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e Check that this booklet has all the exercises indicated above.
e TURN OFF YOUR CELL PHONE.

e Write your name and your student ID.

e This is a 50 minute test.

e You may use a scientific calculator and on& 8 11 inch sheet of (two-
sided) handwritten notes. All other electronic devices (including graphing
calculators) are forbidden.

e Unless otherwise indicated, your answers should be exact instead of dec-
imal approximations. For exampfpis an exact answer and is preferable
to its decimal approximation.®8.

e Unless otherwise indicated, show your work and justify all your answers.
Box your| final answer

Sample solution




Exercise 1 (7 points).

Consider the pointé = (3,4,1), B= (4,—1,0) andC = (1,2,2). What is the
area of the triangl&BC?

Solution: We haveAB = (1, -5, —1) andAC = (—2,—2,1). Then

- - —

"
ABXxAC=| 1 -5 —1|=(-5-2,—(1-2),-2-10)=(-7,1,-12)
2 2 1

The area is then

%@ « AG| = %\/72+ 121122 — %\/19 ~ 6.9642




Exercise 2 (11 points).
Consider the two lines given by symmetric equations

—4
l1: X—1=y+2=2z-3 ly: XT:y:z—S

(a) Both lines intersect in exactly one point. Compute the angle of the intersec-
tion (rounded to the nearest degree).

Solution:

e Line /1 contains for example the point4, —2,3) and(2,—1,4). Hence
the direction vector the line idl, 1,1).

e Line ¢, contains for example the pointd,0,5) and (2, —1,4) and hence
the direction vector i$2,1,1). The angled between both direction vectors
satisfies

(L,11-(211) 4 4

Henced = cos !(5) ~ 19.4712 which can be rounded (0.3398
in radiants).

cog0) =

(In fact, (2,—1,4) is the unique point wheré, and/, intersect, but we didn’t
ask for that one.)

(b) Find the equation of the plane that contains both lfeand/s.
Solution: We already learned that the plane contains the directibris1) and
(2,1,1). Their cross product is

_.l

(1,1,1) x (2,1,1) = = (0,—(1-2),1—-2)=(0,1,—1)

P
N

1
2
Since(4,0,5)- (0,1,—1) = —5, the equation of the plane is

y—z=-5




Exercise 3 (2+2+2+2=8 points).

We want to study the surface RP that is described by the equation
N
9 a1t =0

a) Fill out the following table (no justification needed).

a parabola a hyperbola an ellipse empty other

The trace with thexy-plane is [ ] [ ] ][]
The trace with the plang=2is [ | [ ] [ ] [ ]
The trace with the plang=6is [ | [ ] ][]

b) Hence, the surface is an

[ ]elliptic cylinder [ ]cone

[ ] parabolic cylinder [ ] elliptic paraboloid

[ ]hyperbolic cylinder [ ] hyperboloid of one sheet

[ ]ellipsoid hyperboloid of two sheets
Solution:

e The trace with thexy-plane isx—g2 — yzz = —5 which is ahyperbola.
e The trace with the plang= 2 is

X2 7

A

9 716

which hasno solution.
e The trace with the plang= +6is % C 4z T = 4 which is arellipse.
e Overall the surface is layperboloid of two shests.
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Exercise 4 (4+8=12 points).

The equatiom = 20 + 1 for 8 > 0 describes a curve iR? in polar coordinates.

a) List 3 points (in Cartesian coordinates) where the curve intersects thvposit

y-axis.
Solution: The first 3 points are

angle

point

0=rm/2 (0, T+ 1) ~ (0,4.1416

6= (5/2)m| (0,57+1) ~ (0,16.70796

0= (9/2)m| (0,9m+ 1)~ (0,29.2743

b) Consider the line that is tangent to the curvéat . What is its slope?

Solution: In Cartesian coordinates, the curve can be described as the vector

function

r(8)=(x(0),y(0)) =((26+1)-cog0),(260+1)-sin(O)).

The derivative vector is

r'(6)=(X(0),y(0))=(2cog0)—(20+1)sin(0),2sin(8) + (26 + 1) cog H)).
andr’(m) = (—2,—2m—1). The slope ab = mis

y(m —2m-1_

X(m —~— -2

7T+l
2




Exercise 5 (12 points).

Compute the curvature(t) for the curver(t) = (t 4 sin(t), tl—i,cos(&)) att=72
(I prefer an exact answer).

Solution: We compute

P(t) = (14cogt), =, —3sin(3t))

r’(’—;) _ (1,271,3)

\r’(g)| — 1o+136n2

rt) = (—sin(t),G—;,—Qcos{?;t))

r”(g) — (~1,3,0)
i 7k 3

Pty xr’t) = | 1 3m 3 :(—9,—3,3+Zn)

1 3 0

9 9
/ /! — ~ I
Ir(t) x 7 (t)| \/99+ 27T+ 16"

Using the formula from the lecture we get

7/ (t) x 7" (t)| fort=% \/99—|— %TH- 1267-[2
K(t) = s
)P (104 X112)3/2




