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1. (20 total points) Evaluate the following integrals. Simplify your answers where possible.

(a) (5 points)
∫

x2
√

x+2
dx

Solution: u = x+2
∫

x2
√

x+2
dx =

∫

(u−2)2
√

u
du =

∫

u2 −4u+4

u1/2
du =

∫

(u3/2 −4u1/2 +4u−1/2)du =

(2/5)u5/2 − 4(2/3)u3/2 + 4(2)u1/2 + C = (2/5)(x + 2)(5/2) − (8/3)(x + 2)(3/2) − 8(x +

2)(1/2) +C

Solution 2. u =
√

x+2
∫

x2
√

x+2
dx =

∫

(u2−2)2

u
2udu =

∫

(u4 −4u2 +4)2du =

(2/5)u5− (8/3)u3 +8u+C = (2/5)(x+2)(5/2)− (8/3)(x+2)(3/2)−8(x+2)(1/2) +C

(b) (5 points)
∫

tan3(3t −1)dt

Solution:
∫

tan3(3t −1) dt

u=3t−1
du=3dt

=
1
3

∫

tan3 u du =

=
1
3

∫

(sec2 u−1) tanu du =
1
3

(

∫

sec2 u tanu du−
∫

tanu du

)

=

=
1
3

(

tan2 u
2

− ln |secu|
)

+C =

=
1
6

tan2(3t −1)− 1
3

ln |sec(3t −1)|+C
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(c) (5 points)
∫ 2

1

√
x2 −1

x
dx

Solution:
∫ 2

1

√
x2 −1

x
dx

x=secθ
dx=secθ tanθdθ

=

∫ π/3

0

√
sec2 θ −1

secθ
secθ tanθdθ =

=

∫ π/3

0
tan2 θdθ =

∫ π/3

0
sec2 θ −1 dθ

= [tanθ −θ ]
π/3
0

=
√

3− π
3

(d) (5 points)
∫ ∞

0

1
x2 +3x+2

dx

Solution: By partial fractions, find that

I =
∫ ∞

0

[

1
(x+1)

− 1
(x+2)

]

dx

Therefore,

I = lim
t→∞

∫ t

0

[

1
(x+1)

− 1
(x+2)

]

dx

= lim
t→∞

[ln(x+1)− ln(x+2)|t0

= lim
t→∞

ln

[

x+1
x+2

]

|t0

= lim
t→∞

ln

[

t +1
t +2

]

− ln(1/2)

= 0− ln(1/2)

= ln(2)
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2. (10 total points) A helicopter flies straight up and down from t = 0 to t = 5 seconds. Its velocity is
v(t) = t3−6t2 +8t m/s; see the graph.

t

v

(a) (5 points) When does the helicopter return to its initial position? Justify your answer.

Solution: The helicopter returns to its initial position when the displacement is zero.

The displacement after t = a seconds is
∫ a

0
t3−6t2 +8tdt =

[

t4

4
−2t3 +4t2

]a

0
=

a4

4
−2a3 +4a2.

This is zero when a = 0 or when
a2

4
−2a+4 = (

a
2
−2)2 = 0, i.e. when a = 4 seconds.

After 4 seconds .

(b) (5 points) What total distance does the helicopter travel before returning to its initial position?

Solution: distance=
∫ 4

0
|v(t)|dt =

∫ 2

0
t3−6t2 +8t dt +

∫ 4

2
−(t3−6t2 +8t) dt

= 2(

∫ 2

0
t3−6t2 +8t dt) = 2

[

t4

4
−2t3 +4t2

]2

0
= 2(4) = 8 meters .
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3. (10 total points)

(a) (5 points) Evaluate
∫ π/2

π/3

d
dt

(

sin(t)cos(t/2)
)

dt

Solution: Applying FTC II, the integral evaluates to:

sin(t)cos(t/2) |π/2
π/3 = sin(π/2)cos(π/4)− sin(π/3)cos(π/6) = 1

√
2

2 −
√

3
2

√
3

2 = 2
√

2−3
4 .

(b) (5 points) Evaluate
d
dx

∫ π

ex
sin(t)cos(t/2)dt

Solution: Switching the bounds, then applying FTC I and the Chain Rule:
d
dx

∫ π

ex
sin(t)cos(t/2)dt = − d

dx

∫ ex

π
sin(t)cos(t/2)dt = −ex sin(ex)cos(ex/2) .

4. (10 points) Integrate the integral
∫ 3

1
ln(ln(2z)) dz numerically using Simpson’s rule and six intervals.

Do not use your calculator and do not sum or otherwise simplify your result.

Solution:

I ≈ 1
9

[

ln[ln(6/3)]+4ln[ln(8/3)]+2ln[ln(10/3)]+4ln[ln(12/3)]

+2ln[ln(14/3)]+4ln[ln(16/3)]+ ln[ln(18/3)]

]
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5. (10 total points) Let R be the region in the first quadrant bounded by the curve x = 1− y2, the x-axis,
and the y-axis. Let S be the solid obtained by rotating R about the line x = −2.

(a) (5 points) Set up an integral for the volume of S using disks. DO NOT SIMPLIFY OR
EVALUATE.

Solution: V =

∫ 1

0
π((2+(1− y2))2 −22 )dy

(b) (5 points) Set up an integral for the volume of S using cylindrical shells. DO NOT SIMPLIFY
OR EVALUATE.

Solution: V =
∫ 1

0
2π(2+ x)

√
1− xdx
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6. (10 points) Find the area between the ellipse
x2

9
+ y2 = 1 and the circle x2 + y2 = 1.

Solution: Looking at the picture, it is best to integrate in y.

Solving for x in terms of y:

the equation for the right half of the ellipse is x = 3
√

1− y2, −1 ≤ y ≤ 1, while

the equation for the right half of the circle is x =
√

1− y2, −1 ≤ y ≤ 1.

By symmetry, A = 2(

∫ 1

−1
3
√

1− y2 −
√

1− y2dy) = 4
∫ 1

−1

√

1− y2dy = 4
π
2

= 2π .

Remark: Here
∫ 1

−1

√

1− y2dy was computed directly, by recognizing it as the area of the top half

of a circle of radius 1. Alternatively, use the trig substitution: y = sinθ , dy = cosθdθ to get:

∫ 1

−1

√

1− y2dy =

∫ π/2

π/2

√

1− sin2 θ cosθdθ =

∫ π/2

π/2
cos2 θdθ

=
∫ π/2

π/2

1+ cos(2θ)

2
dθ =

1
2

[

θ +
1
2

sin(2θ)

]π/2

π/2

=
π
2

7. (10 points) Find the length of the curve y =
1
4

ex + e−x, 0 ≤ x ≤ 1.

Solution: L =
∫ 1

0

√

1+((1/4)ex− e−x)2 dx =
∫ 1

0

√

((1/4)ex + e−x)2 = (1/4)ex − e−x]10 =

(1/4)e− e−1 +(3/4)
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8. (10 total points) A culture of bacteria is growing in 10 liters of medium containing the sugar glucose.
The bacteria consume 0.01 grams of glucose per minute from each liter of medium. Fresh medium
containing 5g/L glucose is introduced to the culture at a rate of 2L/minute. Used medium is removed
from the culture at the same rate.

Assume that new medium mixes instantaneously with the existing medium as it is introduced.

Let x(t) denote the total amount of glucose in the culture at time t.

(a) (5 points) Write down the differential equation that governs x(t).

Solution: Glucose is added at a rate of 5g/L × 2L/min. Glucose is consumed at a rate of
0.01g/L min × 10L, and removed at a rate of x/10 g/L × 2L/min. Therefore,

dx
dt

= (10−0.1)− 2
10

x

(b) (5 points) Let the concentration of glucose in the medium at t = 0 be equal to 5g/L. Solve the
differential equation.

Solution:

− 5 dx
x−49.5

= dt

and
x(t) = κe−t/5 +49.5

At t = 0, x(0) = 5g/L × 10L = 50g. Therefore,

x(t) = 0.5e−t/5 +49.5
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9. (10 points) An aquarium plans to build an underwater gallery with transparent walls traversing the
bottom of a large tank so that visitors can better view the fish. The gallery will have length L and will
have a triangular cross section of height h and width 2r. The height of the water in the tank measured
from the base of the gallery will be H (H ≥ h). Let ρ denote the density of water and let g be the
acceleration due to gravity. What total force acts on each of the angled walls of the gallery?

h H

2r

water

walls

L

Solution: The walls of the gallery make an angle θ with respect to the floor where

tanθ = h/r

The width of a (differential) strip of the wall, dw, is related to the differential dy of the vertical
coordinate by

dy = dwcos(π/2−θ)

Therefore,

dw = cscθ dy

=

√
h2 + r2

h
dy

The differential force acting on the strip at y is given by

dF = ρgL(H − y) dw

= ρgL

√
h2 + r2

h
(H − y) dy

Integrating over the height of the gallery gives the total force, F , acting on each of its angled walls.

F = ρgL

√
h2 + r2

h

∫ h

0
(H − y) dy

= ρgL

√
h2 + r2

h

(

Hy− 1
2

y2
)

|h0

= ρgL

√
h2 + r2

h

(

Hh− 1
2

h2
)

= ρgL
√

h2 + r2

(

H − 1
2

h

)


