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Exercise 1 (12 points).

The equation
xyz+2x2y2−3y2z3 =−2

determines a surface inR3. Find the tangent plane to the surface at the point
(1,2,1).
Hint: Use implicit differentiation.

Solution: We considerz(x,y) as a function ofx,y. Then around the point
(1,2,1), the functionz(x,y) is determined by the equation

xy · z(x,y)+2x2y2−3y2z(x,y)3 =−2.

Taking partial derivatives on both sides of the equation, we obtain

yz+ xyzx +4xy2−9y2z2zx
!
= 0⇒ yz+4xy2 = (9y2z2− xy)zx

⇒ zx =
yz+4xy2

9y2z2− xy
x=1,y=2,z=1

=
9
17

and

xz+ xyzy+4x2y−6yz3−9y2z2zy
!
= 0⇒ xz+4x2y−6yz3 = (9y2z2− xy)zy

⇒ zy =
xz+4x2y−6yz3

9y2z2− xy
x=1,y=2,z=1

= −
3
34

The equation of the plane is then

z =
9
17

(x−1)−
3
34

· (y−2)+1
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Exercise 2 (10+2+2=14 points).

Consider the function

f (x,y) =
1

x2+1
− xy+ y

a) Determine and classify all critical points off .

b) We want to understand better, how the functionf behaves for points(x,y)
that have a large magnitude.

i) Find a vector function~r(t) = (x(t),y(t)) so that f (x(t),y(t)) → ∞ as
t → ∞.

ii) Find a vector function~r(t) = (x(t),y(t)) so thatf (x(t),y(t))→−∞ as
t → ∞.

Solution: For a). We have

fx =−
2x

(x2+1)2
− y fy =−x+1

Then we solve
[

fx = 0
fy = 0

]

⇔

[

− 2x
(x2+1)2 − y = 0

−x+1= 0

]

⇔

[

− 2
(1+1)2 − y = 0

x = 1

]

⇔

[
y =−1

2
x = 1

]

Hence the only critical point is(x,y) = (1,−1
2). The Hessian matrix is

(
fxx fxy

fxy fyy

)

=

(
8x2

(x2+1)3 −
2

(x2+1)2 −1

−1 0

)

Plugging in(x,y) = (1,−1
2) we get

∣
∣
∣
∣

fxx(1,−1
2) fxy(1,−1

2)

fxy(1,−1
2) fyy(1,−1

2)

∣
∣
∣
∣
=

∣
∣
∣
∣

1
2 −1
−1 0

∣
∣
∣
∣
=−1< 0

Hence (1,−1
2) is a saddle point .

b) i) For example for~r(t) = (0, t) the function value goes to∞ for t → ∞ and to
−∞ for t →−∞.
ii) For example for~r(t) = (t,1) [or~r(t) = (0,−t)], the function tends to−∞ as
t → ∞.
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Exercise 3 (12 points).

We want to construct a lamina in form of a ring that has inner radius 1 and
thicknessa. If the density of the lamina is given by

ρ(x,y) = x4+2x2y2+ y4,

then how do we need to choosea so that the mass of the lamina will be exactly
728· π

3?

x

y

a
1

Observe thatρ(x,y) = (x2 + y2)2 (which is r4 in polar coordinates). We
integrate

∫ 2π

0

∫ 1+a

1
r ·ρ(r ·sin(θ),r ·sin(θ)) dr dθ

=
∫ 2π

0

∫ 1+a

1
r ·
(

(r sin(θ)2+(r cos(θ))2
)2

dr dθ

=
∫ 2π

0

∫ 1+a

1
r5 · (sin2(θ)+cos2(θ))2
︸ ︷︷ ︸

=1

dr dθ

=
∫ 2π

0

[
1
6

r6
]r=1+a

r=1
dθ

=
1
6

∫ 2π

0
((1+a)6−1)dθ

=
1
6
·2π · ((1+a)6−1)

This quantity is 728· π
3 exactly for a = 2 .
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Exercise 4 (12 points).

Compute the integral
∫ 0

−4

∫ 2

√
−y

y ·
√

5+ x5 dx dy

Hint: Reverse the order of integration.

Solution: We reverse the order of integration and obtain
∫ 0

−4

∫ 2

√
−y

y ·
√

5+ x5 dx dy =
∫ 2

0

∫ 0

−x2
y ·
√

5+ x5 dy dx

=
∫ 2

0

[1
2

y2
√

5+ x5
]0

y=−x2
dx

= −
1
2

∫ 2

0
x4
√

5+ x5 dx

= −
1
10

∫ 2

0
5x4
︸︷︷︸

= d
dx(5+x5)

√

5+ x5 dx

= −
1
10

·
2
3

[

(5+ x5)3/2
]2

0

= − 1
15(373/2−53/2) ≈−14.2587

√
−y 1

2

3

4

−1

−2

−3

−4

1 2 3 4−1−2−3−4

y

x

−x2

1

2

3

4

−1

−2

−3

−4

1 2 3 4−1−2−3−4

x

y
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