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Introduction

This paper is the fourth and last in the series “On the classification of primitive
ideals for complex classical Lie algebras", extending the main results of [6] to
type D. Here the generalized t-invariant defined in [6] must be defined in a
different way, as there is no pair of adjacent simple roots in type D with different
lengths. Instead we attach a family of operators to a quadruple of simple roots
spanning a subsystem of type D4, each of them taking either one or two values,
like the corresponding operators in types B and C, and use these to characterize
primitive ideals via their generalized 7-invariants.

Section 1

4.1.1. NOTATION. We will implicitly rely on the notation introduced in the first
three parts of this sequence of papers. It is summarized in an appendix of [6].

(1) For simple roots we take a’l =eg+eqand a,, = e, —em_1 for 2<m <n.

This non-standard notation will facilitate the use of results from [6]. Set

Il ={af,as,...,a,} and write s, for Sal> the reflection in . We let W be the

Weyl group of type C,, and will write W' for the subgroup of W generated by
the reflections in the roots belonging to IT". Further, let W’ =W\ W',

(2) We define
F'(M1,M3) ={y € #(M1,Mz)||{(e,g,e)eyle=—-1}]=0 (mod 2)},

and set " (M1,Ms3) = S (M1,Mo)\%'(M1,M5). Define #'(n,n) and " (n,n)
by imitating [4, 1.1.2].

(3) For (T1,T9) € T (M1,M3) we write n;((T1,T2)) = ny(T1) + ny(Te), and simi-
larly define n,((T1,T9).

(4) We define
T (M1,M2)={(T1,Te) € T (M1,M2)|n,(T1,T2))=0 (mod 4)}
and

T"(M1,M3)={(T1,T2) € T (M1,M2)|n,(T1,T2)) =2 (mod 4)}.



The sets 9'(n,n) and 9 "(n,n) are defined by imitating [4, 1.1.9]. When
we wish to specify that the D grid is being used explicitly, we will write
T (M1, M3), I/ (M1,Ms), T} (n,n), and J;)(n,n). Write Ip(n,n) for the
union of J,)(n,n) and 97 (n,n).

4.1.2. REMARK. For w € W we have 5(s,w) = SC¥(1;SCF(2;In®(1,2;6(w)))) and
S(ws’) = SCL(1;8Ck(2;Inf(1,2;6(w)))). Consequently, we have

S(W')=.%"(n,n) and S(W") =" (n,n).

4.1.3. PROPOSITION. Let (T',v,e) € M and let (T, P) = a((T’,v,¢)).
(1) Ife=1, then either
(a) P is horizontal, nj,(T) =nx(T))+1, and n,(T) = n,(T), or
(b) P isvertical, ny(T)=np(T')+2, and n,(T) = n,(T') - 1.
(2) Ife=-1, then either
(a) P ishorizontal, nj(T)=np(T')—-1, and n,(T) =n,(T")+ 1, or
(b) P is vertical, ny(T) = ny(T’), and n,(T) = n,(T) + 2.
Proof. The proof is by induction on |[M]; the case when |[M| =1 is obvious. Set
e = sup M and note that the proof of the proposition is clear when v = e, so assume
v#e. Set T =T —e and (T,P) = a((T ,v,¢)). Then T =T —e. Set P, = P(e,T) and
P, = P(e,T'). We will prove statement (1) for np, the others can be verified by a
similar case-by-case analysis. There are four cases.
Case A. Here P is horizontal and II_JmPél =1. Then P, and P are vertical and
P, is horizontal. Thus 7;(T) = nj(T) + 1 = n,(T )+ 2 = n,(T') + 2, as desired.
Case B. Here P is horizontal and P = ﬁ;. Then P,, P, and P, are horizontal.
Thus n4(T) = np (M +1 = np(T) +2 = ny(T) +2.
Case C. Here P is vertical and IﬁﬁPél =1. Then P} and P are horizontal and
P, is vertical. Thus n4(T) = n4(T) = nj(T ) +2 = np(T) + 1.
Case D. Here P is vertical and P = F;. Then P, P, and P, are vertical. Thus
ny(T) = np(T) = ny(T)+2 = ny(T') + 2.
O
4.1.4. COROLLARY. Letye . #(M1,M>3). Then ny(A(y)) =0 (mod 2) and n,(A(y)) =

0 (mod 2). We have y € &'(M1,M5) if and only if n,(A(y)) =0 (mod 4) and y €
F"(M1,My) if and only if n,(A(y)) =2 (mod 4).

Proof. The proof is by induction on |M1], and is then obvious from the definitions

and Proposition 4.1.3. O

4.1.5. COROLLARY. (1) We have 3 (M1,M3)=9"'(M1,M3)uJ " (M1, Ms).

(2) The map A yields a bijection from .#'(M1,Ms) to 9 '(M1,Ms3) and from
F"(M1,Ms) to T"(M1,My).

4.1.6. COROLLARY. The map A 0§ yields a bijection from W’ to 9 '(n,n) and
from W to " (n,n).



Section 2

4.2.1. NOTATION. Let (T1,T9) € 9xg(M1,M5) for K =B, C, or D. Let ¢ be an
extended cycle in T relative to Ty and suppose that ¢ is a union of open cycles in
T:. We write

Cy(c)={c'|¢' Scand ¢’ € OC(Ty)},

and
Sq(c) ={S | there is a ¢’ € Cy(c) such that S = Sp(c) or S = Sp(c")}.

We let n,(c) be the number of up cycles contained in ¢ and n4(c) be the number
of down cycles contained in c.

4.2.2. PROPOSITION. Let (T1,T2) and ¢ be as in 4.2.1 and suppose that Cy(c) <
OC*(T;). Let ¢ be the extended cycle in T¢ relative to T; corresponding to c.
Then either n,(c)+n,(c) =nq(c) +nq(e)+2 or ny(c)+ny(c) =ngle) +nq(e)—2.

Proof. The proof is by induction on |M;|, the proposition being vacuously true
when |[M1| =0. Let e = supM;. If e ¢ ¢ then the proposition in true by induction
using Theorem 2.2.3 and Proposition 2.2.4, cf. Proposition 2.3.3(b)). So assume
e € c. The proposition is clear if ¢ = {e} so assume c # {e}. Let (T, ,T’z) =(T¢,Te)-L.
Then by Proposition 2.3.3(b), ¢ \ {e} is an extended cycle in T relative to T;. Set
¢’ =c\{e} and let ¢’ be the corresponding extended cycle in T}, relative to T/.
We will assume that P(e,T;) is horizontal; an analogous transposed argument
works when P(e,T;) is vertical. If P'(e,T1) is also horizontal, that is, if for some
¢eCy(c), ¢ # {e}, we have Sp(¢) € P(e,T1) or Sf(é) € P'(e,T1), then the proposition
is clear using the c.s.p.b’s of Theorem 2.2.3 (1a) or (2a) and Proposition 2.2.4 part
(1a) or (2a). So assume P’'(e,T;) is vertical. Set P(e,T1) ={S;;,S; j+1}. There are
two cases:

Case A. Here {e} € Cy(c). Then P'(e,T1) = {Si;,Si+1,j}. Thus {e} is a down
cycle, and so by using Proposition 2.2.4 (1b) we have n,(c) = ny(c’) and ng4(c) =
nq(c")+1. Now by Theorem 2.2.3 (1b) there are cycles ¢! and ¢2 € OC*(Ts) and & €
OC*(T}) such that Sp(c!) = Sp(é"), Sp(c?) = Sit1,5, Sp(c?) = S, j+1, and Sp(c?) =
S¢(&"). Note that the alternative suggested by Theorem 2.2.3 (1b) is the existence
of a cycle ¢ € OC*(Tg) with Sp(é) = S;11; and Sf(é) = S; j1, but then {e} is an
extended cycle in T; relative to T, contradicting the assumption that ¢ # {e}. Let
U = w(Cy(@)\ {c',c%}) where y is the c.s.p.b. of Theorem 2.2.3 (1b). Then ¢’ =
(Ugery €) U@ There are three possibilities. Suppose first that ¢! is a down cycle.
Then c? is nested in ¢! and thus we have p(S3(¢") = p(Sp(cl)) < p(Sf(cz)) <1, S0
¢? is an up cycle and & is a down cycle. Similarly, if ¢2 is a down cycle, then ¢!
is an up cycle and & is a down cycle. Finally, if both ¢! and ¢2 are up cycles then
¢’ is an up cycle. In all three cases we have n,(¢) = n,(¢')+1 and ngq(c) = ng(@).
Thus

ny(e)+n, @) =ny(c)+n,)+1and ng(c)+ng(@) =ngq(c)+nq(@)+1,

so the proposition holds by induction.



Case B. Here {e} is not a cycle in T;. Then P'(e,T1) = {Si-1,j+1,Si,j+1}. By
Theorem 2.2.3 (2b), there is a cycle &' € OC*(T,) such that S3(¢') =S;_1,;41 and
S¢(&")=8;j. In particular ¢’ is a down cycle so the c.s.p.b. of Theorem 2.2.3 (2b)
implies 7,(¢) = n,(¢') and ngy(c) = ng(c’)— 1. By Proposition 2.2.4 (2b), there are
cycles ¢ € OC*(T1) and c!, ¢ € OC*(T)) such that Sp(c?) = Sp(é), Sp(c!) = Sjj,
Sp(c?) = Si-1,j+1, and Sf(c2) = Sr(¢). We now proceed as in the previous case,
finding n,(c) = ny (c')—1 and ng4(c) = ng(c’). Thus again the proposition is true
by induction.

O

4.2.3. DEFINITION. Let (T1,T2) € 9g(M1,M32) for K =B, C, or D. Let ¢ be an
extended cycle in Ty relative to To and suppose either c¢ is an closed cycle in Ty
or Cy(c) < OC*(T1). We say that c is an up extended cycle is either c is a closed
up cycle in Ty or ny,(c)+n,(c) = ng(c)+ng(c) + 2. Otherwise, we say that c is a
down extended cycle.

4.2.4. PROPOSITION. Let (T, T2) and c be as in Definition 4.2.3. Set (T}, T;) =
E(T1,T9),c,L).
(1) Ifcis an up extended cycle, then

nyp((T,Ty) = n5((T1,T2)) +2 and n, (T}, Ty)) = n,((T1, T2)) - 2.

(2) If ¢ is a down extended cycle, then

ny((T1,T9)) = ny((T1,T2)) + 2 and n; (T}, TY) = np(T1,T2)) - 2.

Proof. If ¢ is a closed cycle in Ty, then this is given by conditions (1) and (2)
of Propositions 3.3.10 and 3.3.11. If ¢ is a union of open cycles in T; with
Cy(c) < OC*(Ty), then this proposition is a consequence of Proposition 4.2.2 and
conditions (3) and (4) of Propositions 3.3.7 and 3.3.8. O

4.2.5. REMARK. We have now proved the appropriate analogues of conditions
(3) and (4) of Propositions 3.3.7 and 3.3.8 for up and down extended cycles ¢ with
Cy(c) € OC*(T1). The relevant condition (5) of both propositions is also true via
induction. Conditions (1) and (2) can be modified as below. We state the result
for up extended cycles; analogous statements hold for down extended cycles.

4.2.6. PROPOSITION. Let (T1,T2) € Ix(M1,M5) for K =B, C, or D and let ¢
be an up extended cycle in T; relative to Ty. If é € Cy(c), then either ¢ is an up
cycle or there is an up cycle é! € Cy(c) with é nested in é!. Let % = |Cy(c)| and
label the squares Sq(c) ={Sy,...,S2z} so that p(S1) <... < p(Sgp), or equivalently,
x(S1)>...>x(Sgz). Then

(1) S1=8¢(c") for some ¢’ € Cy(c) and Sgp = Sp(c”) for some ¢” € Cy(c), and

(2) S;=8¢(c") for some ¢’ € Cy(c) if and only if ;1 = Sp(c”) for some ¢” € Cy(c).

Proof. The proofis by induction as for Proposition 4.2.2. The only difficulty arises
in Case A, so let e, (T, T5), cl, ¢2, and ¢’ be as therein. Assume first that ¢!



is an up cycle. Note that there is an even number of squares S € Sq(c’) with
i+1<p(8S) < p(Sp(ch)), since any cycle in Ty with such an S as its forward or
back square is nested in ¢!. By (2) and induction, these alternate between back
and forward squares, so if we pick S € Sq(c’) with p(S) maximal given that p(S) <
p(Sp(ch)), then there is a é2 € Cy(c') such that S = Sy (¢2). If é2 is an up cycle, the
¢ = {e} is nested in ¢2, otherwise by induction ¢2 is nested in some up cycle in ¢’
which then also nests {e}. We see that statement (2) is also satisfied by c. The
proof is similar when ¢? is an up cycle. Finally, as in Proposition 4.2.2, we must
also consider the proof of the transpose of Case A. This is trivial for (1), and for
(2), it is the transposed proof.

O

Section 3

4.3.1. DEFINITION. Let w € W or w € W". We define X (w), t8(w) < IT as in
Definition 2.1.3 using a' and s) is place of @1 and s;. We define D{;ﬁ(W’) and

Dgﬁ(W’) for any pair of adjacent simple roots a, € II' as in Definition 2.1.4-1
and Tgﬁ and Tfﬁ as in Definition 2.1.4-2.

4.3.2. DEFINITION. Let y € #(M1,Ms).

(1) Suppose {1,2} < M;. Let &, [, €1, and €2, be such that {(1,%,¢1),(2,1,e2)} S .
We say that af € TL(y) if either both 2 > and €; = —1 or both 2 </ and
€2 = —1; otherwise we say a ¢ TL(}/). We define analogously a € TR()/) and
al ¢ 7% (y) when {1,2} € M5.

(2) Fori=2, the statements a; € TL(Y), a; ¢ TL(y), a; € TR(y), and a; ¢ TR(Y) are
defined as in Definition 2.1.5.

(3) Suppose that either {1,2,3} < M; and {a,f} = {a’l,a3} or i —1,i,i+1} < M;
and {a, B} = {a;,a;+1}. Then we define Dgﬁ(y(Ml,Mz)) and foﬁ(y(Ml,Mz))
as in Definition 2.1.7-1.

(4) If{a,p}={a),as} and {1,2,3} = M; , we define
Typ:Dap( (M1, M2)) — D (#(M1,M2))
by setting Top(y) =y’ where
{y't = {SCh(1;8CH(2;In(1,2; 7)), In"(2,3; 1)} N D5 (# (M1, My)).

As usual, Tﬁ 6 is a well-defined bijection with inverse Té o

(5) If{i—1,i,i +1} < M; and {a, B} ={a;,a;+1} with i =2, we define
a

T3 Dip(F (M1, M) — D (S (M1, M)

as in Definition 2.1.7-2.



(6) We define analogously the operators

Ths: DR (F (M1, My) — DE (F (M1, M)).

REMARK. All of the following properties of the r-invariant also hold with R in
place of L:
(1) For w € W, we have 7£(6(w)) = 8 (w) and 78 (6(w)) = 5 (w). For w € Déﬁ(W')
we have 6(Tqpw)) = Tap(6w)).
(2) Ifye S(M1,Ms)and {1,2} € My, then a € 7¥(y) if and only if @} ¢ T%(SC(y)).

(3) IfyeDyp(F(M1,M3)), then SC(y) € Dgo(F#(M1,M2)) and

Tap(SC(y)) = SC(T o 5(y)).

REMARK. As noted in Remark 2.1.5, the notion of inclusion in a 7-invariant for
elements of #(M1,M5) is not defined as inclusion in a set, but rather as formal
statement. We remedy this as follows. Let M < N* be a finite set. Define 7(M) as
a subset of {a} U{a; | 1<i<oo} by

(1) ) € 7(M) if and only if {1,2} € M, and

(2) fori>1, a; et(M)ifand only if {i,i + 1} < M.

We then define, say, for y € (M1, M>), t%(y) € 1(M1), adapting the previous def-
initions to this context in the obvious way. Strictly speaking, the r-invariants of
this paper must consequently be distinguished from those in [5] and [6], but we
will neglect doing so.

4.3.3. DEFINITION. Let T € 9 (M) and suppose {1,2} € M. We say that o} € 7(T)
if either:
(1) P(1,T)={S11,S21} and P(2,T)={S12,S22},
(2) P(1,T)={S1,1,S1,2} and P(2,T)={S2,1,S3,1}, or
(8) P(1,T)={S1,1,S2,1} and P(2,T)={S31,S4,1}.
Otherwise we say that a/ ¢ 7(T).
REMARK. With T as above, we have & € 7(T) if and only if o} ¢ (*T).

We will view the map A of Definition 1.2.1 as a bijection from (M1, M53) to
Ip(M1,M32) and write A(y) = (L(y),R(y)). The following is obvious by inspection:

4.3.4. PROPOSITION. Suppose y € #(M1,M32) and {1,2} < M. Then a'l € TL(Y) if
and only if @} € 7(L(y)) and ) € 7%(y) if and only if & € T(R(y))

When {a,f} = {a;,ai+1} or {a},as}, we define the domains D} ,(Ip (M1, M>))
and Dgﬁ(LOTD(Ml,Mg)) as in Definition 2.1.11. When {a, B} = {a;,a;+1}, we also

adopt its subsequent definitions of Tgﬁ and Tfﬁ. When {a, 8} = {a}, a3}, the defi-
nition is more intricate, as below:



4.3.5. DEFINITION. Suppose {a, f} = {a'l,ag}. We define
TLs:D5y(Tp (M1, M3) — D (Tp(M1, M)

via several cases. Let (T1,Tg) € Déﬁ(gp(Ml,Mz)).
(1) Suppose Sg2 ¢ P(2,T1)UP(3,T1). Then we set Tgﬁ((Tl,Tz)) =(In(2,3;T1),T9).

(2) Suppose P(1,T1) ={S1,1,82,1}, P(2,T1) = {S1,2,S22}, and P(3,T1) = {S1,3,51,4}-
Set (T1,Ts) = E((T1,Ty),ec(3,T1;T2),L). Let T} = (T1\{(2,S22),(3,S13)H U
{(2,81,3),(3,S2,2)}. We then define

T55((T1, T2)) = (T1,Ty).

(3) Suppose P(1,T1) ={S1,1,821}, P(2,T1) ={S1,2,S2,2}, and P(3,T1) ={S13,S23}.
Set T} = (T1 \{(2,82,2),(3,S1,3)) U{(2,S1,3),(3,S2,2)}. We then define

Tgﬁ((Tl ,To)) = E((T},Te),ec(3,T;T9),L).

(4) In any of the settings not listed among (1)-(3), Té ﬁ((Tl,Tz)) is defined by the
rules Tgﬁ = (Tﬁw)_1 and t(Té’ﬁ((TLTz))) = Tﬁa(t(Tl,T2)).

The operators Tffﬂ are defined an analogous manner.

REMARK. An alternate description of T4((T1,T2)) in case (2) can be given as
follows. Let

H;=1{(1,81,1),(1,821),(2,S1,2),(2,S22),(3,513),(3,S1,4)} and
Hs ={(1,81,1),(1,81,2),(2,513),(2,81,4),(3,52,1),(3,S2,2)}.

Set T = (T1\H1)UH,. Then Tgﬁ((Tl,Tz)) =E((T1,T2),ec(3,T1;Ts),L). Similarly,
in case (3), we set (T1,T2) = E((T1,T2),ec(3,T1;Ts2),L). Then Tgﬁ((Tl,TQ)) =((T;\
Hi)UH;,Ty).

4.3.6. PROPOSITION. Let (T1,Tg) € D{;ﬁ(PfD(Ml,Mz)). We have

(T1,T2) € ' (M1,M5) if and only if Té'ﬁ(Tl,TQ) €T (M1,My).
The corresponding statement holds when L is replaced by R.

Proof. If {a, B} ={a;,a;+1} for some i =2, then this is clear from the definitions. If
on the other hand {a, 8} = {a’l, as}, we also can use Proposition 4.2.4. O

4.3.7. LEMMA. Let y € (M1,M32) and suppose that 1€ M;. Let y' = SCL(l;y).
Then
Ay =E(A(y),ec(1,L(y);R(y)),L).



Proof Let k and € be such that (1,%,¢) € y. Assume first that 2 = supM;. Let
Y =1 \{(1,k,¢)}, so that v =y u{(1,k,—¢}. If ¥ = &, then the lemma is obvious, so
assume otherwise.

Consider a nonempty T € I (M) for some M, with 1 ¢ M. If we set (T1,P1) =
a((T,1,1)) and (T9,P2) = a((T,1,-1)), and if [ € M is such that (,S1,1) € T, then
we have P(1,T;) = {S1,1,S12}, P({,T1) = {S2,1,S22}, P(1,T2) = {S1,1,S2,1}, and
P(l,T9)={S1,2,S1,2}. For r € M\{l} we have P(r,T1) = P(r,T2), and thus in partic-
ular P; = Py. Applying this observation with L(y) substituted for T, we find that
c(1,L(y)) is a closed cycle consisting of two elements, that L(y") = E(L(y), c(1,L(y))),
and that R(y") = R(y), as desired.

Now suppose that & # sup M. Then the lemma follows from the previous case
by repeated application of Proposition 2.3.2 (b).

O

4.3.8. THEOREM. Let {a, B} = {a}, a3} <IT'.
(1) Suppose y € D},(#(M1,M3)). Then A(T5(y)) = Ty 5(A(y)).
(2) Suppose y € D{jﬁ(y(Ml,My). Then A(TaRﬁ(y)) = Tf:ﬁ(A(y)).

REMARK. When {a, 8} = {a;,a;+1} with i = 2, the corresponding theorem was
proved as Theorem 2.1.19

Proof of Theorem 4.3.8.

As usual, it suffices to prove the first part. Since Tﬁﬁ and T;; , are inverses,
we may assume that a = a3. For j € M1, define k; and ¢; by (j,kj,c;) € y. Set
Y=v\{(,kj,€;)1j€{1,2,3}}. Let d <e < f be such that {d,e, f} = {k1,k2,k3}. Set
Y = Té ﬁ(y). Then one of the following ten cases holds:

D y2{1,f,-1,2,e,-1),38,d,e)}} and ¥ =y u{(1,e,1),(2,f,1),(3,d,e)}.

(2) y2{1,e,-1),(2,d,6),(3,f,D} and y =y U{(1,e,-1),(2,f,1),(8,d,e)}.

3 y2{Q1,f,-1,2,d,-1),(3,e,} and y' =y U {(1,d,1),(2,1,1),(3,e,1)}.

4) y=2{1,f,-1,2,d,1),8,e,1)} and ¥ =y u{(1,d,-1),(2,f,1),(3,e,1)}.

(6) y21{1,d,e),2,f,-1),(3,e,D} and Y =yu{(1,d,e),(2,e,1),(3,f, -1}

Cases (6)-(10) are obtained from (1)-(5) by replacing y with SC(y’). By Remarks
2.1.6-2 and 4.3.2-2 as well as Definition 4.3.5-4, we need only consider cases (1)-
(5).

In case (1), set y1 =yu{(l,e,-1),(2,f,1),(3,d,e)}. We observe directly that
A(y) satisfies the hypothesis of case (3) of Definition 4.3.5, that L(y1) = (L(y) \
{(2,82,2),(3,813)HU{(2,51,3),(3,82,2)}, and that R(y1) = R(y). On the other hand,
Lemma 4.3.7 says that

A(Y') =E(A(y1),ec(1,L(y1); R(y1)),L).

Since ¢(3,L(y1)) = ¢(1,L(y1)), case (1) is complete.
In case (2), set y1 =yuUl{(d,e,1),(2,f,1),(3,d,e)}. Adopting the notation from
Remark 4.3.5, we note that H; € L(y), L(y1) = L(y) \ H1) U Hy, and that R(y;) =



R(y). As in case (1), we have A(y') = E(A(y1),ec(3,L(y1);R(y1)),L) and the rest of
the case follows by Remark 4.3.5.

The proof of case (3) follows the outline of case (1), provided that we let
1 =yull,d,-1),(2,f,1),(3,e,1)}, and case (4) follows as case (2), letting y; =
yu{(l,d,1),(2,f,1),(3,e,1)}. In case (5), note that A(y) falls within case (1) of
Definition 4.3.5, L(y") = In(2,3;L(y)), and R(y') = R(y).

O
Analogously to Proposition 3.1.2 we have

4.3.9. LEMMA. For any tableau T in the domain of Ta’las’ there is a c.s.p.b.
between T and T/ ,, T

ajag -

Section 4

We now define a family of operators that extend the generalized 7-invariant to the
type D setting. They were originally introduced in [7] in the context of primitive
ideals, but the construction therein can be replicated on any set where one has
defined a 7-invariant and operators Tg based on a branched Dynkin diagram.

The first part of this section describes the action of the operators in the set-
tings of signed permutations and pairs of domino tableaux. The second shows
that these two definitions are compatible by verifying operators on signed per-
mutations and domino tableaux commute with the domino Robinson-Schensted
map A. Since in this paper most of the sets in question have left and right z-
invariants as well as left and right operators T;5, we will similarly speak of
objects introduced here as being of left or right type. We begin by describing sets
which will become their domains.

4.4.1. DEFINITION. Suppose either X = W' or X = W" or X = #(M1,M5) with
{1,2,3,4} < M; or X = 9p(M1,M5) with {1,2,3,4} < M. Let x € X and suppose
{B,y,0} e 1" with {B,7,6} = {a], az, a4}

(1) We say x is of left type /g if {8, as} < L), {y,8 ntl(x) = @, and TL, (x) #

I yas
T§a3(x).
(2) We say «x is of left type 2By if {y,6} < 77(x), {f,as} nt5(x) = @, and T%, (x) #
L
Ta35(x).
(3) Wesay x is of left type € if {B,y,0} = 7L(x), as ¢ T(x), and T§3ﬁ(x) = TaLSY(x) =
Tésﬁ(x).

(4) We say «x is of left type @ if a3 € t(x), {8,y,6} ntl(x) = @, and Tga3(x) =
Ty, @) =T, ().

yas
(56) Ifx is of left type «fg or %Bg for some S e {a’l, ag, a4}, or it is of left type € or
2, we say that x is of left type 8.
(6) Suppose that {1,2,3,4} € M3. We define analogously right types <5, Bp, €,
2, and 8.



REMARK. (1) We note that x is of left type € if and only if T§3 ﬁ(x) is of left
type 2. Also, x is of left type </ if and only if T}I,‘ag(x) is of left type %s.
Similarly with right in place of left.

(2) fweW' orweW", then w is of left (resp. right) type </ if and only if 6(w)
is of right (resp. left) type </, and similarly for the other types. This follows
from Remarks 2.1.7-1 and 4.3.2-1.

(3) Ifye S (M1,Mpz), then vy is of left (resp. right) type </ if and only if A(y) is
of left (resp. right) type «/g, and similarly for the other types. This follows
from Propositions 2.1.18, 4.3.4, and Theorems 2.1.19 and 4.3.8.

In [7], we grouped type 8 modules into sets of ten or fourteen. Each set con-
sists of either one module each of type <75 and % for f € {a], a2, a4} and two each
of types € and 2, or two modules each of the types /5 and % for f € {a, ag, a4},
one module of type ¢, and one module of type 2. We will implement this grouping
by means of some operators, which, to each type ¥ (resp, type 2) object associate
a set consisting of one or two type % (resp. /) objects for § € {a, a2, a4}. Sim-
ilarly, we define maps from type /g objects to sets of type 2 objects, and from
type 9Bp objects to sets of type € objects. We now define these correspondences
for the sets considered in Definition 4.4.1.

4.42. NOTATION. Let y € S(M1,Mq). If {i —1,i} < M1, we set sq. v = 8;jy =
Inf(i — 1,i;y). If {1,2) € My, we define Sa1Y = 8hy = SCE(1;SCE(2;(Ink(1,2;1))).
If on the other hand {i — 1,i} € Ms or {1,2} € M3, we define ys,, and YSa, by
replacing L with R in the above.

REMARK. We have §(s}y) = 8(y)s), 6(ys}) = s16(y), 6(s;y) = 8(y)s;, and 8(ys;) =
5i6(y).

4.4.3. DEFINITION. Let w € W' or w € #(M1,M2) and suppose that we have
labeled the roots {B,7,6} = {a, as, as} SII'.
(1) Ifw is of left type <75, we define

Tﬁﬁ(w) ={yelspw,s055yS5W,Sa3555a3W,SazSySa;w} |y is of left type &}
(2) Ifw is of left type %, we define

Tlc‘ﬁ(w) ={ye{spw,sq58yS5W,Sa3555a5W,SazSySasw} |y is of left type €}.
(3) Ifw is of left type €, we define

Té‘c(w) ={y €{spw,sa35yS5W,5a35855a3W,SazSySasw} | y is of left type PBp}.

(4) Ifw is of left type 9, we define

TéD(w) ={y €{spw,sq35yS6W,Sa355SazW,SazSySasw} |y is of left type <fp}.
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(5) Ifw is of right type </, we define
Tgﬁ(w) ={y € {wsp,wsqy5yS5,WSa3S5Say, WSaszSySas}t | y is of right type 2}
and proceed to define T (w) T 5 (w) and TR C(w) analogously.

REMARK. (1) Ifwe W’'is of left type g, we have 6(T ﬁ(w)) = ﬁ((é(w)) and
similarly for the other types.

(2) Letye &#(Mi1,M>s). Then vy is of left type € if and only if SC(y) is of left type
9, in which case SC(TL C(y)) = T'pp(SC(y)). Similarly, y is of left type /3 if

and only if SC(y) is of left type %, in which case SC(TlL)ﬁ(y)) = Tep(SC(y)).
Similarly with right in place of left.

(3) Letye S (Mq,Ms). If vy is of left type </, then y € &' (M1, M>) if and only if
TZL) p(Y) c.#'(M1,M5), and similarly for the other types.

4.4.4. PROPOSITION. Adopt the notation of Definition 4.4.3.
(1) Let X=Cor D, and Y =R or L. The sets of the form T x(w) and TY ﬁ(w)

consist of one or two elements. Furthermore,
G) if T <(w) = {w'}, then T ﬂ(w’) = {w,w"} with w" # w' and T < w") =
{w', and

(ii) 1fT < (W) = {w1,ws} with wi # wz, then TY ﬁ(wl) = ﬁ(wz) = {w}.

(2) Ifw is of left type %, then T (TL ﬁ(w)) = Tagy
(w)I = (w)l and s1m11arly with D in place of C. If w is of left type €
and if TL (w) = {w1,ws}, then

(w)). In particular, |Tgc(w)| =

oT oTL

L L L
oT 36 © Tﬁfl3 © T%Y)(wl)'

wa = (T asf

das

If w is of left type 2 and if T 5 (w) ={wi,ws}, then

wQ:(T soTh oTL oTk

Baz ~ Fazy” *bas

oT% 50 T, )w).
These statements also hold with right in place of left.

Proof. For W' when n = 4, these statements can be verified directly by explicit
case-by-case analysis. For W' > 4, they can be deduced from the n = 4 case using
[2, Exercise 3, §1]. Alternately, they follow from Theorem 2.15 and Proposition
4.4 of [7], regarding these results as statements about irreducible highest weight
modules. The statements for .#(n,n) follow from this, using Remarks 2.1.7-1 and
4.4.2, and therefore for any (M1, M32) by means of an obvious bijection. O

We now proceed to describe the action of the operators defined above on the
tableaux pairs 9p(M1,M3). Our first task is to simplify the characterization of
left types in the setting of domino tableaux.
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4.4.5. NOTATION. We define certain subsets of % using the natural identifica-
tion with Young diagrams. For X € {A,B,C,D}, let

L]

1_ 2 _
Fy=1m— F$ =

When X € {A,B}, let

3 _ 4
F3 = F

5
1l

And when X € {C,D}, let

3 _ 4 _ ||
Fy = Fy =

We use the above shapes to replace the final condition in the definition of each
of the left types. The following can be verified easily from the definitions:

4.4.6. PROPOSITION. Let (T1,T9) € 9p(M1,M5) and suppose {1,2,3,4} < M;.
Then (T, Ts) is of left type ﬂa/l if and only if {a’l, ag} € 1(Tq), {ag, a4} Nn1(T1) = O,

and U;_, P(k,T1) € {F) | 1< i <4}. The obvious analogue of this statement hold
for each of the other types.

In particular, the proposition implies that T; determines the left type of the
pair (T1,Ts), allowing us to abuse notation and speak of an individual domino
tableau as being of a particular left type itself. It is clear that whether a domino
tableau is of a particular left type can be determined by its first four dominos.
Furthermore, it turns out that specifying a left type for a domino tableau in
Ip(4) together with a compatible shape from 4.4.5 determines the tableau itself
uniquely. We make this explicit in the following definition.

4.4.7. DEFINITION. We define a list of domino tableaux in 9p(4), each deter-
mined by a specific shape and left type. For 1<j<4 and S € {a’l,az,a4} we
require tableaux

(Aig,(bp) of type <75 and Shape(Aé) =F7,
(Bg,d)D) of type % and Shape(Bg) =FJ,
(C7,¢p) of type € and Shape(C’) = F,,
and (D’,¢p) of type 2 and Shape(D’) =Flj)_

12



If we write AJ1 in lieu of A{l , and condense notation in a similar fashion for

1
the other types and roots, the sought-after tableaux are given by

124 1 2ﬁ 1 2ﬂ
1_ — —
A= Af_ 3 Ai_
3 3
0 B B
1_ 2 _ 3 _
A= Aj = 3 A2—J
3 3
B B B
1_ 2 _ 3 _
Ay= A= 4 A4—J
4 4
B B
1_ 2 _ —
B;= Bi= 4 B?—
4 4
1|23 1 2A 1 2A
1_ — —
B; = Bg_ 1 Bg_
4 4
1/3]4 L]4] 1 3A
Bi= B2=|2|3 B3=
2 2
L i 1 [ 3] L3
Ccl= C2=2]|4 C3=+4
2 2
1 421 1 [ 2] L2
D= D?= 3|4 D3=1—4
3 3
When A—{QT, we define Re(A,X;T)=(T\A)

13

B4

ct=

D4

1|2

—
w

(1[5 ]

[ 4]

(1] 2]
NIES

UX, where X = D/. Analogously,
we define the other obvious variations of this. As usual, we are abusing notation
here so that for T = (T, ¢p) we write A7 < T in place of A/ c T.



4.4.8. LEMMA. Consider (T1,Tg) € 9p(M1,M2) and suppose that either C’ or
D’ ¢ T for some j. Write Y for the latter set of dominos. If T} = Re(Y, X, Ty),

where X € {A],A},A},B],B},B}}, then
3 € ec(4,T1;Ts) if and only if 3 ¢ ec(4, T ; Ta).

Proof. This can be observed directly when |M1| = 4. Otherwise, the argument is
by induction using Proposition 2.3.3 (b), as in the proof of Remark 2.3.4. O

Analogously to Proposition 3.1.3, we have

4.4.9. LEMMA. With notation as in the previous lemma, we have a c.s.p.b. be-
tween open cycles in T not containing 3 or 4 and open cycles in T’1 not containing
3 or 4. This extends to a c.s.p.b. between all the open cycles in T; and those in
T’1 if either ¢(4,T;) is closed or 3 € ¢(4,T1). Otherwise the S squares of ¢(3,T7)
and c(4,T) coincide and likewise for the Sy squares of the same cycles.

We are ready to describe the action of the operators of this section on pairs of
domino tableaux.

4.4.10. DEFINITION. Let (T1,T2) € 9p(M1,M3) and suppose it is of left type €.

Let j be such that C/ cT;. .

(1) Suppose 4 € ec(3,T1;T2). Then j € {1,2}). Let T} = Re(C/,B/;T1). Set cj, =
ec(k,T);To) for k € {3,4}, and note that by Lemma 4.4.8, c3 # c4.

(@) If ny(CY) = np(BY), we define

Tg o(T1,T2)) = (T}, T2), E(T}, Ta);{es, cal, L),

(0) If ny(CY) # np(BY), we define

T, o(T1,T2) = (T}, T2), c3,L), E(Ty, Ta), c4,L).

(2) Suppose 4 ¢ ec(3,T1;To).
(@) Ifny(CY)=np(B)) and j€{1,2}, we define

T% o(T1,T2) = (Re(CY, B T1), To).
() If ny(CY) #np(B)) and j € (1,2}, we define
T, o((T1,T2) = (E((T}, T2), ec(3,Ty; Ta), L),
(c) If j (3,4}, we let & € {1,2} be such that n,(C*) # n;,(B¥), and we
let [ € {3,4} be such that E(C/,c(l,C’)) = C*, where C/ = (C/,¢p).
We set (T, T;) = E(T1,T2),ec(l,T1;Tz),L), and define

Tg o(T1,T2)) = Re(C*, BY;T), Tk

14



Each of the other maps of this type are defined using obvious analogues of the
above.

REMARK. (1) The statements of Proposition 4.4.4 hold for the maps defined in
Definition 4.4.10.

(2) LetY € 9p(M1,Ms). Then Y is of left type € if and only if 'Y is of left type
2. If Y is of left type €, then t(T’/;C(Y)) = T[’;D(tY). Similarly, if Y is of left

type /g, then '(T'h sV = TL ﬁ(tY). Similarly with right in place of left.
(3) LetY € 9p(M1,M3). If Y is of left type «fg, then Y € ?]'D’(Ml,Mz) if and

only if Tg ﬁ(Y) c 9, l;(M 1,M3), and similarly for the other types. This uses
Proposition 4.2.4.

4.4.11. PROPOSITION. Let y € #(M1,Ms) and let B € {a], a2, a4}.
1) (a) Ifyis of left type /s, then T 5(A(y)) = AT 4(1)).
(b) Ify is of left type %Bg, then T4 (A(y) = A(TE,(y)).
(c) Ifyis ofleft type €, then Té‘C(A(Y)) = A(TEC(Y)).
(d) Ifyis of left type 2, then Té‘D (Ay) = A(TéD()f)).
(2) Analogous statements hold with right in place of left.

Proof. As usual it suffices to prove (1). In fact, using Proposition 4.4.4, Remark
4.4.10(1), and Theorems 2.1.19 and 4.3.8, it suffices to prove (1)(d). Further, it is
enough to prove that given y € (M1, M) of left type 2, there is an n € {a], a2, a4}
and a y' € T#D(y) such that A(y') € T,II‘D(A(y)). So assume y is of left type 2.
Define for j € My, k; and €; by (j,kj,ej) €y. Let d <e < f < g be such that
{d,e,f,g}=1{k1,ko,k3,k4}. There are sixteen cases. We list the first eight:

(1) Y = {(4,d7€)7(15e’ _1)9(23 f’ 1)7 (35g’ _1)}

(2) y<i4,d,e),(1,e,-1),(3,f,-1),(2,8,1)}

3) y<il,d,-1),4,e,1),(2,f,1),(3,g,—-1)}

(4) Y = {(1yd7 —1),(4,6, _1),(35 f7 _1)’ (2,g7 1)}

(5) Y = {(1’d> —1),(4,6, 1), (3’ f> _1),(2’g5 1)}

(6) Y = {(1’d> _1),(3’6, _1)’(47f7 1)7(2’g5 1)}

(7) Y S {(lad’ 1)7(4’ e, 1)’(3, f, _1)’(2’g7 1)}

(8) Y S {(17d7 1)7(3’ e, _1)7 (47 f7 1)7(2’g7 1)}

Cases (9)-(16) are obtained from the above by replacing y with s3(SC(y)) =

SC(ssy). Using Remarks 2.1.6 (2), 4.4.3(2), and 4.4.10(2), together with the re-

sults cited at the beginning of this proof, we see that is suffices to verfiy the the-

orem in the first eight cases. In the first six cases, we observe that sy € Téz ),
that D! < L(y), that L(say) = Re(D',Al;L(y)), and that R(s2y) = R(y). That is,
we have A(s2y) € TaLZD(A(y)), as desired. In cases (7) and (8), we observe that

D* c L(y) and set y; = SCL(l,y). Then by Lemma 4.3.7 and using the fact that
c(L,L(y)) = ¢(3,L(y)), we have A(y1) = E(A(y),ec(3,L(y);R(y)),L). In particular,
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D' c L(y1). Now we observe that siye T(IX’,ID(}/), that L(s}y) = Re(Dl,Ai;L(Yl)),

and that R(s}y) =R(y1). That is, we have A(s)y) € T{;, plA(Y), as desired.
1
O

The proof of Proposition 3.1.4 shows that this result extends word for word to
type D. Now Proposition 3.1.5 also carries over to type D and applies in addition
to the operator Ty ., with the same proof. So does Proposition 3.1.6, replacing
its hypothesis by the hypothesis that (T1,T2) be of left type €, the operator T'ys

by T{;, o and replacing the domino labels 1,2 throughout by 3,4, respectively.
"

Section 5
4.5.1. DEFINITION. We write IT* =IT' U{A,B,C,D} and say that
L=(a',pY),...,a", ")

is a sequence or IT* if for each i either {a’, 8} is a pair of adjacent simple roots in
I or {a', '} = {X,a} for some X € {C,D} and a € {a, @z, as}. Analogous to Defi-
nition 3.2.1, we define the composition of operators Té‘ and Tg for such a X. We
also carry over to this situation the analogues of any other notation introduced
in Definition 3.2.1 and Definition 3.2.5.

REMARK. Suppose X is a sequence for IT* and (T1,Te) € Ip(M1,Ms) with M1 =
{1,...,n}. If (T}, Ty) € T%((Tl,Tz)), then n,((T},T})) = ny((T1,T2)) (mod 4). The
purpose of this section is to prove an analogue of Theorem 3.2.2.

4.5.2. THEOREM. Suppose (T1,T2) and (T, T,) € Ip(M1,Mg) with M1 ={1,...,n}
and suppose S(Tg) = S(T;) and n,(T},T,)) = n,((T1,T2)) (mod 4). Then there is
a sequence X for IT* such that (T}, T,) € Té’((Tl,Tg)).

In broad outline, our proof of Theorem 4.5.2 will follow that of Theorem 3.2.2
as closely as possible. We will prove first Proposition 4.5.8 and Lemma 4.5.9, the
analogues of Proposition 3.2.4 and Lemma 3.2.9. The latter used as main ingre-
dients Lemmas 3.2.6, 3.2.7, and 3.2.8. The analogues of Lemmas 3.2.6 and 3.2.7
obtained by simply replacing T¢(M1,M2) by Ip(M1,M5) and II by I1* are easily
verified and we will use them here citing them by their original numbers. On
the other hand, the analogue to Lemma 3.2.8, though valid, is useless because of
the parity condition n,((T},T5)) = n,((T1,T2)) (mod 4) in Theorem 4.5.2. We will
replace it with a combination of Propositions 4.5.4 and 4.5.6. This combination is
less powerful than the original, so as a result, the proofs of Proposition 4.5.8 and
Lemma 4.5.9 will have many more special cases than the originals.

4.5.3. DEFINITION. We say a set F' < & is proper if there is a tableau T in some
I (M) such that F = Shape(T). Let

Fo=
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We say a set F € & is reducible to Fy if F' is proper and if either F = F or
inductively, there is an extremal position P in F' such that F'\ P is reducible to
Fy. If T e 9p(M) for some M and if Shape(T) is reducible to F, then we say that
T is reducible to F.

REMARK. If T € 9 (M) and if P is an extremal position in T', then Shape(T)\ P
is proper, since for example Shape(T') \ P = Shape(T"), where (T",v,¢) = (T, P)).

4.5.4. PROPOSITION. Suppose T € 9p(M) and write F = Shape(T).
(1) If'T is special and S22 € Shape(T), then T is reducible to F.

(2) Suppose that there are sets Py,...,P; such that for each 1< j <k, P; is an
extremal position in F'\ Ui ;iP,, and such that F'\ UlePr is special and
contains Sg 2. Then T is reducible to Fy.

(3) If T is special, Sg2 € Shape(T), P is a boxed set in extremal position in F,
and Sg2 ¢ P, then F'\ P is special and is reducible to Fy.

Proof. We prove (1) by induction on |[M|. When |M| = 2 the result is clear as
Shape(T) = Fy, so assume |[M| > 2. Let 2 = x1(T). Since T is special, % is even
and consequently £ = 2. Let u = pp_1(T). If p3_1(T) = p1(T), then we set P =
{Sk-1u,Sku} If pr—1(T) > pz(T), then the fact that T special implies that both are
odd, so we set P ={S}_1,4-1,Sk-1,,}. Then P is boxed and Shape(T)\ P is special.
Finally, So 2 ¢ P, since otherwise our choice of P would imply that |[M| = 2. Hence
by induction, we are done. Statements (2) and (3) follow from (1).

O

4.5.5. PROPOSITION. Let T € 9p(M) as suppose T is reducible to Fy. Then
there is a T' € Ip(M) such that Shape(T’) = Shape(T) and n,(T’) = n,(T) + 2
(mod 4).

Proof. The proof is by induction of |[M|. When |[M| = 2, the proposition is ob-
vious, so assume |[M| > 2. Write M = {m1,...,m,} with m{ <--- <m,. Let P
be an extremal position in T such that Shape(T)\ P is reducible to Fy. Now
let (T1,v,e) = B((T,P)). Let i be such that v = m;, and let Ty € Ip(M \ {e}) be
the tableau obtained from T; by replacing m ;1 with m; for each i < j<r-1.
Since Shape(T2) = Shape(T;) = Shape(T) \ P, we have that Ty is reducible to F,
so by induction there is a T3 € Ip(M \ {m,}) with Shape(T3) = Shape(T2) and
ny,(T3) = ny(Te) + 2 (mod 4). Now if P is horizontal and € = —1, or if p is verti-
cal and € = 1, then we set T' = Adj(Te,P,m,). If P is horizontal and ¢ = 1, or
if P is vertical and € = —1, then we set T/ = Adj(T3,P,m,). In all cases we have
Shape(T’) = Shape(T) and Proposition 4.1.3 shows that n,(T') = n,(T)+2 (mod 4).

O

4.5.6. PROPOSITION. Let T € 9p(M) and let P be an extremal position in T.
Suppose Shape(T) \ P is reducible to Fo. Then there is a T' € Ip(M) such that
P(supM,T') = P, Shape(T’) = Shape(T), and n,(T') = n,(T) (mod 4).
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Proof. Write M ={m1,...,m;} withmy <---<m,. Let (T1,v,¢) = B((T, P)). Let i be
such that v = m;, and let Ty € Ip (M \{m,}) be the tableau obtained from T; by re-
placing m j,1 with m for each i < j <r-1. Since T\ P is reducible to F, we have
that T¢ is reducible to F, so we apply Lemma 4.5.5 to obtain a Tg € Ip(M \{m,})
with Shape(T3) = Shape(T2) and n,(T3) = n,(T2) + 2 (mod 4). If P is horizontal
and € = 1, or if P is vertical and € = —1, then we set T' = Adj(Ts,P,m,). If P is
horizontal and € = —1 or if P is vertical and € = 1, then we set T' = Adj(Ts,P,m,).
Proposition 4.1.3 shows that n,(T') = n,(T), and it is clear that our other require-
ments for T are also satisfied. O

More precisely, the only tableau shapes for which the conclusion of Proposi-
tion 4.5.6 fails correspond to partitions of the form (2% +1,3,12)) or (2k,22,1%) or
(2%, 2) or (22,1%) in exponential notation, for some % =1 and [ = 0. We next prove
a special case of Theorem 4.5.2.

4.5.7. LEMMA. Suppose (T1,T2) and (T}, T,) are pairs of domino tableaux in
Ip(My1,M3) with M ={1,...,n}. Suppose further that 8(T3) = S(T5), n,(T},T,)) =
ny((T1,T2)) (mod 4), and Sz 2 ¢ Shape(T1). Then there is a sequence X for IT *
\{a} such that

(T}, T)) = TE((T1, Ty)).

Proof. We first note that our hypotheses in fact imply not only that S(Tg) = S(T5),
but in fact, T; = T2 and that n,((T1,T2)) = n, (T}, T,)). We proceed by induc-
tion on n. Note that when n =1 and n = 2 the result is trivial since in fact we
must have (T},T;) = (T1,T2). So suppose that n = 3, letting P = P(nT;) and
P'=P(n,T)).

Assume first that P = P’. Using Definition 3.2.5, we let

(T1,T)=(Ty,Ty)-L  and  (Ty,Ty) = (T, T)) —L.

Note that T; = Ty. By induction, there is a sequence X for IT'\ {a},an} such
that (T}, Ty) = TL((T1,T2)). Set (T2, TL) = TE((T1,Ty)). Since X is a sequence for
'\ {a}, @y}, we have P(n,T%) = P(n,T1) and T% =Ty. Consequently (Tl,T%) =
(T, T5) and the lemma holds in this case.

Now assume P # P’. For simplicity we assume further that P is horizontal;
the argument is analogous when P is vertical. Hence P = {S1,-1,S1,} where
r = p1(T1), and P’ = {S_11,Sk,1}, where & = «1(T1). If r =5 or if » =4 and
k =3, set P1 =1{S1,-3,581,,-2}, otherwise set P1 ={S;_31,5;-2,1}. Let (Tl,Tz) =
(T1,T2)— L. By inspection, there is a tableau T e 9p(n—1) such that Shape(T) =
Shape(Tl), P(n - 1,T) =P’ and P(n —Z,T) = P;. It is also clear that nv(T) =
nv(Tl). By induction there is a sequence X1 for IT' \ {a’l,an} such that (T,Tg) =
TL(T1,T2). Let (T}, T}) = TE((T1,Ts)). Then T} =Ts. Let X5 = (an, ay-1) and
let (T%,T3) = T%, (T}, T3)). Then T§ = T} and P(n,T%) = P(n,T}). By the case of
the lemma we have already proved, there is a sequence X3 for IT' \ {a’l,an} such
that Tég((T%T%)) = (T, Ty). Setting X = X1X5X3 verifies the lemma in this case.

O
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4.5.8. PROPOSITION. Let (T1,Tg) € 9p(M1,M2) with M1 ={1,...,n} and sup-
pose that S € Shape(T;). Then there is a sequence X for IT* and (T},T)) €
Té((Tl,Tz)) such that T, is special.

Proof. The proof uses induction on n. Note that the case n = 0 is trivial and
assume by induction that both Theorem 4.5.2 and Proposition 4.5.8 are true when
M;=A{1,...,n—1}. We first assume that the square So 2 € P(n,T;). Let r = p1(T7)
and k2 = x1(T1) and suppose that Ty is not special. Then one of the following
holds:

(1) P(n,T1)=1{S2,1,S22},

(2) P(n,Tl) = {82,2,83’2} and r = 2,

(3) P(n,T1)=1{S22,S32} and r >2, or

(4) P(n,T1)={S22,S23} and r is even.

We first specify X in a few low rank cases. If n =3 and we are in case (1), then
T = (af}, a3) satisfies the requirements of the proposition. If n = 3 and we are in
case (1), then we set X = (a3, a'l). When n =4 and we are in case (3) or (4), then
(T1,T2) € Do x(Tp(My1,My)) for some X € {C,D} and every a € {a},az,a4}. Either
Z = (a},X) or (az,X) will satisfy the requirement of the proposition.

Now assume that we are not in one of the cases treated above. The sequence
2 will be specified as a composition in several steps. We begin by specifying
pairs of squares P; and Psy. In case (1) and n = 4, we note that r = 6 and set
Py =1{S1,-1,81,} and P2 = {S1,-3,51,-2}. In case (2) we set P1 =1{S}_-1,1,5¢,1}
and P2 ={S;_31,S;-2,1}. In cases (3) and (4) and r =5 we let P and Py be as in
case (1), otherwise let P; and Ps be as in case (2).

Now let (T1,T3) = (T, T2)— L and let T, € 95 (n — 1) be such that Shape(T)) =
Shape(Tl), P(n- 1,T}) =P, and P(n—Z,Ti) = Py. It is clear that such a T} exists
and that nu(T}) =n,(Ty). Set T; =Ty. But now Soo ¢ Shape(Tl), so by Lemma
4.5.7, there is a sequence X1 for IT'\{a, a,} such that (Ti,T;) = Tél((Tl,Tg)). Let
(T{,T3) = Tgl((Tl,Tz)). Then let 23 be such that Zg = (@, f) with {a, B} = {a,_1, @}

—2 —2
and T§2((T1,T;)) # @, and set (T2,T2) = T§2((T1,T;)). Let (T7,T,) = (T2, T2)- L.
—9
Then S22 € Shape(T;), so by induction there is a sequence 23 for II* \ {a,,} and
= 2 =2 = .

a (T}, Ty) € Tés((Tl,'I},))_s,uch that T is special. Let (T}, T}) € T% ((T2,T2)) be
such that (T}, T,) = (T1,Ty)— L. Then, as is easily seen using Lemma 3.2.7 (1),
we have that T/l is special, so setting ~ = £129X3 verifies the conclusion of the
proposition.

Henceforth assume that Sg 2 ¢ P(n,T1). We begin as in the proof of Proposi-
tion 3.2.4, that is, we let (T1,Tg) = (T1,T2) — L. By induction, there is a sequence
21 for IT* \ {a,} and a (Ti,T;) € Tél((Tl,TQ)) with T; special. By Lemma 3.2.6,
there is a (T3, T}) € T% (T3, T2)) such that (T7,T,) = (T}, T} ~ L. Now clearly
either Té is special, or P(n,T%) is unboxed and {n} forms and extended cycle in

T% relative to T;. In the former case we are done, so we assume the latter. Set
P= P(n,T%). Since Sg 2 is ¢p-fixed, Lemma 3.2.7 (1) implies that S 2 ¢ P.
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The rest of the proof will follow the general outline of Proposition 3.2.4, al-
though lacking Proposition 3.1.10, we will treat separately the situations where
P is horizontal and P is vertical. The proof proceeds by a case-by-case analy-
sis. For the most part, the cases we consider parallel those of the proof Proposi-
tion 3.2.4 and are numbered accordingly. In cases (1)-(6), we define positions
Py and Py and appeal to Propositions 4.5.4 and 4.5.6 to construct a tableau
T € Ip(n - 1) with Shape(T) = Shape(Ty), P(n — 1,T.) = Py, P(n — 2,T) = Py,
and nv(T?) = nv(Ti) (mod 4); the rest of the proof in these cases will follow as in
the proof of Proposition 3.2.4. Cases (3a) and (7) will parallel case (7) of the proof
of Proposition 3.2.4 and will be treated directly. Finally, cases (3’a) and (6’a) will
require a different approach.

Assume first that P is horizontal and set P ={S;;,S; j+1}. Then ¢p(S;;)=Y
and both i and j are odd. First assume i =3 and set r = pi_z(T%) and s = pi_l(T%).

Case 1. Here r > s. As in case (1) of the proof of Proposition 3.2.4, we have
rzs+2ands=j+2. Weset P1={S;,9,-1,S;-2,}. Ifi=5,orifi=3 and s >3,
we set Py ={S;_1,-1,S;-1s}. f i=3 and s =3 and r > 5, so in fact r = 7, we let
Py={S; 9,-3,Si—2,r2}. Finally,if i =3,s=3, and r =5, we set P2 ={S13,S2;3}.

Case 2. Herer =s> j+1. Weset P1={S;2,,Si-1,}. Ifi=5, orif i =3 and
r>3, we set Py = {S;_9,_1,Si-1,-1}. If i=3 and r =3, then n =4. If n,(T}) =3,
we define Py as before, otherwise let Po = {S2 1,822}

Case 3. Here r =s = j+1 and we assume further that either i =5 or i =3 and
Jj>1. Let P; and P3 be as in the first part of case (2).

Case 3a. Herer=s=j+1,i=3, and j =1 and we can specify the sequence Z
more directly. We have that either

1
1|2

2
1_ 1_
Tl— 3 or Tl_ 3

In the first case, we set X9 = (a’l,a3), in the second X9 = (az,ag),(ag,a'l). Then
2 =X12X9 satisfies the requirements of the proposition.

In the next four cases we are still operating under the assumption that P is
horizontal, but now i =1 and r as well as s will be redefined as needed.

Case 4. Here S3 ;1 € Shape(T%). Letr= Kj,l(T%). Then because Ti is special,
we know that r is even, and in particular, r = 4. If j >3, orif j=3 and r =
6, we let Py =1{S,_1,;-1,Sr -1} and P3 ={S,_3;-1,S,—2,j-1}. If j =3 and r =4,
we set k = Kl(T%) and note that % is even since Ti is special. If & = 6, we set
P1={8,-1,1,Sk,1} and P2 ={S32,S42}. If & =4, we set P1 =1{S4,1,S42} and Py =
{S3,1,S3,2}.

Case 5. Here S3j_1 ¢ Shape(Ti) and S3; o€ Shape(Ti). If j >3, so that j =5,
we define P and Py as in case (5) of the proof of Proposition 3.2.4. If j =3, we

20



set k= 1<1(T%) and note that % is again even. We set P1 ={S;_11,S;1}. If £ =6,
we set Py ={S;_31,Sp-2,1}. If £ =4, then n =4, and we have to account for the

number of horizontal dominos. If nh(Ti) =2, we set Pg ={S91,S2,2}; if nh(Ti) =0,
we set Pg ={S12,S2,2}.

Case 6. Here S3; 2 ¢ Shape(Ti) and j > 3, so that j = 5. We set P; =
{S2,j-2,S2,j-1} and Py ={Sy ;-2,S1,j-1}-

Case 7. Here j=3 and S31 ¢ Shape(T%) and we can specify the sequence X
more directly. We have that either

1 ]3]

1_ 1_
Tl— 2 or Tl—

In the first case we set Xp = (a3,a2),(a],a3), in the second we set X3 = (a3, a]).
Then X = XXy satisfies the requirements of the proposition.

This exhausts the cases when P is horizontal and henceforth we suppose that
P is vertical, setting P = {S;;,S;11,;}. We note ¢p(S;;) = Z which under our as-
sumptions implies that both i and j are even. For the first three cases we will
assume that i =4 and set r = Ki_g(Ti) and s = K,-_l(T%).

Case 1'. Here r > s, and as in case (1), we have r >s+2 and s = j + 2. We set
P1={S;_1,;—2,8r,i-2} and P2 = {S;_1,;-1,Ss,;-1}.

Case 2'. Here r =s > j+ 1. We define the domino positions P; ={S, ;_2,S,,i-1}
and Py ={S;_1,;-2,S,-1,i-1}.

Case 3'. Here r =s =j+1, and setting & = Kl(T%) and t = pl(T%), we require
further that either i =6, j=4,k>4,0ort>5. Ifi =6 or j =4, we let P; and Py be
as in case 2'. Now assume that i =4 and j = 2. Since T} is special, we know that
k is even and t is odd. If & > 4, we set Py = {S32,S33} and Py = {Sp_11,Sr1}. If
k=4and ¢t>5, welet P1={S;_1,1,S¢1} and P2 ={S;_31,S¢-2,1}.

Case 3'a. Here i =4, j =2, Kl(T%) =4, and pl(T%) = 5. We cannot apply the
standard argument to this case as the hypotheses of Proposition 4.5.6 do not hold
at one of the steps, so we address it directly. Let T be the tableau:

2 4\
T:36

If nh(Ti) =4, set (Tf,ﬁ) = (T,T;). If on the other hand we have nh(T}) =
2, set (T, Ty) = E((T, Ty),ec(1,T;Ty),L). Then S(T) = S(Ty) and ny((T-,Ta)) =
nv((Ti,Té)), where we appeal to Proposition 4.2.4 for the latter if necessary.
By induction on Theorem 4.5.2, there is a sequence Xo for II* \ {a7} such that

(T}, Ty) € TL (T}, Ty). Let (T2,T2) € T% (T}, T1) be such that (T3, Ty) = (T2, T2)-
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L. Let X3 = (a7,a6) and define (T3,T3) = TL (T3,T3). Further, let (T, T =
(T3,T§) — L. Then by induction on Proposition 4.5.8, there is a sequence X4 for
I1"\ a7} and a (T;,Ty) € T (T}, T5)) such that Ty is special. Let (T}, T}) €
TE ((T3,T3)) be such that (T}, Ty) = (T}, T}) - L. Using Lemma 3.2.7-1 and the
fact that Sy o ¢ Shape(T}), we have that P(7,T}) is {S32,S33}, so T} is special.
That is, X = X1X9X3%4 satisfies the requirement of the proposition.

In the remaining cases we have i = 2. Since j must be even and we have
assumed that Sy o ¢ P(n,T1) and consequently Sg o ¢ P(n,T%), we have that j = 4.

Case 4'. Here Sj 14 € Shape(T%). Let t = pj_l(T}) and note that since Ti
has special shape, ¢t must be odd and consequently ¢ = 5. We define the domino
positions P1 ={S;_1;-1,S-1,} and Po ={S;_14-3,S;-1,,-2}.

Case 5. Here S 14 € Shape(T}) but Sj o4 € Shape(Ti). We proceed as in
case 5, but transposing everything.

Case 6. Here Sjo4¢ Shape(T%), and letting & = Kl(T%) and ¢ = pl(T}), we
further assume that either j >4, j=4and 2 >6,0r j=4, k=6, and ¢t =5. If
Jj>4,weset P={Sj 23,S;_13} and P2 ={S;_22,S,_12}. If j=4 and k& > 6, we set
P ={Sk_11,Sk1} and P2 ={S}_31,S}—2,1}. Finally, if j =4,k =6, and t = 5, we set
P={S1:-1,S1, and Pg ={S32,S32}.

Case 6'a. We treat this case in the same fashion as case 3'a. We begin by
defining a domino tableau

3

5(6

=l
I
[\V]

4

It is the image of the transpose of the tableau in case 3’a under moving
through the cycle containing the domino with label 1. We can now follow the
steps of the proof of case 3'a to construct the desired sequence X.

O

4.5.9. LEMMA. Let (T1,T2) be as in Theorem 4.5.2 and suppose that T is special
and Sg2 € Shape(T;). Let P’ be an extremal position in T; and suppose that
there exists a tableau T € 9p(n) such that Shape(T) = Shape(T;), P(n,T) = P/,
and n,(T) = n,(T1) (mod 4). Then there is a sequence X for IT* and a (T}, T;) €
TL((T1,Te)) such that P(n,T}) = P’ and T, = Ty.

Proof. As in the proof of Proposition 4.5.8, we will assume by induction on n that
Theorem 4.5.2 is true when M ={1,...,n—1}. Let P = P(n,T;). We may assume
that P’ # P. We first prove the lemma under the additional assumption that both
P and P’ are boxed.
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We will prove this portion of the lemma along the general lines of the corre-
sponding portion of Lemma 3.2.9. In place of Lemma 3.2.8 used in [6], we will
appeal to Propositions 4.5.4 and 4.5.6. In what follows, let (T'1,T2) = (T1,T2)— L.

A majority of the cases employ the same approach, which we call the stan-
dard argument. In each such case we define a set P; which does not contain
S22 and proceed as follows. If Py is boxed, then by Propositions 4.5.4 and 4.5.6,
there is a tableau Ti whose shape matches that of Tl, P(n - I,Ti) = P’, and
P(n - 2,T;) = P;. By induction on Theorem 4.5.2, there is a sequence X; for
"\ {a,) and (T}, Ty) = T ((T1,Ty) with T, = To. Using Lemma 3.2.6, let
(T1,T}) € TE (T1,Ty) satisfying (T;,T,) = (T2, T})~ L. Lemma 3.2.7 now al-
lows us to describe P(n,Ti) and conclude T% = Ty. At this point, we can let
29 = (ap-1,@p) or (@p,@,-1). Setting = =213y and (T}, Ty) = Téz((Tl,Tg)) com-
pletes the argument. If the suggested P; is not boxed, we let P; be the domino
position sharing its bottom right square with the bottom right square of P;. In
each case where this occurs, P; is boxed and the above argument can be made
with P; in place of P;.

When the standard argument applies, we will simply provide the appropri-
ate P;. Otherwise, we will provide additional details. In the first four cases,
we assume that both P and P’ are horizontal and set P ={S; ;,S; j+1} and P' =
{Sk1,Sk,+1). Since P and P’ are boxed, we have that j and [ are both even.

Case A.Here k=i-1. Ifi>3,i=3and [ =6,0or i =2 and j =4, let P; =
{Si-17-2,S;-1,;-1} and apply the standard argument. If i =2 and j = 2, we define
P, as above, and modify the standard argument by noting that the fact that

=1
the desired tableau T exists can be verified simply by inspection. When i =3
and / = 4 we examine several possibilities. For the remainder of this case, let
r= p1(T1) and s = ‘K1(T1).

(a) Suppose s = 6. Let P = {S5_1,1,551}, P2 = {S5-3,1,5s-2,1} and (T1,Ts) =
(T1,T2)— L. We begin as in the standard argument and construct a se-
quence %1 for 11"\ {a,} and (T},T}) € T% ((T1,Tp)) with P(n -1, T}) = Py,
P(n-2,T}) =Py, P(n,T}) =P, and T} = Ty Let 3 = (a,_1,a,) and write
(T2,T2) = Téz(Tl,T%). Following the same procedure, we can find a se-
quence X3 for I1* \ {a,} and (T$,T3) € Tf (T}, T3)) with P(n —1,T}) = P/,
P(n—-2,T3) = Py, P(n,T3) = Py and T3 = Ty. Letting 4 = (a,-1,a,) and
2 =2129232%4, we obtain the desired result.

(b) Suppose r = 7 and let P1 ={S1,-1,S1,-} and Ps = {S1,-3,S1,-2}. We ar-
gue as in (a) and first construct a sequence X1 for IT* \ {«,} and (Tl,T%) €
T% ((T1,Ty)) satisfying P(n,T}) = P, P(n—2,T{) = P, and P(n—1,T}) = Py.
Let X9 = (a,,a,-1) and write (TZ,TE) = Té‘z((Tl,T%)). Repeating the argu-
ment, we construct a sequence X3 for IT* \ {a,,} and (T3,Tg) € Tés ((TZ,TE))
with P(n,T3) = P1, P(n—2,T3) = Py, and P(n—1,T3) = P'. Letting 24 =
(an,anp_1) and . =X12923%,4, we obtain the desired result.
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(c) Let r =5 and s = 4. Define a tableau as follows:

3 4
T |5 [ 6
2
and let
—1 =1 [(T,Ts) if n,(T1) = ny(T) (mod 4)
M Tp=4 "2 .
E(T,Tg),ec(1,T;Tg),L) otherwise.

Then S(Ty) = T» and furthermore (T}, Ty)) = no((T1,T5)) (mod 4). Work-
ing inductively using Theorem 4.5.2, we can find a sequence X1 for IT* \{a,}

such that (T}, T,) € T (T1, Ty). Let (T, T}) € T% ((T1,T2) be such that

(T}, Ty) = (T}, TL) — L. By Lemma 3.2.7, we know that P(7,T}) = P(7,Ty)
or P'(7,T1). In the former case let Xy = (ag,a7), otherwise we define Xo =
(ag, a7),(ay, a5),(as,C), and write (T, T3) = Tg (T}, T})). If T3 is special,
then P(7,T%) =P' and X = Z1X5. If not, note that P(7,T%) is boxed and
let (T?,T;) = (T2,T2)- L. Then by Proposition 4.5.8, there is a sequence
%3 for 11* \ {7} and (Ty,Ty) € T% (T}, Ty) with T, special. Let (T2,T3) €

TL (T2,T3) be such that (T3,T3)~ L = (T},T;). Since P(7,T2) is boxed,
Lemma 3.2.7-4 implies P(7,T3) = P’ and X = 2;35X3 gives the desired re-

sult.

Case B.Herek <i—1. Setr=p;_1(T1) and note that r = j+1=3. Ifi >3 orr >
3, then set P1 ={S;_1,-1,8;-1,}. Ifi=3,r=3,and [ 26, let P1 ={S1;-2,51,;-1}.
Ifi=3,r=3,and ! =4, set P1 ={S13,S23}

Case C. Here k=i+1. Ifi=3,i=2and j=6,ori=1and [ =4, let P; =
{Sij-2,S;ij-1}. If i=1and [ = 2, define P in the same way and note that by one
of the hypotheses of the lemma the vertical dominos of T1 must all lie in its first
column.

The final cases arise when i =2 and j =4. Let r = p1(T1) and s = x1(T1).
When s = 6, we proceed as in part (a) of case (A) only using the inverses of X9 and
X4 instead. If r = 7 we proceed as in part (b) of case (A), reversing the argument
and again using the inverses of 29 and Z4. When r =5 and s = 4, we proceed as
in part (c) of case (A), this time using the tableau

3 [ 4]
T |'[5
26

and X9 = (a7,ag) or Zo = (a7, ag),(ag,as),(aq,C). If a Tg constructed in this way is
special, then P(7 ,T%) =P’ and we are done. Otherwise, we continue as in part (c)
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defining X3, this time noting that since S3 9 ¢ Ti as T; is special, Lemma 3.2.7-1
forces P(7,T3)=P'.

Case D. Here k> i+1. Let r = p5_1(T1) and note that r =/ +1 = 3. If either
k#3orr#3, let Pt ={Sp_1,-1,8r-1,}. If k=3, r =3, and j > 4, then let
Pq= {Slyj_2,SLj_1}. Ifk=3,r=3,and j =4, we set P; = {81’3,82’3}.

In the next six cases we assume that P is horizontal and P’ is vertical, setting

P ={S;;,S;ij+1} and P' ={Sp;,S;+1,}. Since P and P’ are boxed, we have that j is
even and % is odd.

Case E.Here k+1=i—1. Weset P1 ={S;_9;-1,S;-1,;-1}.
Case F.Here k+1<i—1. Let r=p;_1(T1) and set P1 ={S;_1,-1,Si-1,-}.

Case G.Here k=i+1landl<j—1 Ifi#2or j#4,set P1={S;; 2,S;;-1}
When i = 2 and j = 4 we examine several possibilities which parallel the subcases
of case (A). In what follows, let » = p1(T1) and s = x1(T).

(a) If r=7,1et P* ={S1,-1,81,-}. We can first use case (A) to move n to P* and
then employ the standard argument with P; = P to move n to P’.

(b) If s = 6, we let P; = {S5-1,1,S51} and Pg = {Ss_31,8s-2,1}. Arguing as
usual, we find a sequence X for IT* \ {a,} and (Tl,T%) € Tlfl(Tl,Tz) with
P(n-2,T})=P',P(n-1,T}) =Py, and P(n—2,T})=P'. Let =3 = (ay, A1)
and (TZ,TE) = T§2((T1,T;)). Continuing, we can find a sequence X3 for
IM* \{a,} and (T3,T2) € T§3(T2,T§) with P(n - 2,T‘;’) =Py, P(n— 1,T§) =P,
and P(n,T?) =P;. Letting X4 = (a,-1,a,) and X = X1X933%4 completes the
proof.

(c) If r =5 and s = 4, define the tableau T by

2 [ 3 | 3] 4

=
1
=l
I

or

ifl =1 or [ = 2, respectively. In either case, if nU(Tl) = nU(T) (mod 4) we can
use a version of the standard argument with Xy = (a,,a,-1). So suppose
1o(T1) # no(T) (mod 4) and let (Ty,Ty) = E((T, T2), ec(1, T;T2),L). We first
examine / = 1, noting that Sg3 ¢ Ti. As usual, we can find a sequence X1
for I1* \ {a,} such that (T}, T,) € T% (Ty, To). Let (T}, T}) € TX ((T1,T2)) be
such that (T}, Ty) = (T}, T}) - L. By Lemma 3.2.7, we know that P(6,T}) =
{S23,S24}). If P(5,T%) is vertical, let the sequence X9 = (ag,as), otherwise
let T3 = (a6, a5),(a3,@4),(a},a3) and write (T%,T3) = T¢ (T}, T})). In the
latter case, Tg =Ty and P(6,T%) = P’, as desired. In the former, Tg is
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not special and we continue as in part (c) of case (A), again using Lemma
3.2.7-4 to show P(6,T‘;’) =P’. When [ = 2, we argue as above but let X =
(a7,a6),(ayg,as),(aq,C), noting that for one (TZ,Tg) € Téz((Tl,T%)) we have
T2 =T, and P(7,T2) = P/, as desired.

Case H. Here k > i+ 1. Let s = p;+1(T1). We first consider the case s < j—3.
Ifi=2and j=4,then/=1and k=5 and we set P; ={S}_21,5;-1,1}; otherwise
we set P1 =1{S; ;j2,S;j-1}. If s=j-1,letr = Kj_l(Shape(Tl)\P’) and set P =
{Sr-1,j-1,8r,j-1}. Finally, suppose s = j—2. Since T is special and P is boxed, we
must have ¢p(S;;) = Z and further r = x;_2(Shape(T1) \ P') is even and greater
or equal to i + 2. We can let P1 ={S,_1 ;2,5 j-2}.

Case I. Here k = i—1, implying PNP’ = {S; j,1}. Since both P and P’ are boxed,
we have that ¢p(S;;) = Z and that both i and j are even. We consider several
cases. After specifying domino positions P; and Pg, or P” the proof follows the
outline of the corresponding case of Lemma 3.2.9 unless otherwise indicated.

(a)

(b)

()

Here i = 4. Let r and s be the lengths of the i —2 and i — 3 rows of T;
respectively, and assume first that r = j+1, and i =6 or j = 4. Set P; =
{Si—2j+1,Si—1,j+1} and P2 = {S;_2;,S;_1j}. f r=j+1,i=4, j=2, and
K1(T1) = 4, we set P1 = {S372,S3,3} and P2 = {83,1,54’1}. Ifs=r> j+ 1or
s >r, we define P” as in Lemma 3.2.9.

Ifr=j+1,i=4, j=2, and x1(T1) = 6, a more elaborate argument is re-
quired. Let P; = {S23,S33} and Py = {S22,S32}. Using the usual nota-
tion, let T be a tableau of the same shape as T; with P(n —1,T) = P; and
P(n—2,T)=Ps. If ny(T) = ny(T1) (mod 4), then we can continue as above.
Otherwise let (Ti,T;) = E((T,Tg),ec(l,T;Tg),L). Construct 21 and (Tl,T;)
as usual, let 29 = (a,,_1,a,) and (T2,Tg) = Téz((Tl,T%)). The tableau T% is
not special, so we argue as usual in this situation and find £3 and (T3,Tg) €
T% ((T},T3)) with T} special and P(n,T3) = P'.

Here j = 4 and the proof is parallel to that of the corresponding case in
Lemma 3.2.9.

Here i =2 and j =2. If { =x1(T1) =2 6, let P ={S;_11,S¢,1}. We can use
cases (H) and then (D) to move n first to P” and then to P'. If ¢ = 4, then
n = 4. Arguing as usual, we can find a sequence X; such that (Tl,T%) €
T ((T1,Ty)) where

1_
T; =

Applying X9 = (ag,D) achieves the desired result. If ¢ =2, then n =3 and it
is sufficient to let Z = (a9, a3).
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Case J. Here k =i+1 and [ = j— 1 and the proof follows the outline of the
corresponding case of Lemma 3.2.9.

In the next four cases we assume that both P and P’ are vertical and set
P ={S};,S;+1,} and P' ={S;;,S;41.). Since P and P’ are boxed, we know that
both j and [ are odd.

Case A’. Here k=1—1. If i #3 or [ #3, let P1 ={S;-94,S;-1}. If i =3 and
1 = 3, again set P1 = {S;_94,S;-14}, define (T1,T2) = (T1,Ts) - L, and let T be
a tableau of the same shape as T but with P(n—1,T{) = P’ and P(n—2,T¢) =

P1. If ny(T) = n,(T;) (mod 4), the standard argument applies. If n,(T) # n,(T1)
(mod 4), there are two cases.

(a) If x1(Ty) = 6, let (T}, Ty) = E((T, Tg,ec(1,T;T2),L). Let =1 be a sequence
for I1* \ {a,} so that (T}, Ty) € T% (T, T2)) and let (TL,T}) € TZ ((T1,T2)
satisfy (TL,T1) - L = (T}, T;). Then P(n,T}) = P(n,Ty) or P'(n,Ty). Let
%9 = (@n,@p-1) and define (T},T3) = T ((T],T}). Since T} is not spe-
cial, we argue by induction. Consider (T?,T;) = (T2,T§) —L and let 23 be
a sequence for IT* \ {a,} such that (T?,Tz) € T§’3((T?,T§)) is special. Let
(T3, T) e ng((TQ,Tg)) satisfy (T3,T3)-L = (Tf,Tg). Then P(n,T3) =P’ and
T3 = Ts.

(b) Ifx1(T1) =4, arguing as usual we can find a sequence X1 such that (Tl,T%) €
T% ((T1,Tz)) where

After applying Zo = (a5,a4) we are in case (I) above. Letting X3 be the
sequence of operators constructed therein, we define £ =X1X9%3.

Case B'. Here k <i—1. Let r=x;_1(T1). If i =3, r =2, and [ = 3, then X is
easy to find by inspection. If i =8, r=2,and [ =5, let P1 ={S;_91,8;-1,1}. If i =4
and r = 3, then kx2(T;) = 3 since T is special, £ =1, and we let P1 ={S32,S33}. In
all other cases, we let P1 ={S,_1,;-1,S,;-1}.

Case C'. Here k=i+1. Ifeither i=3,i=2and j=5,ori=1and [ =3, let
P1=1{S;2;,8;-1,;}. If i =1 and I = 1, then the hypotheses of the lemma allow
us to consider just those tableaux T all of whose dominos are vertical; we can
define P; in the same way. If i =2 and j = 3, we consider two cases:

(a) If t =x1(T1) = 6, let P ={S;_1,1,S1}. Using case (A’) we can first move n
to P” and then to P’ using case (D’).
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(b) Ifx1(T1) =4 and n,(T1) =5, we can let P; ={S12,S2,2}. Otherwise, arguing
as usual we can find a sequence X; such that (Tl,Té) € TIZ‘I((Tl,TQ)) where

1
2

1_
T =

35

Applying X3 = (@], a3), (a4, @5) completes the argument.

Case D'. Here k> i+1. Let r =x,_1(T1). If k=3, r =2, and j = 3, then let
YX=(as,aq). fk=3,r=2,and j=5, set P1=1{S;21,Sj-11}. If k=4 and r =3,
then we also must have x2(T1) = 3; we set P; ={S32,S3,3}. In all other cases, we
let Py ={S;-1,-1,Srk-1}-

In the next six cases we assume that P is vertical and P’ is horizonal, setting
P={S;;,Sj1,} and P' ={S;1,S1r+1). Since both are boxed, we have that j is
odd and % is even.

Case E'. Here k+1=i—-1. Welet P1=1{S;_2,-1,S7-1,i-1}-
Case F'. Here k+1 < i—1. We let r =«x;_1(T1) and define P1 = {S;_1,-1,Sr,i-1}.

Case G'. Here k =i+1 and ! < j—1. Note first that i is odd. If i = 3 or
i=1land!>2 let Py =1{S;2;,Sj-1;}. The case i =1 and / =1 is excluded
by the hypotheses of this lemma. If i =1 and / = 2, note that by a hypothesis
of the lemma, we need only to consider those T; where S is contained in a
horizontal domino. Define P; as above. Arguing as usual we can find a sequence
%1 such that (T],T}) € T% ((T1,T2)) with P(n—2,T}) = P1, P(n—1,T}) = P/, and
P(n,T%) =P. Applying Zo = (ay-1, @,) completes the argument.

Case H'. Here k > i+ 1. Let t = x;,.1(T1). We consider three possibilities.
(a) Here t<j—3. Let P1={S;_2,;,Sj_1,i}

(b) Here ¢ = j—1. Let r = p;_1(Shape(T1)\P’). If j =5, or if j =3 and r = 4,
let Py ={Sj_1,-1,Sj-1,r}. Now consider j =3 and r=3. If [ =1, let P =
{S]_’k_2,S]_’k_1} if £ >4 and P1 = {8173,S2,3} ifk=4.Ifl=2and s= Pl(Tl) =
7,1et P” ={S1,5-1,51,}. By using the [ = 1 subcase above, we can first move
n to P"” and then use case (C) to move it to P’. If ] =2 and u = x1(T71) = 6, let
P" ={Sy,-11,Su1}. Using case (A') we can move n to P” and use the j =5
subcase above to move it to P’. Finally, assume [ =2, u =4, and s = 5. Let

— 1
T=12 3 or 5 6
4 5

=l
1
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if i =1 or i = 2, respectively. In either case, if nU(Tl) = nU(T) (mod 4) we
can argue along the lines of the standard argument with X9 = (a,-1,a,). So
suppose 1,(T1) # 1, (T) (mod 4) and let (Ti,T;) = E((T, T2),ec(1,T;Ts),L).
As usual, we can find a sequence X1 for IT* \ {a,} such that (T},T;) €
TL (T1,To). Let (T, T}) € T% ((T1,T2)) be such that (Ty,Ty) = (T, T}) - L.
Define T3 = (a,-1,a,) and (T},T3) = TZ (T}, T)). Then T is not special.
Let (Tf,ﬁ) = (TZ,TE)—L. Using induction, let 3 be a sequence for IT* \{a,}
so that (T, Ty) € T% (T, T5)) is special. If (T3, T) € T ((T%,T2) satisfies
(T3,T3)— L = (T}, Ty), then P(n,T%) = P’ and T3 =Ty,

(c) Here t = j—2. Note that ¢p(S;;) =Y since T; is special and P’ is boxed.
Because P’ is horizontal, r = p;_2(Shape(T1) \ P') = i + 2 and we set P; =
{Sj-2,r-1,S-2,r}-

Cases I'. Here k =i —1. This case parallels case (I), albeit with fewer special
subcases. We omit the arguments.

CasesJ'. Here k =i+1 and [ = j—1 and note that since P and P’ are boxed, j =
3. When i = 3, the proof parallels that of case (J). When i =1, let r = p;_1(Ty). If
r=3,welet P" ={S;_13,S;3}. If r >3, thenr =5 and welet P" ={S;_1 ,-1,5;-1,}.
In both cases P” is boxed and we argue as in the final subcases of part (a) of case
D.

This exhausts all of the possible cases, concluding the proof of the lemma
when both P and P’ are boxed.

We now assume that P’ is boxed and P is unboxed. We will closely follow the
proof of Lemma 3.2.9. First assume that P is horizontal, setting P = {S;;,S; j+1}.
Under these hypotheses, we have ¢p(S;;) = W or Y, but since T is special,
it follows that in fact ¢p(S;;) = W and i = 2. Furthermore, p;_1(T1) = j+1
for otherwise S; j;2 would form an empty hole. Set (T1,T2) = (T1,Ty) - L. By

Lemma 4.5.8 or by inspection, there is a sequence X1 for [T* \{a,} and a (Ti,T;) €
Tgl((Tl,Tz)) such that T§ is special. Let (T{,T}) € T% ((T1,T2)) be such that

(T}, T;) = (T}, TY) - L. Then Shape(T;) = (Shape(T1) \ {S;_1 j+1) U{Si,}, and from
Lemma 3.2.7-1, we can conclude that

P(n,T) =P'(n,T1) = {Si-1,j+1,Si j+1).

This domino position is boxed, and the therefore the cases of our lemma that we
have already proved apply. Hence there is a sequence X3 for IT* and a (T, T,) €
Téz((Tl,T;)) such that P(n,T}) = P'. We set X =2X1X5. When P ={S;;,S;,1,;} is
vertical instead, we can conclude that ¢p(S;;) =W and x;_1(T1) =i+1, and a
transposed version of the argument above applies.

Finally, consider the case when P’ is unboxed. First assume that P’ is hor-
izontal, setting P’ = {Si;,Si j+1}. Arguing as above, we find ¢p(S;;) = W and
pi-1(T1) =j+1. Set P" ={S;_1j+1,Si j+1}. It is boxed and an extremal position
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in T;. Using Propositions 4.5.6 and 4.5.4 if necessary, we can appeal to the cases
of the lemma that we have already verified, letting X; be a sequence for IT* sat-

isfying (T2, T}) € T% ((T1,Ty)) with T} =T and P(n,T}) = P". Now let (T}, T;) =
(TI,T%) —L. By Theorem 2.2.3, there is an open cycle c € OC(T;) with Sp(c) = S;;
and Sy(c)=8S;-1,;+1. Again using Propositions 4.5.6 and 4.5.4 if necessary we can
find a tableau T such that Shape(T) = Shape(T}), P(n-1,T) = {S;-1,,S;;}, and
nU(T) = nU(T}) (mod 4). Then {n — 1} constitutes an extended cycle in T relative
to T;. Set

(T, T3) = E(T Ty), {n - 11, L),

so that Shape(T?) = (Shape(T) \{SiDulSi_1,j+1}. Since S(Tg) = Té, we can use
Theorem 4.5.2 inductively to find a sequence Zg for IT* \ {a,} such that (T?,Tz) €
TL ((Ty, Ty). Let (T}, Tj) € T% (T, T1) be such that (T}, Ty) L = (T;,T). Then
P(n,T)) = P’(n,T%) =P’. By setting T = £1X9, we complete the proof of the lemma
in this case. When P’ is vertical, a transposed argument applies. This exhausts
all of the possible cases, bringing the proof of the lemma to a merciful end. O

Section 6

4.6.1. DEFINITION. We extend Definition 3.4.1 (of the left generalized r-invariant),
this time relative to type D, to 9p(n,n) in the obvious way, replacing the notion

of sequence in [6] by that of Definition 4.5.1; we define the right generalized
T-invariant similarly. We denote this relation by ~grrp rather than ~gpr for
clarity.

Then Remark 3.4.2 carries over to type D with the same proof, as do 3.4.3—
3.4.7, replacing the pair {a, 8} wherever it occurs by {a,X}, where a is one of
the simple roots a’l,az, or a4 and X = C or D. One also replaces the condi-
tions 1 € ec(2,T1;Ts),c(2,T1) € OC*(T1) by 3 € ec((4,T1;Ts),c(4,T1) € OC*(Ty),
respectively. Thus for any tableau pairs (T1,T2),(T},T;) in J'(n,n) we have
(T1,T2) ~grrp (T}, Ty) whenever S(T1) = S(Tz). Corresponding to Lemma 3.4.8
we have

4.6.2. LEMMA. Let (T1,Tg) € Ip(M1,M3) with M1 ={1,...,n}. Let 1<l<n
and let T; be the tableau obtained from T; by removing the dominos labelled
1+1,...,n. Let P be an extremal position in T;. Assume that there exists a
tableau T having the same shape as T, the /-domino in position P, and the same
n, value as n,(T; modulo 4. Then there is a sequence X for {a},az,...,a;} and
a (T3, Ts) € T%((Tl,Tz)) such that P(I,Ts) =P and, for [ +1 <r < n,P(r,Ts) =
P(r,Ty).

Proof. Thisis proved as in 3.4.8, using Lemma 4.5.9 instead of Theorem 3.2.2. [

Then 3.4.9-3.4.14 carry over to type D with the same proofs. Our main result
extends Theorem 3.4.17 to type D.
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4.6.3. THEOREM. Let (Ty,Ts),(T" ’TIZ) both lie in 3—5(M1,M2) or both lie in
Ip"(M1,Ms),where M1 =M ={1,...,n}. Then (T1,T) ~grLp (T}, Ty) if and only
if S(T1) = S(Ts).

Proof. This is proved in the same way as Theorem 3.4.17, using the analogues of
Lemmas 3.4.15 and 3.4.16 for type D, except that (as noted above) Lemma 3.4.8
no longer holds for all tableau shapes. A further complication is that specialness
of a tableau shape is no longer preserved under transposition, so that the trans-
poses of certain cases must be considered separately; fortunately the hypothesis
of specialness is not used in many cases of the proof of Theorem 3.4.17. For any
tableau shape for which the conclusion of Lemma 3.4.8 fails in type D (that is,
a tableau shape obtained from one of the bad ones listed after Proposition 4.5.6
by adding a single domino), we therefore compute the generalized r-invariant ex-
plicitly and check directly that it does not coincide for the tableaux T1 and T}. In
all cases the computation is easy. O

Section 7

We define the relations ~jr.p and ~jrp on W',.#'(n,n),.#"(n,n) and 9p(n,n) in
exactly the same way for type D as ~jg,~.jr were defined for types B and C in
Definition 3.5.1; note that ~jg,~jrp are the left and not the right cell relations
of Joseph, as erroneously stated in that definition.

4.7.1. THEOREM. Let (T, Ts2),(T ,T'z) € 9p(n,n). Then (T1,T2) ~jrD (T'l,T’z) if
and only if S(T1) = S(T)).

Proof. This follows at once from Theorem 4.5.2 (and its easy converse). O

Now 3.5.4-3.5.6 carry over immediately to type D with the obvious changes in
notation; note that the condition wj ~j1, wg in Proposition 3.5.4 (1) should read
w1 ~Jr we; similarly, the condition wi ~grr w2 in (2) should read w1 ~g7rL, (W2).
Likewise the condition w; ~grgr we in Corollary 3.5.6 (1) should read w1 ~g71
we. In the statements of these results for type D, we assume throughout that
either w1,ws € W or wi,ws € W". Then Definition 3.5.7 carries over word for
word to type D and we have Iy (w1) ~grp I(w2) if and only if wi ~grr we. We
have

4.7.2. THEOREM. Suppose all the simple factors of Ay are of type D. Let
11,12 EPI‘im,l(U(g)). Then Il ~GTD 12 if and only ifIl = 12.

We conclude with the definition of the operator Té‘, c of Definition 4.4.10 on
1

the set J, 159 (n) of tableaux of special shape relative to type D; we make the analo-
gous definition for the other operators defined in Section 4. If C2 or C* is a subset
of a tableau T of special shape, then the cycle c(4,T;) is necessarily closed; move
through this cycle and replace the subset C! (resp. Cs) in the resulting tableau by
B % (resp. B%) to obtain the single tableau Ta’l ¢(T). Otherwise C! or C2 is a subset

of T; replace it by B! or B2 to obtain a tableau T'. if ¢(4,T’) is open, take TOC/1 (D)
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to be the single tableau T'. Finally, if c(4,T) is closed, TO/1 c(T) has two values, the
first one being T’ and the second one obtained from it by moving through c(4,T).
Then the classification theorem reads

4.7.3. THEOREM. Suppose that g is of type D, and A € | is integral, regular,
and anti-dominant. Then the map ¢/ from Primy(U(g)) to J, lf (n) sending I (w)
to S(L(6(w))) is a bijection; it is also the unique map from its domain to its range
preserving T-invariants and commuting with the operators T, and the operators
of Definition 4.4.3.
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