Math 125 L Midterm 1 Burdzy, Winter 2007
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TA's Name and quiz section (circle):
Andrey Novoseltsev LA Piotr Jagiello LB LC

Turn off all cell phones, pagers, radios, mp3 players, and other similar devices.

This exam is closed book. You may use @%é x 11" sheet of handwritten notes (one side).
Graphing calculators are not allowed.

Give your answers in exact form, not decimals.

In order to receive credit, you mustiow all of your work. If you do not indicate the way in which you solved
a problem, you may get little or no credit for it, even if your answer is correct.

Check your work carefully. We will award only limited partial credit.

Placq a box around your answblo each question.

If you need more room, use the backs of the pages and indicate that you have done so.
Raise your hand if you have a question.

This exam has 5 pages, plus this cover sheet. Make sure that your exam is complete.

Question Points Score
1 10
2 10
3 10
4 10
5 10
Total 50
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1. (@ (3 points)Compute/ <X4;3

2x’

— 4 — sin(x)> dx.

Solution:

/<x4;32x7 _4e?(—sin(x)> dx:/(x—2X4—4eX—Sin(x)) dx

= (1/2)x% — (2/5)x° — 4e“+ cogx) +C

(b) (7 points) Compute .

& 2o 19¢

Make the substitution = e* +

Solution: First, transform the integrand,

/exdx—/exdx
e +2e+1 ) (e41)2

1. Thendu = €*dx, and the integral becomes

1 1
/—Zdu:—erC.
u u

Now substitute back in fon. The answer is

-
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. /2 2 .
2. (a) (4 pomts)Compute/ [cosx— (cosx)?] “sin(x) dx.

-1t

Solution: Substituteu = cogx). Thendu = —sin(x)dx and the new limits of integration ate= —1
andu = 0. We obtain

0 0

(U—2)2(—1)du= / (2 — 26 + uh)du

-1

/"/2 ((cog(x) — (COS(X))Z)Zsin(x) dx= /

-1 -1

= (W¥/3-20*/4+W°/5)|=% = 0+1/3+1/2+1/5=|31/30.|

x sin(x?)

_ v
(b) (6 points) Compute /o m

Solution: Make the substitution = cogx?). Thendu= —2x sin(x?) dx, and—(1/2)du= x sin(x?) dx.
The new limits of integration are= 1 andu = —1. The integral becomes

-11 1 11 1 1 S |
- — Z(11/4+11/4) = 11/A.
, 2140 /121+u2 [2“"” ()]1 oA+ m/4) =r/
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3. (10 points)Find the derivative of the function

cogX) d
P = /mx 1—tan)

. a ¢ u  d
Solution: For some constara we Ietf(u)_/u mdt andg(u)_/a Tan(t)dt' ThenF (x) =
f(Inx) +g(cogx)). By the Fundamental Theorem of Calculus,
e"
/ e —
Hw= 1—tan(u)
and o
/ —
g(w= 1—tan(u)
By the chain rule,
d__ . d d - g1 €£0sX) _
ax W =TI +g-qreodx) =3 mmg " x T T-tancogx) S
e 1 __sin(x)e*sX)
| 1-taninx) 1-—tan(cogXx))’
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4. The mileage of a car depends on the road conditions (freeway, unpaved road, mountairig)) tehote the
mileage measured in miles per gallon, wheie the distance from the starting point of the journey. g be
the current rate of consumption of gas by a car, measured in gallons per mile xiheas before, the distance
from the starting point of a journey.

(@) (1 point) Find the relationship betweef{x) andg(x).

Solution: |g(x) =1/f(x)

(b) (2 points) Write a formula in terms of(x) for the total amount of gas used if the journey was 143 miles.

143
Solution: / g(x)dx
Jo

(c) (2 points) Write a formula in terms of (x) for the total amount of gas used if the journey was 211 miles.

211 1
Solution: / ——dx
o f(x

(d) (5 points) The “Edsel” model of Ford had low mileage. A brand new car had 20 MPG (miles per gallon)
mileage but the mileage declined steadily over the lifetime of the car to 15 MPG. Assume that the lifetime
of the car was 100K (100 thousand miles) and the mileage was a linear function of miles driven. Find th
total amount of gas used by Edsel over its lifetime.

Solution: Let x denote the number of miles driven and fék) stand for the mileage. Note that
varies from 0 to 100,000 over the lifetime of a car. The functfdr) is linear with f(0) = 20 and
f(100,000) = 15so f(x) = —T%)OOH 20. The number of gallons of gas burnt per milegix) =

1/f(x). The total number of gallons of gas used over the lifetime of Edsel was equal to

100,000 100000 1 -100,000 1
/ g(x)dx:/ —dx:/ T E—¢
0 0 f (X) 0 — mx + 20

We make the substitutiam= —T%OOXJr 20, sodu= —ﬁ,dx, and—20,000du= dx. The new limits
of integration ara1 = 20 andu = 15. We obtain '

100000 15
/ 11dx_/ L (£20,000du= (~20,0001nu)#=15 — —20,000(In 15— In20)
0 —55000X 1+ 20 20 U

=|20,000In(4/3) |~ 5,75364.
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5. A ball is dropped from a window located 64 ft above the ground. Assume that the gravitational acceleration ¢
the ball is—32ft/seé.

(&) (4 points) Suppose that the ball is released with no initial vertical velocity. Find the time of the impact and
the vertical velocity of the ball at the time of impact.

Solution: Lett stand for timed(t) for the distance to the groundu(t) for velocity, anda(t) for the
acceleration of the ball. We haeét) = —32, V/(t) = a(t), andd’(t) = v(t). The initial conditions are
d(0) = 64 andv(0) = 0. SinceV/(t) = —32, we havev(t) = —32 +C;. The initial velocity isv(0) =0
soC; = 0 andv(t) = —32t. We note that!’(t) = v(t) = —32, sod(t) = —162 +C,. We must have
d(0) = 64sod(t) = —162+ 64. At the time of impact, we haved(tp) = 0, SO—16t2 + 64 = 0. We

conclude thaftto = 2. The velocity at the time of impact i§to) = —32 = —32- 2=| —64]

(b) (6 points) What initial vertical velocity should be given to the ball so that the ball hits the ground in half
the time computed in the first part of the problem?

Solution: We follow the same argument as in the first part, except that the initial velo@jy= vo,
which clearly cannot be equal to 0.

Recall thatt denotes timed(t) denotes the distance to the groungt) is velocity, anda(t) is the
acceleration of the ball. We hawaét) = —32, V(t) = a(t), andd’(t) = v(t). The initial conditions are
d(0) = 64andv(0) = vp. SinceV' (t) = —32, we havey(t) = —32 +C;. The initial velocity isv(0) = vo
SoCy = Vo andv(t) = —32t +vp. We note that!’(t) = v(t) = —32t 4 vp, sod(t) = —16t2 + vot +Co.
We must havel(0) = 64 sod(t) = —16t2 4 vt + 64. At the time of impacty we haved(ty) = 0,

—Vo+/V5+4-16-64

—-32

o] —16t§ 4 votg +64 = 0. We conclude thaty = . The positive solution is

Vo+ 1/ V3 + 4096
to= > . This is supposed to be equal to one half of 2 seconds, that is, 1 second. We
have to solve the equation

Vot v0+4096

T

32=vy+ v0 + 4096

1

32—vp = 1/V2+4096
1024— 64vp -+ V3 = Vg -+ 4096

Vo = %Giomzft/sec

Note that the initial velocity has to be negative because the ball has to be thrown towards the ground
so that it hits the ground sooner than a ball released with no initial velocity.




