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1. (10 points) Compute
∫

xsin(4x)cos(3x)dx.

Solution:

Recall that
sin(4x)cos(3x) =

1
2
(sin(4x+3x)+ sin(4x−3x)) =

1
2
(sin(7x)+ sinx).

Hence ∫
xsin(4x)cos(3x)dx =

1
2

∫
x(sin(7x)+ sinx)dx =

1
2

∫
xsin(7x)dx+

1
2

∫
xsinxdx.

We compute the second integral using integration by parts.

1
2

∫
xsin(x)dx =−1

2
xcosx+

1
2

∫
cosxdx =−1

2
xcosx+

1
2

sinx+C

The first integral can be transformed into the second one by the substitution u = 7x with du/7 = dx,

1
2

∫
xsin(7x)dx =

1
2

∫ u
7

sin(u)du/7 =
1
49
· 1

2

∫
usin(u)du =

1
49

(
−1

2
ucosu+

1
2

sinu
)
+C1

=
1

49

(
−7

2
xcos(7x)+

1
2

sin(7x)
)
+C1

We add the two partial results to obtain

∫
xsin(4x)cos(3x)dx = − 1

14
xcos(7x)+

1
98

sin(7x)− 1
2

xcosx+
1
2

sinx+C2.
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2. (10 points) Determine whether the improper integral
∫

∞

0
e−x sinxdx is convergent. If it is convergent, find its

value.

Solution:

We will find the indefinite integral
∫

e−x sinxdx using integration by parts.

∫
e−x sinxdx =−e−x cosx−

∫
e−x cosxdx

We integrate by parts again.∫
e−x sinxdx =−e−x cosx−

∫
e−x cosxdx =−e−x cosx− e−x sinx−

∫
e−x sinxdx

We take the term −
∫

e−x sinxdx to the left hand side.

2
∫

e−x sinxdx =−e−x cosx− e−x sinx+C

∫
e−x sinxdx =−1

2
e−x(cosx+ sinx)+C1

We have

lim
b→∞

∫ b

0
e−x sinxdx = lim

b→∞

(
−1

2
e−x(cosx+ sinx)

∣∣∣b
0

)
=

1
2

e−0(cos0+ sin0) =
1
2

REMARK: The comparison test cannot be used because the function e−x sinx changes sign infinitely many
times as x goes to infinity.
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3. (10 points) Compute
∫ x5
√

x2 +1
dx.

Solution:

Method I. We make the substitution u = x2 +1, du = 2xdx. Then x2 = u−1 and∫ x5
√

x2 +1
dx =

∫
(u−1)2

u1/2

1
2

du =
1
2

∫ u2−2u+1
u1/2 du =

1
2

∫
(u3/2−2u1/2 +u−1/2)du

=
1
2

(
2
5

u5/2− 4
3

u3/2 +2u1/2
)
+C =

1
2

u1/2
(

2
5

u2− 4
3

u+2
)
+C

=
1
2

√
x2 +1

(
2
5
(x4 +2x2 +1)− 4

3
(x2 +1)+2

)
+C =

1
15

√
x2 +1(3x4−4x2 +8)+C

Method II. We apply inverse trigonometric substitution x = tanθ . Then dx = sec2 θdθ and∫ x5
√

x2 +1
dx =

∫ tan5 θ√
tan2 θ +1

sec2
θdθ =

∫ tan5 θ

secθ
sec2

θdθ =
∫

tan5
θ secθdθ

=
∫ sin5

θ

cos5 θ
· 1

cosθ
dθ =

∫ sin4
θ

cos6 θ
sinθdθ =

∫
(1− cos2 θ)2

cos6 θ
sinθdθ

We apply another substitution u = cosθ , du =−sinθdθ .∫
(1− cos2 θ)2

cos6 θ
sinθdθ =−

∫
(1−u2)2

u6 du =−
∫ 1−2u2 +u4

u6 du =−
∫
(u−6−2u−4 +u−2)du

=−
(

1
−5

u−5−2 · 1
−3

u−3 +
1
−1

u−1
)
+C = u−5/5−2u−3/3+u−1 +C

Since x = tanθ so

u−1 = 1/u = 1/cosθ = secθ =
√

tan2 θ +1 =
√

x2 +1 = (x2 +1)1/2.

Hence,

= u−5/5−2u−3/3+u−1 +C =
1
5
(x2 +1)5/2− 2

3
(x2 +1)3/2 +(x2 +1)1/2 +C

=
1
15

√
x2 +1(3x4−4x2 +8)+C
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4. (10 points) Find the length of the curve y = ln(1− x2) between x = 0 and x = 1/8. Give answer in exact
simplified form.

Solution: The length of the curve y = f (x) = ln(1− x2) between x = 0 and x = 1/8 is equal to∫ 1/8

0

√
1+( f ′(x))2 dx.

We have f ′(x) =−2x/(1− x2) so

1+( f ′(x))2 = 1+
4x2

(1− x2)2 =
(1+ x2)2

(1− x2)2

and, therefore, ∫ 1/8

0

√
1+( f ′(x))2 dx =

∫ 1/8

0

√
(1+ x2)2

(1− x2)2 dx =
∫ 1/8

0

1+ x2

1− x2 dx

=
∫ 1/8

0

(
−1+

1
1+ x

+
1

1− x

)
dx = (−x+ ln(1+ x)− ln(1− x))

∣∣∣1/8

0

=−1/8+ ln(9/8)− ln(7/8) = −1/8+ ln(9/7)
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5. (10 points) Use Simpson’s rule with n = 4 subintervals to find an approximation to
∫ 3π/2

π/2

sinx
x

dx. Give the

answer in exact form or as a decimal number with at least 3 significant digits.

Solution: With f (x) = sinx
x , we have

∫ 3π/2

π/2

sinx
x

dx≈ π

4
· 1

3
( f (x0)+4 f (x1)+2 f (x2)+4 f (x3)+ f (x4))

=
π

4
· 1

3

(
sinx0

x0
+4

sinx1

x1
+2

sinx2

x2
+4

sinx3

x3
+

sinx4

x4

)

=
π

4
· 1

3

(
sin(π/2)

π/2
+4

sin(3π/4)
3π/4

+2
sinπ

π
+4

sin(5π/4)
5π/4

+
sin(3π/2)

3π/2

)
=

1
45

(
4
√

2+5
)
≈ 0.236819
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6. A container has the shape of a hemisphere with radius 2 meters. The container was completely filled with water.
The water was pumped out over the edge in two stages. At the first stage, only the top layer of water of depth b
meters was pumped out. At the second stage, the remaining water was pumped out. The amount of work done
at the first stage was the same as the amount of work done at the second stage.

(a) (5 points) Express the amount of work done at the first stage as a function of b. Simplify your answer.
(b) (5 points) Find b. Give the answer as an exact number or in decimal form with at least 3 significant digits.

The mass density of water is 1,000 kg per cubic meter. Assume that the gravitational acceleration is 9.8 meters
per second squared.

b

Solution:
(a) Let the top of the container play the role of the 0 level. The volume of a layer of water y meters below the
top is πr2∆y = π(4− y2)∆y. The work needed to pump out this layer of water is 1,000 ·9.8π(4− y2)∆y · y.
The amount of work needed to pump out the top layer of water of depth b is equal to

∫ b

0
1,000 ·9.8π(4− y2)ydy = 9,800π(2y2− y4/4)

∣∣∣b
0
= 9,800π(2b2−b4/4) (joules)

(b) The total work done at both stages of pumping was∫ 2

0
1,000 ·9.8π(4− y2)ydy = 9,800π(2y2− y4/4)

∣∣∣2
0
= 9,800π(2 ·22−24/4) = 4 ·9,800π.

Since the work done at the first stage was 1/2 of this amount, we have

9,800π(2b2−b4/4) = 4 ·9,800π/2.

2b2−b4/4 = 2

Let a = b2.
2a−a2/4 = 2

a2−8a+8 = 0

a =
8±
√

82−4 ·8
2

= 4−2
√

2

We chose the value of a less than 4 because b =
√

a must be less than 2.

b =
√

a =

√
4−2

√
2 ≈ 1.08239 (meters)


