the shift-action o of
Z% on T2, The proof of Lemma 4.5 shows that Aq(X) = Ay, (X) is dense
in X, and that every element y € A, (X) is of the form y = h(o)x® for
some h € R = Ry/fRq. Here 2* = n(w®), where w® € ¢(*(Z%,R) is the
unique point in n71(X) with (f(o)w”)e = 1 and (f(o)w?)n = 0 for all
n € 24~ {0}, i.e., f*w® is the convolutional identity for £°(Z%, R).
By Lemma 4.3 we have that

[w? =" |wpl < oc.
neZzd

Write f =3 cza cr(n) and put

1A= 22 lep(m)l.
neZd
Let L = max{L, [[w®|[1 - [[f]|}-

Fix ¢ > 0. Apply Lemma 5.3 with this choice of € and L to find an
integer r > 0 such that every pair of points u,v € n~1(X) C £*°(Z4,R) with
|ulloo < L, ||v]loo < L, and (f(o)u)n = (f(0)v)n for every n € B(r) satisfies
that |[n(u)o — n(v)e| < €. It follows that if Q C Z? is a rectangle, and if
u,v € n71(X) satisfy that ||ulle < L, ||v]joc < L, and (f(0)u)n = (f(0)V)n
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for every n € Q+B(r), then |n(u)n —n(v)n| < € for all n € Q. By increasing
r if necessary, Lemma 4.3 allows us to assume in addition that

> lwal <e/IfI-

nezZi~B(r)

Take an arbitrary element x € X, choose u € £*(Z% R) with ||ufs < 1
and n(u) = z, and consider the point z = f(o)u € (24, 7). If Q C Z% is
a fixed rectangle, define h = 3 <74 cp(m)u™ € R, by

zm  if me Q9+ B(r),
cp(m) = .
0 otherwise.
Let v = h(o)w® and put y = h(o)z® = n(h * w®) € Au(X). Since
f*w® is the convolutional identity in (>2(7%4,R), it follows that f(o)v =
f(o)h(o)w? = h* f*xw” = h. Hence
(f(o)v), = (f(@)h(o)w?),, = cn(n) = (f(o)u),
for every n € Q + B(r) and
(f(o)v), = (f(o)h(o)w?), =0
for every n € Z? \ (Q + B(r)). Our choice of r implies that
|Tn — yn| < € for every n € Q,
lyn| < € for every n € Z¢ . (Q + B(2r)).

This is easily seen to imply the homoclinic specification of «.

To check strong specification for o we assume that ¢, L, and r are chosen
as above, and set p(¢) = 2r. Consider finitely many points =M, ... z®
in X, rectangles Qy,...,Q; in Z%, and a subgroup I' C Z¢ satisfying (5.1)
and (5.3). For each of these rectangles Q; we find a homoclinic point y)
with

|20 — 40| < & for every n € Qj,

t ' '
Z | + Z Z |y,(fJ)rm| < e for every m € Z4~ (QY) + B(2r)).

i=1,...,t i=1 0£merl
i#]
The point
t
=Y 3 am)
j=1 mer
satisfies (5.2) with e replaced by 2¢, and a™y = y for every m € I'. O

Lemma 5.5. Let f € Rq be an irreducible polynomial such that ag, /g,
is expansive, k,n > 1, R = Ry/f*Ry, and X C R C (T”)Zd be a closed,
shift-invariant subgroup. If the restriction to X of the shift-action o of Z¢

on (’]I'")Zd has completely positive entropy, then it has both homoclinic and
strong specification.
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Proof. We write N for the Rg-module X, considered as an R-module, and
apply the Lemmas 4.9 and 4.11 to conclude that N = N, that A,(X) is
dense in X, and that every homoclinic point y € A,(X) C R" C (']I‘Zd)" =
(T")Zd is of the form

y= (hi(0)z®,... hp(o)z®)

for some (hq,...,h,) € N’ C R™ (the notation is explained in the proof of
Lemma 4.9).

For each h = (hi,...,h,) € N’ and y € Xpg the element (,(y) =
(h1(0)y,...,hp(o)y) is in X since it is annihilated by every element in
N = X+. Choose a finite set {h(i) : 1 < i < s} of generators for N’ and
consider the map ¢: X3 — X defined by (1, ...,¥s) = >i—1 () (yi). Let
Y = ((X§). Then clearly Y+ D> N” = N. Conversely, if b = (b1,...,b,) €
Y, then b annihilates each ;) (z%), so b € X+ = N since A,(X) is dense
in X. Hence Y = X and ( is surjective.

Lemma 5.4 shows that ap satisfies both homoclinic and strong specifi-
cation. Since each property is preserved under finite direct products and
quotients, we conclude that ox also satisfies homoclinic and strong specifi-
cation. OJ

Proof of Theorem 5.2. (1) = (2), (3), and (4): Let o be an expansive alge-
braic Z%action on X with completely positive entropy, and let M = X be
the Noetherian Rj-module defined in (2.1)-(2.2). We choose an Rg-module
N=NWg...0 N™ 5 M according to Lemma 2.1(5) and put ¥ = Xy
and § = ay. Fix j € {1,...,m}, denote by f; a generator of the principal
prime ideal p; associated with M, and view the module N (@) as a module
over the ring R = Ry/ f;j Ry (cf. the proof of Theorem 4.2). We continue
as in the proof of Theorem 4.2, write NU) = RS /K for some R-submodule
K C R%, and embed Xy in Xps; C (’]I‘SJ')Zd as a closed, shift-invariant
subgroup. As a(;) has completely positive entropy, it has homoclinic and
strong specification by Lemma 5.5, and by varying j € {1,...,m} we obtain
that 8 = an has homoclinic and strong specification.

If 7: Y — X is the surjective group homomorphism dual to the inclusion
M C N, then 7 - 8y = o™ - 7, and hence « has both homoclinic and strong
specification since each property is preserved under quotients.

(3) = (2) = (1): Trivially (3) = (2). Suppose that « is expansive and has
weak specification. Let Z = A, (X). Then by Remark 4.12, the restriction
ax/z of ato X /Z has zero entropy. Now weak specification implies positive
entropy and is preserved under quotients. Hence if X/Z is nontrivial then
we would have h(ax/z) > 0, a contradiction. Thus Z = X, and so a has
completely positive entropy by Theorem 4.2.

(4) = (1): By Proposition 2.2, if o has homoclinic specification then
Ay(X) is dense in X, hence a has completely positive entropy by Theo-
rem 4.2. 0
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Remark 5.6. Definition 5.1 uses rectangles Q; in Z% in defining specifica-
tion. However, our proofs made no essential use of the particular form of
these sets, only their separation described in (5.1). This leads to a very
strong form of specification. Namely, every expansive algebraic Z%action
with completely positive entropy satisfies parts (1), (2), and (3) of Defini-
tion 5.1 where the sets Q; can be arbitrary subsets of Zd, finite or infinite.

One simple consequence is the following. Let a be an expansive algebraic
Z%action on (X, p) and € > 0. Then there is a p(¢) > 0 such that for every
r >0 and z,y € X, there is a z € X such that p(a™z,a™z) < € if ||n|| < r
and p(a™z,a™y) < € if ||n|| > 7+ p(e). This property does not appear to be
a direct consequence of Theorem 5.2.

Remark 5.7. Theorem 5.2 can fail if the expansiveness hypothesis is omit-
ted. For example, let ¢ be an ergodic automorphism of T* induced by
A € GL(k,Z). Then ¢ has completely positive entropy. On the other hand,
the argument of Example 3.4 shows that A4 (T*) = {0}, so that ¢ does not
have homoclinic specification. Furthermore, ¢ has strong specification if and
only if A has no eigenvalues on the unit circle, and ¢ has weak specification
if and only if all eigenvalues of A on the unit circle are semisimple (see [7]).

In Examples 3.3, 4.6, and 4.7 the fundamental homoclinic point has co-
ordinates which are algebraic numbers (mod 1). It is not difficult to see
that expansive algebraic Z-actions which are realized as subshifts of (T™)%
as in §2 always have coordinates whose components are algebraic. However,
the following example shows that this may fail when d > 2.

Example 5.8. (An expansive Z>-action having transcendental homoclinic
points.) Let f(uy,uz) = 4 —u; — uy — uj ‘uy . Then QR,/fR, 18 expansive
on Xp,/fr,- The Fourier transform F' of fis F(s,t) =4 — 2mis _ o2mit _

e~ 2mi(s+1)  Expansion by geometric series shows that

N 1\~ 13 (3n)! s,
ws=(F) ©=3 5 Gt

n=0

1 2
1°°(§>n(§)n3” 1 12 3
:727' n =-—H 77771;7 s
4= (1), n! 4 4 3’3 4
where (a), =a(a+1)...(a+n—1) and H(a,b,c; z) is the hypergeometric
function. This value of the hypergeometric function is known to be transcen-

dental [19]. Thus the Oth coordinate of the fundamental homoclinic point
for ag,,sr, is transcendental.

6. SPLITTING SKEW PRODUCTS

Let a be an algebraic Z%action on X and suppose that Y € X is an
a-invariant closed subgroup. By taking a Borel cross-section to the quotient
map X — X/Y we can represent « as a twisted skew product with base
action ay/y, and this approach is useful in deriving dynamical properties
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of a from those of ax/y and ay. More generally, let (€2, 1) be a probability

measure space and 3 be a measure-preserving Z%action on Q. A measurable
function v: Q x Z% — X is a twisted cocycle (for a) provided that

Y(w,m+n) = a™Y(w,n) + (6w, m) (6.1)

for all w € Q and m,n € Z¢. The twisted skew product Z%-action 3 Xop O
on {2 x X is given by

(8 xy a)(w, z) = (B, oz + ¢(w, n)),

where (6.1) shows this defines a Z?-action. The direct product action 3 x «
corresponds to ¢ = Ox. Clearly 8 xy « preserves the product measure
o X A X-

For a single automorphism obeying weak specification it was shown in
[6] that every twisted skew product is measurably isomorphic to the direct
product of the base transformation and the automorphism via a map that
translates fibers. One use of this result is a simpler proof of the Bernoullicity
of ergodic toral automorphisms that avoids the delicate Diophantine argu-
ments of earlier proofs [6, Thm. 6.3]. Here we extend this splitting result to
algebraic Z%actions obeying weak specification.

Let 6: © — X be measurable and define ©: Qx X — QxX by O(w,z) =
(w,z+0(w)). For n € Z? the conjugacy relation © - (8 xya)* = (Bx a)*-O
is equivalent to

Y(w,n) = a"f(w) — 6(F"w). (6.2)

Hence given «, (3, and 1), we want to solve (6.2) for 6. For technical simplicity
we assume ( is aperiodic, i.e., f"w # w for all w € Q and n # 0.

Theorem 6.1. Let a be an algebraic Z%-action on X satisfying weak spec-
ification and 3 be an aperiodic measure-preserving Z%-action on (U, ).
For every twisted cocycle ¢: Q x Z — X there is a measurable function
0: Q — X satisfying (6.2) for all w € Q and n € Z%. Hence (3 Xy S
measurably isomorphic to § X « via the map (w,x) — (w,z + 0(x)).

Proof. For S € Z% and F C Q it is convenient to let SF denote J,cg 3"F.
Fix a decreasing sequence () of positive numbers with Y 72 € < oo. Let
p(€) denote the separation function coming from weak specification for «.

By using Rohlin’s lemma for aperiodic Z%-actions [5], we can find for each
k > 1 a measurable set Fj, and a cube Sp = {0,1,...,q}¢ C Z? satisfying
the following properties.

(a) The sets g™ F}, are disjoint for n € Sy and their union Ej = S F}, has
u(Eg) > 1 — €.

(b) Ey CEyCE3C---.

(c) Almost every w € Q has the property that for every n > 1 there is a
k > 1 such that {-n,...,n}%w C Ej.
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(d) By (c), if w € Fiq1 then (Sppiw) N B = Uj—1(Sk + nj)w, and we
require that the cubes Sy + ny, ..., S + n, be separated by at least
plek).

We inductively construct measurable 6 : E}, — X such that 0,1 is ex-
uniformly close to 0 on Ej and such that 6 satisfies ¥ (w,n) = o™y (w) —
0(f"w) for all w € Fj, and n € Si. It follows from property (a) that 6 =
limy_, o0 O is defined almost everywhere and is measurable, and from (c)
that @ satisfies (6.2) for a set of full measure in Q and all n € Z%.

Start by defining 6; measurably but otherwise arbitrarily on Fi, and ex-
tend 6, to Ey by 0;(f"w) = a0 (w) — ¢Y(w,n) for w € F; and n € 5.
Assume inductively that 0 is defined on Ej; such that 0 (5"w) = a0k (w) —
Y(w,n) forw € Fj, and n € Si. Let 051 be an arbitrary measurable function
on Fy.1, and extend it to Eyyq as before. Fix wy € Fi11. Then

(Sk41wo) N B = | J (Sk + nj) wo.
j=1
If w; denotes 3% wy, then for all m € S; we have that
Orr1(B™w)) — O(B™w;)
= 0™ 011 (wj) — P(wj, m) — [0k (w;) — P (wj, m)]
= a1 (wj) — Or(w))].

Let z; = §k+1(wj) — Op(wj). Since the cubes S, +ny, ..., Sy + n, are
separated by at least p(ey), weak specification for a shows that there is an
z € X such that p(a™t™iz,a™z;) < ¢ form € S and 1 < j < r. By
defining ;11 (wo) = §k+1(wo) — z and extending to Spiiwp as before, we
obtain that 0y is eg-uniformly close to 6 on (Skri1wo) N Ek.

A word is needed about measurability of 61 in this construction. For
each wg € Fy11 we adjust 9~k+1(w0) by an amount x determined from weak
specification. By using < inequalities in the specification definition, we ob-
tain for each wy € Fj1 a nonempty compact set K (wp) of allowable adjust-
ments, where K (wp) varies measurably with wg by its definition. Standard
selection theorems then show that there is a measurable x: Fj,4; — X such
that k(wo) € K(wp). Then 011 = §k+1 — K is measurable. d

Example 6.2. (Two expansive algebraic Z-actions that are measurably but
not algebraically or topologically isomorphic.) Let f be a nonunit polynomial
in R = Ry such that V¢ (f) NS? # @. The natural quotient map R/f?R —
R/ fR dualizes to show that Y = Xp /fR IS an ag/ p2p-invariant subgroup of
X = Xpg/s2g. As pointed out at the start of this section, we can therefore
regard ag/r2p as a twisted skew product 8 Xy a, where the base action
is B = ayp/p2r = apyrr and the fiber action is @ = ag/yr. Since «a is
expansive and has completely positive entropy, it satisfies weak specification
by Theorem 5.2. Hence by Theorem 6.1 we see that ag/s2g is measurably
isomorphic to ag/rp X ag/rr. The existence of an isomorphism between
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these actions (although not of the precise form given by Theorem 6.1) also
follows from the deeper facts that they are both Bernoulli Z?-actions [15]
with the same entropy [8].

However, there is no group isomorphism ¢: Xg/r2r — Xg/rr X Xg/fR
intertwining ag/r2g with ag/rp X ag/rr. For gg would give an R-module
isomorphism of R/f?R with (R/fR) x (R/fR), which is clearly impossible
since f annihilates the second R-module but not the first. Since Xg/ ;g
is connected, Theorem 5.9 of [15] shows that these actions are not even
topologically conjugate.

7. HOMOCLINIC GROUPS OF NONEXPANSIVE ALGEBRAIC Z%-ACTIONS

The purpose of this section is to show by a series of nonexpansive examples
that most of our results for expansive actions do not extend to arbitrary
actions.

We first describe a basic reason why nonexpansive actions can have more
complicated homoclinic groups. Let f € Ry and consider the Z%-action a =
QR,/fRy- As in §2 we identify X = Xg,/¢g, as a shift-invariant subgroup
of TZ'. Let n: (7% R) — TZ" be defined as before by reducing each
coordinate (mod 1). Recall the definition of f € ¢o(Z% R) from the proof
of Lemma 4.5. Say that w € ¢o(Z% R) is a linear homoclinic point for a
if f* w = 0. If w # 0 is such a point, then for every ¢t € R we see that
n(tw) € Ay(X), and hence A,(X) is uncountable. But Lemma 3.2 shows
that if a is expansive this cannot happen. We have repeatedly used this
basic property that expansive actions never have nonzero linear homoclinic
points in previous sections.

In contrast, for nonexpansive examples the set Vo (f) N S? may be suffi-
ciently large to support measures whose Fourier transform decays to 0 at
infinity, and this provides a rich supply of linear homoclinic points. Exam-
ples 7.3 and 7.5 employ this idea.

Example 7.1. (Completely positive entropy and trivial homoclinic group.)
Let g(u) € Z[u] be irreducible and monic, have constant term £1, and have
some but not all of its roots on S. Set Ve(g) NS = {&,...,& . If we
define f € Ry by f(u1,u2) = g(u1), then Ve(f) = U;—1{&} x S. The Z2-
action @ = ag, /g, on X = Xp,/rg, has completely positive entropy by
Lemma 2.1(4).

To prove that Ay (X) = {Ox}, we first realize @ and X in the following
way. Let k = deg g, let A be the companion matrix of g, and let ¢ be the
automorphism of T# induced by A. Then X = (T*)Z, and o"? acts on X
by applying ¢ to each coordinate, while a(%!) acts on X as the shift. Then
every = () € Aq(X) must have each z, € Ag(TF). But Example 3.4
shows that Ay(T*) = {Opx }. Hence Ay (X) = {0x}.

Example 7.2. (Completely positive entropy and countably infinite homo-
clinic group.) Let f(u1,us) =2 —uy —ug € Ry. Then Ve (f)NS? = {(1,1)},
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and S0 @ = ap,/rp, 1s not expansive on X = Xp /rr,. The Fourier trans-
form F of f is given by F(s,t) = 2 — 2™ — 2™ and although 1/F is
unbounded on T? one can easily verify that 1/F € L'(T?, Ap2). The Fourier

series of 1/F is computed exactly as in Example 4.6, resulting in the point
w® € £°(Z2,R) defined by

1 m+n .
A _ W( n > lfmZOananO,

0 otherwise.

The Riemann-Lebesgue Lemma shows that w® € co(Z?,R), which can also
be deduced from the explicit formula above since the nonzero terms are bi-
nomial probabilities. Hence z* = n(w®) € Ay(X), and the same arguments
as in the proof of Lemma 4.5 show that the map Ry/fRs — A, (X) given
by g + fRo — g(o)x® is an isomorphism.

Are there other points in A, (X)? Suppose that z € A,(X) and choose
v € 1°(Z2,R) with [|[v]ec < 1/2 and n(v) = 2. Then f* v € £>°(Z2,Z) N
co(Z2,R), so that there exists g € Ry with f v = §. Since § = §* f * w®,
we see that w = v — § * w® € co(Z? R) and f* w = 0. If a were expansive,
this would be enough to conclude that w = 0 as above, and hence that x =
n(v) = g(o)z®, which would prove that there are no additional homoclinic
points. This line of reasoning is correct, but requires a different argument
to show that if w € ¢o(Z%,R) and f % w = 0, then w = 0.

Start by adjusting w by a translation so that |w( )| = suppezz [wnl-
Since w € ¢o(Z?,R), there is an m > 0 such that [w(,,—g| < 3w for
all 0 < k < m. Since f* w we see that

1 1 1 1
W(0,0) = iw(l’o) + iw(m) = Zw(Z’O) + 5’[1)(171) -+ Zw(O’Q) =...

1 (m
=2 5| p, | Cmp)

k=0

Hence

1 (m 1
< _— <= .
[w(0,0) < kz::o o ( k) Wm0 = 5wl

This proves that w o) = 0, and so w = 0. We have therefore shown that all
homoclinic points have the form g(o)z®, so that A,(X) is countable. The
proof of Lemma 4.5 applies to establish that A, (X) is dense in X.

There is a simple idea behind the proof in the previous paragraph. The
condition f*w = 0 means that w is “harmonic” in the sense that w(,, ) =
%[w(erLn) + W(mnt1))- Now harmonic points must satisfy an analogue of
the Maximum Principle, namely that they attain their maximum value over
a “region” on its “boundary.” But no point in cq(Z? R) can satisfy this
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principle unless it is zero. The arguments in this example therefore apply to
all f € R4 having exactly one positive coefficient such that ), 74 cy(n) = 0.
Observe that here the diagonal coordinates of w are

1 2n 1
(see [2, p. 75]), which decay slowly as n — oo. Thus the homoclinic point
xz® does not exhibit the exponential decay that by Lemma 4.3 must occur
for homoclinic points of expansive actions. In particular, homoclinic points
with slow decay seem useless in determining whether an action obeys spec-
ification. For example, we do not know whether the action of this example
satisfies any of the specifications defined in §5.

Example 7.3. (Completely positive entropy and uncountable homoclinic
group.) For this example let f(u1,us) =3 —uy —u] ' —uy — uy . Then the
Fourier transform F of f is given by F(s,t) = 3 — 2cos 2ws — 2 cos 2mt. Let
K = {(s,t) € T? : F(s,t) = 0}. This is a smooth real-analytic curve in T?,
Viz.

t:j:icos_1 <3—C0827TS), —lgsgl.

2T 2 6 6

Then Ve(f) NS* = {(e*™*,e*™) : (s,t) € K}, so that o = ap, /g, is not
expansive on X = Xp, /¢p,. In contrast to the previous example, here 1/F ¢
LY(T?, Ar2) so that the Fourier methods of Lemma 4.5 fail. The existence
of linear homoclinic points accounts for the uncountability of A, (X).

By identifying T? with the subset [~1/2,1/2)? C R?, we may consider K
as a smooth curve in R?. Let vx denote the measure on K induced by arc
length, and ¢ € C*°(K) be any smooth non-zero function on K. Define a
measure p on K by du = 1 dvg. Since p is supported on K and F' vanishes
there, we see that

(f*a) =) n=F-p=0.
Thus i € £°°(Z2,C) satisfies f i = 0. Now K has curvature bounded

away from zero, so it follows from [18, Thm. 1 of §VIIL.3.1] that there is a
constant C' > 0 such that

|i(n)| < C|n||~Y% for all n € Z2. (7.1)

Hence v = Refi, w = Im fi € £*°(Z?,R) are linear homoclinic points that are
not both zero, say v # 0. Then n(tv) € A, (X) for all ¢ € R, so that A,(X)
is uncountable. Indeed, distinct ¢ € C*°(K) yield distinct fz, so that Ay (X)
encompasses the complexity of C*°(K).

What is essential for the decay estimate (7.1) is that the curve K not
have infinite-order contact with any line, which is guaranteed here by the
curvature of K being bounded away from zero. This curvature is missing
in Example 7.1, and explains why that example has no linear homoclinic
points.
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This example was suggested to us by Hart Smith as a finite-difference
analogue of the partial differential operator 0%/0x2? + 9?/0y* — 1. This op-
erator has nonzero solutions that do not obey the Maximum Principle and
which decay to 0 at infinity, precisely the behavior needed to find linear
homoclinic points in the finite-difference setting.

Example 7.4. (Zero entropy and trivial homoclinic group.) Choose g(u),
h(u) € Z[u] to be monic and irreducible, have constant term +1, and have
some but not all of their roots on S. Set Vi(g) NS = {&,...,& } and
Ve(h) = {m,...,ns}. We may assume that "} # 1 for 1 < i < r,
1<j<s,and (m,n) # (0,0). Let k = degg, ¢{ = degh, and A, B be the
companion matrices of g, h, respectively. Denote the £ x ¢ identity matrix
by I;. Define ¢ to be the automorphism of T* induced by A ® I, and 1 to
be that induced by [ ® B.

If a is the ideal in Ry generated by g(u1) and h(ug), then X = Xp, /o = Tk
and the Z2-action o = « R./a 18 generated by ¢ and ¢. Our assumptions
on the & and n; show that o mixing. Now h(a) = 0 since smooth Z>-
actions have topological entropy zero. Note that ¢ is isomorphic to the
direct product of £ copies of an ergodic nonhyperbolic toral automorphism,
and so Ay(X) = {Ox} by Example 3.4. Hence A,(X) C Ag(X) is also
trivial.

Example 7.5. (Zero entropy and uncountable homoclinic group.) Define
f7g € R3 by

flur,uz,us) =5 —uy —uy’ —upy —uy" —ug — g’
glur, ug, ug) =3 —uy —uy ' —wyug —uy tug?

and put a = (f,g). Since f and g have no common factor in Rg, it fol-
lows that every prime ideal associated to Rs/a is nonprincipal, and hence
h(ag,/a) = 0 by Lemma 2.1(3).

In order to describe Vi (a), let 7: T2 — S? be the isomorphism given by

(s, b, 1) = (€275, 2Tt p2miny,
Then
Vi=71"[Ve(f)nS’]
={(s,t,u) € T?:5 — 2cos 2ms — 2 cos 2t — 2 cos 2mu = 0 }
and
Vo =7"[Ve(g) NS?]
= {(s,t,u) € T3:3 —2cos2ms — 2cos 2m(s +u) =0 }.

Here V; is a 2-dimensional spheroid in T2 while V5 is a skewed cylinder
piercing through V;j. Their intersection V' = V; N V5 is the disjoint union of
two real-analytic curves K; and K5. We give a parametric representation of
these curves in terms of s as follows.
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First observe that (s,t,u) € V4 if and only if
1 3
u=——cos ! <2 — Cos 2775) — s, (7.2)
which determines v in terms of s on V. Since f — g = 0 on V, we obtain
that

2 — 2cos 2wt — 2 cos 2mu + 2 cos 2m(s +u) = 0.

Cancelling the factor 2 and noting that cos2m(s +u) = 3 — cos2ms on Va,
we see that on V
cos 2mt = g — COs 2mu — €Oos 27s.
Hence by (7.2)
t ! cos ! > €os 27s — cos {(:os1 (3 cos 2 s) 2 SH (7.3)
= — = — TS — = — ws | —2ms | . .
27 2 2

Taking into account the appropriate branches of cos™!, the equations (7.2)
and (7.3) describe the two curves K; and K3 in T3.

Identify T% with [~1/2,1/2)3 C R3, and so consider V = K; U K3 as a
subset of R3. It can be verified from our parametric representation that the
curves K; are real-analytic and neither is contained in a hyperplane. More
specifically, each K; has contact of order at most 2 with each 2-dimensional
hyperplane, so that, in the terminology of [18], V' = K; U K» has type 2.
Let vy be the measure on V induced by arc length, ¢ € C*°(V), and u be
the measure defined by du = ¢ dvy. By [18, Thm. 2 of §VIIL.3.2], it follows
that there is a constant C' > 0 such that

li(n)| < C|n||~Y% for all n € Z°.

As in Example 7.3, this provides a linear homoclinic point in ¢q(Z3,R), and
so by scaling gives an uncountable number of homoclinic points for «.
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