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Abstract

When a toll plaza is designed,choosing the right number of tollb ooths is a critical
issue. In this paper, we try to determine the optimal number of tollb ooths by creating
a model for tra�c in a toll plaza. After discussingthe natural behavior of tra�c and
making a few reasonableassumptions to simplify tra�c streams in a toll plaza, we
break the travel processin a toll plaza into two stages:toll collection and merging. We
apply Queuing Theory to each stage,modeling each stageasa queuingsystem. Having
determined that an optimal toll plaza minimizes travel time, we derive a formula to
calculate the average wasted time per driver in terms of number of incoming lanes,
tra�c 
o w, and number of tollb ooths. The averagewasted time is the portion of the
travel time that is dependent on the parametersof the system. Using this formula we
compute the averagewasted time for a broad range of lane counts, tra�c levels, and
tollb ooth numbers, from which optimal tollb ooth counts for each con�guration were
found and are displayed in tabular form. We recommendthat the number of tollb ooths
should be around 7 to 10 depending on the sizeof highway when toll collection service
rate is low. We considerthe scenariowhere there are equal numbers of tollb ooths and
incoming lanes, and conclude that it is optimal only when toll collection is very fast,
and it is not e�ectiv e in other cases.
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1 In tro duction

Toll �nancing has been used throughout the history of civilization to make the building
of long-distanceroads possible. Toll roads in Asia were known to ancient Greek writers
in antiquit y. The �rst turnpikes in America were built in the 1790sand helped to open
the Midwest to settlement. Beginning in the 1940s,America's �rst modern freeways were
�nanced with tolls, paving the way to the Interstate systemAmericans now enjoy. Today
developing nations such as China are building their own networks of superhighways, and
they too are turning to the tollb ooth to foot the bill. As the congestionand pollution from
too many cars on the streets becomean increasingconcernin many cities, another bene�t
of tolling has revealed itself: Tolls are being usedsuccessfullyin placessuch as Singapore
and London not just to �nance road construction, but to limit the 
o w of vehiclesinto the
urban core, increasingtransit usageand uncloggingthe crowded streets[12].

Despite its many advantages, there is one undeniable drawback to tolling that is the
baneof drivers and road builders alike: When tra�c is thick, carsback up in line to get to
the tollb ooths, and after paying their tolls, drivers losetime scrambling for position as the
many lanesexiting the toll plaza mergetogether, returning the road to its original width.
Its a real problem, ascon�rmed by the experienceof transportation departments around the
world. A study conductedat the New JerseyInstitute of Technology estimatesthat a travel
time savings of 2 minutes, or over 10 percent, could be a�ected by the removal of two toll
plazasalonga 14-milesectionof the GardenState Parkway [10]. Modern toll facilities, such
as Highway 407 near Toronto and the SR-91ExpressLanes in Orange County, California,
require all payment to be made by meansof electronic transponder, so that vehiclesdo
not have to slow down in order to pay the toll [9]. But on many older tollways moving
to all-electronic payment is not an option, while mounting congestionmeansthat planners
are faced with the problem of con�guring their existing infrastructure to provide the best
possibleservice.

To get rid of long lines, common sensesuggeststhat providing as many tollb ooths as
possiblewill minimize the toll payment delay, but more tollb ooths meanmore merging and
hencemore congestionafter the tolls are paid. In this paper we will investigatethe question
of choosing the right number of tollb ooths to get an optimal balancebetween these two
factors.

In doing sowe will analyzethe situation from a qualitativ e standpoint to determinewhat
parts of the problem we should attempt to model, what we should ignore, and what rules
the components of the systemshould be expectedto follow, as well asestablishinga metric
for highway performance.Then we will be able to apply someresults from queuingtheory to
derive a meansof computing the performancelevel for a toll plazagiven the number of initial
lanes,number of tollb ooths, and tra�c 
o w level, from which we will be able to determine,
�xing the other parameters,the number of tollb ooths which performsthe best.
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2 The Toll Plaza

2.1 T yp es of Toll Plazas

Roadways on which tolls arecollectedarealmostalways so-calledcontrolled accesshighways,
which can only be entered and exited from designatedaccesspoints, and are usually fully
grade separatedfrom other roads. There are three primary systemsfor collecting tolls on
tolled highways. The interaction betweenthe number of tollb ooths and congestionis most
obvious when the barrier toll systemis used. In this case,vehiclesmay enter and exit the
mainline roadway without paying a toll, but at certain locationsalongthe highway there are
toll plazasat which all vehiclesmust stop and pay a toll.

Another commonpossibility allows free 
o wing tra�c on the mainline, but placestoll-
booths on either entrance or exit ramps, requiring tolls to be paid there. Where this ar-
rangement is used,several factors are present which changethe overall relationship between
congestionand toll booth con�guration. First, the 
o w of vehiclesentering or exiting at
any given interchangeis usually much lessthan the 
o w on the mainline roadway, so that
e�ects which only manifest themselvesunder heavy congestionmay not ever occur. Second,
to move betweena limited-accesstoll freeway and an arterial surfacestreet, it is often nec-
essary, aswell asqueuingin line at the tollb ooth, to passthrough oneor more tra�c control
devicessuch as stop signs, tra�c signals,or roundabouts, which can have their own lines
and produce additional delay not directly attributable to the toll collection system. The
modeling of thesee�ects doesnot contribute any insight to the central questionof toll plaza
delay, and reducesthe likelihood of developinga computationally tractable model. When the
entrance and exit ramps are heavily usedand tra�c on the ramps and betweenthe ramps
and the roadway they connect to otherwise
o ws freely, thesetoll plazascan be treated as
equivalent to those in the barrier toll case,and our model will accommodate them without
modi�cation. We will not attempt to model the other casesdiscussedabove. Therefore,we
will not speci�cally considerentrance and exit toll booths subsequently.

The third major system,mentioned in the introduction, is electronic toll collection. In
this system,drivers identify themselves with electronic transponders,and when they enter
the highway the toll is automatically deductedfrom an account previouslyestablished.From
a tra�c 
o w standpoint this is no di�erent from an ordinary freeway with no tollb ooths, so
any questionsrelating speci�cally to tollb ooths do not apply. We thereforedo not consider
electronic toll collection in the remainderof this paper.

2.2 Approac hing the Toll Plaza

We now examinethe physical layout and operation of a toll plaza in the barrier toll casein
greater detail. We assumethat the highway is generally free 
o wing on either side of the
areaof the toll plaza. This assumptionallows congestionresulting from the toll plazadesign
to be isolated from generalcongestionon the highway. The capacity of a highway is given
in terms of the tra�c 
o w rate: the number of vehiclespassinga singlepoint per time unit.
Sincewe are assumingthe roadway itself is free-
owing, we will only considertra�c 
o w



Team#32 Page5 of 19

Figure 1: Concept design for an actual barrier toll plaza, showing queuing area and toll-
booths, from Rastorfer [11]

levels through the toll plaza lessthan the capacity of the road. Empirical analysisof tra�c
levels on highways indicates a maximum capacity of approximately 2000vehiclesper hour
on each lane [8, 3].

Tra�c 
o w is usually consideredto be roughly constant at any given instant, aschanges
in 
o w occur smoothly and slowly, while measurements employed are over very short time
periods. This meansthat, viewed as a stochastic process,tra�c inter-arrival times must
follow an exponential distribution.

As oneapproachesthe toll plazafrom onedirection, if the number of toll booths is greater
than the normal number of lanes,the number of lanesincreasesto equal the number of toll
booths, and signageinstructs drivers to prepareto stop. At somepoint most vehiclesmust
stop, either becausethe vehicle in front of them has stopped, or they have reached a toll
booth. We assumethat this queuingarea where the roadway has widened to a number of
lanesequal to the number of toll booths, and vehicleswait in line to pay tolls, is su�cien tly
long that all of the waiting lines, at any time, will be contained inside it, sothat the waiting
lines can be analyzed as a set of queuesequal in number to the number of tollb ooths,
without concerningourselveswith vehiclesthat could spill outsidethe queuingareain heavy
congestion. This assumptiondoes not hold for all currently operating tollways, but every
newly designedtoll plaza should be capableof accommodating the volume of tra�c it is
expectedto carry. Wealsoassumethat the amount of time a vehiclespendsbetweenentering
the queuing area and stopping at the end of a tollb ooth line is constant regardlessof the
lengths of the lines or the particular booth which the driver chose.

2.3 Tollb ooths

In an actual toll plaza a variety of tollb ooth types can be found. The slowest, and most
general, tollb ooths, labeled as \cash" lanes, allow payment to be made with cash, with
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the attendant making changeif exact changeis not paid. In \automatic" lanes,the driver
must pay with exact changein order to minimize payment time, the booth being operated
automatically. Finally, there are two types of lanes for electronic payment that can be
present, evenwhenthis is not the only modeof payment. Someelectronicpayment lanesstill
require the driver to stop at a booth and wait for the payment to be made,usually a result of
retro�tting electronicpayment systemsonto toll plazasnot designedto accommodate them.
There are also \express" lanesthat allow drivers paying electronically to passthrough the
plazaat full highway speed[2]. Sincevehicleson the expresslanesdo not have to stop, they
arenot relevant to the problemat hand, sowe will considertoll plazaswithout expresslanes.
The other typesof booth, although they operate at di�erent speeds,all have essentially the
samebehavior.

The question of determining the optimal mix of cash,automatic, and non-expresselec-
tronic booths is another optimization problem which a tollway operator employing all of
those typesof booths would have to solve, but as it is tangential to the issueof congestion
due to queuing and merging, and any solution to it requiresknowledgeof the distribution
of drivers choosing to pay by each method, we will not attempt to solve it. Instead we will
supposeall of the toll booths in our plazaare identical, and the averagetime to pay the toll
at any of them is equal. The maximum vehicle 
o w per toll booth has beenobserved to lie
between350and 500vehiclesper hour for standard (cashand automatic) tollb ooths [2, 3].
Like tra�c 
o w on the highway, this rate can also be consideredto be rougly constant in
local time intervals, so the toll payment time shouldalsofollow an exponential distribution.

2.4 Merging

After the tollb ooths, the roadway must narrow back from a number of lanesequal to the
number of tollb ooths, to its normal width, a section we will call the merging area. How
abruptly this happens varies tremendously in actual practice. Sometimesthe extra lanes
end almost immediately, forcing a sharp merge at a relatively low speed. In other cases
the additional lanesextend far enoughfor drivers to reach full highway speedbefore they
are required to merge. We will generally supposethat, as a newly-designedtoll plaza with
minimal spatial constraints, our plaza'smergingareais su�cien tly long to allow all vehiclesto
reach highway speedbeforemerging. Additionally , di�erent mergingpatterns are usedwhen
lanesbeginand end. With several lanesmerginginto one,all of the mergingcould occur at a
singlepoint, but this meansthat asmany vehiclesasthere are lanescould interferewith each
other at that point. For a smoother transition solutions involving only the merging of pairs
of lanesare used. One commonchoice is to always mergeout the rightmost (or leftmost)
lane until the desired number of lanes is reached. This pattern is very advantageousfor
the side of the roadway where no merging occurs, but drivers on the other side could be
required to mergemany times. Another possibility is a \balanced" pattern where pairs of
adjacent lanesall acrossthe roadway mergerepeatedly until the desiredroadway width has
beenattained. This distributes the mergesmore evenly over the roadway. We will generally
assumelanesmergeout on oneside, two at a time.
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Figure 2: Four lanes merging to 1 at a single point (left); with rightmost lanes ending
(center); in a balancedpattern (right)

3 The Driv er

3.1 Irrational Driv ers

The actual behavior of drivers in the vicinit y of a toll plaza can be unpredictable and lead
to worsethan expectedperformanceof the entire facility in somecases.

Driversmay choosea tollb ooth that alreadyhasa long line over a shorter one,increasing
the time they ultimately spend in the facility. They may even choosean occupiedlanewhen
an empty lane exists. In an observational experiment by LeslieEdie at the Lincoln Tunnel,
\the number of instanceswhen there were one or more lanesempty in the examplewas 31
out of 40, thus giving a percentage availabilit y of 77:5" [4].

Drivers can perform dangerousmaneuvers that lead to collisions and ultimately the
closureof a portion of the facility, reducing its capacity. They can enter a booth without
enough money to pay the toll, holding up tra�c as they argue with the attendant and,
possibly, are forcibly removed from the booth. Undeniably, poor driver performanceleadsto
decreasedtoll plazaperformance,but should this be accounted for in a toll plazamodel, and
if so, how? Modeling irrational driver performanceis di�cult, becauseby their very nature
the things bad drivers do are not easily predictable. A model that merely assumeddrivers
would perform oneof a prede�ned list of bad behaviors with a certain probability could not
completely describe every mistake that might be made in the courseof navigating a toll
plaza. If it was necessaryto accurately model irrational driver behavior it could therefore
be incredibly complicated.

When choosing a driver model we must consider that we are, in fact, looking for a
global optimum solution. Given that any reasonablemodel should perform better with
better drivers, the absolutebest performanceshouldbe obtainedwith a model of completely
competent drivers,alongwith a toll plazacon�guration that yieldsthe bestperformancewith
competent drivers. Therefore,we will assumeall drivers in our systemare both rational and
competent. We will now attempt to describe the behavior of such a driver in the toll plaza
described in the last section.

3.2 Rational Driv ers

Most usersof transportation facilities are not using them for their own sake, but rather as
a meansfrom getting from oneplace to another, and will either be, for reasonsof schedule
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and fuel cost, interested in moving as quickly as possible,or at least not disadvantaged by
shorter travel times versuslonger ones. Therefore, we assumea rational driver's objective
in the toll plaza is to minimize their own travel time, subject to constraints such as tra�c
laws, other vehicles,and their own vehicle'sperformance.As we have argued,there are two
things that determinethe waiting time in the toll plaza; the queuelength and the congestion
due to merging after the toll booths. A driver entering the queuingareahas no immediate
knowledgeof the conditions in the merging area, and so a rational driver will believe the
likelihood of encountering merging congestionin each lane is equal. They will not choose
any lane over another, therefore, on the basis of merging considerations. The driver will,
however, be aware of the lengths of the lines aheadof the di�erent toll booths, and know
that, as the time to pay the toll in each booth is roughly equal, getting into a shorter line
will result in a shorter wait time. A rational driver must, therefore,always chooseto enter
the shortest line in the merging area. This leads,at a large scale,to entering vehiclesbeing
evenly distributed amongthe available tollb ooth lines.

Having paid their toll in an orderly and e�cien t manner, the rational and competent
driver will apply standard safedriving practiceswhen exiting the merging area. Basedon
the time it takesfor a vehicle to slow to a stop, and the time it takesfor a personto react
to visual stimulus, it is recommendedthat drivers follow any leadingcar by no lessthan 3.5
seconds.Becauseit takes in the vicinit y of 10 secondsto pay the toll under our model, it
is unlikely that a vehicle leaving the sametollb ooth as our driver, and in the samelane in
the merging areabeforea mergepoint, will not be a safefollowing distancein front, so the
driver will move unobstructed to near the mergepoint. Here, however, if another vehicle
coming from the other lane has already passedthe mergepoint, they will be in front of the
driver's car, and if they are lessthan 3.5 secondsaheadof the driver, the driver must slow
down and delay merging until the other car is more than 3.5 secondsahead. If there is no
car within the safe following window the driver may continue through the mergepoint at
full speed.

4 The Utilit y Metric

4.1 Measuring Toll Plaza Performance

So far, we have discussedthe performanceof a toll plaza, without de�ning exactly how
performanceshould be measured. As we suggestedin the previous section, the objective
of a driver on any road is to minimize travel time. It might seemintuitiv e, therefore, that
the object of a toll highway should be to minimize the averagetravel time of all drivers on
that road. There are, however, other aspects to highway performancethat are frequently
consideredby transportation engineers.
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4.2 Environmen tal Impact

Current law in many countries requirethe environmental impact of newhighway construction
to beanalyzedprior to the start of construction,and the designto haveaslittle impact on the
environment as possible.The most obvious environmental impact of a highway is pollution
dueto vehicleexhaust. Noisefrom freeways is alsoa major concernin many communities, as
is the displacement of wildlife habitat. It doesnot seemreasonableto take oneof thesealone
as the solequantit y to optimize, and completely ignore travel time. After all, the primary
usersof any highway facility are those who use it for travel, and their primary interest is
optimizing travel time. So if we do considerenvironmental factors, we must optimize them
in conjunction with travel time, which meansthat we must �nd a single utilit y function
depending on travel time and environmental factors, combining them in a manner which
re
ects the actual combined value placedon them by the entire community.

This seemslike an insurmountable problem, exceptwhenthe nature of the environmental
factorsis considered.Wildlife habitat is destroyedthrough the mereexistenceof the highway,
and much of the damageoccurs due to the action of the road as a barrier (regardlessof
its width) and the other pollution and noise e�ects causedby automobiles on the road.
The latter does not depend on the number of tollb ooths, so it is impossibleto optimize,
and we are left with pollution and noise only. However, pollution and noise both exist
in direct proportion to the number of automobiles in the area of the toll plaza at any
time. Sominimizing environmental e�ects is best achieved through reducing the number of
automobiles,and as we have no control over incoming tra�c 
o w, the only way to do this
is by reducing travel time through the toll plaza. To �rst order, we can achieve the lowest
environmental impact through minimizing travel time. Therefore, we will not speci�cally
considerenvironmental impact any further.

4.3 Tra�c Capacit y

Another quantit y which is important in relation to roads is the tra�c capacity and tra�c

o w through the toll booth. We might be interested in maximizing theseas well as travel
time, asit is clearly in the interest of the tollway operatorsand the public for the highway to
moveasmany peopleaspossible.However, the tra�c 
o w into the toll plazais �xed by other
parts of the highway, sowe cannot changethe 
o w through the plazaexceptby constricting
it with an inadequatenumber of toll booths. Any reasonablesolution, including that which
minimizesexpectedtravel time, should have su�cien t capacity to carry the incoming tra�c

o w. However, increasingcapacity beyond this will not lead to an increasein the overall
capacity of the highway, or increasethe total tra�c 
o w; it will only shift the bottleneck
outsideof the toll plaza. Sincethere can be no bene�t to speci�cally addressingcapacity or
tra�c 
o w, we will ignore it in determining optimalit y.

At this point we can de�ne an optimal toll plaza con�guration: It is the one which
minimizes the expectedtime a rational driver must spend traveling through the system.
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5 Assumptions

Here we summarizesomeaspects of our toll booth construction, basedon the preceding
discussion,which will be employed in the development of our model.

� The tra�c 
o w is constan t in a short perio d.

� The time between two cars entering the toll plaza is of exp onential distri-
bution.

� The tra�c streams fan out in to tollb ooths smoothly and evenly . We have
assumedthe \fan-out" into the toll booth does not contribute to delay in a manner
which is dependent on the parametersunder consideration.

� The driv ers are delayed by waiting in lines for toll collection. If there is a
line at the chosentollb ooth when the driver arrives, the driver will have to wait until
other carshave left to enter the booth.

� The driv ers are delayed by toll collection, and the delay is distributed ex-
ponentially .

� The driv ers are delayed by the merging pro cess after leaving the tollb ooths.

� The toll plaza adopts the side merging layout at the exit.

6 Queueing Mo del

Under our hypotheses,tra�c delay in a toll plaza is causedby toll collection and car stream
merging. Therefore,webreakthe probleminto two parts: delay in tollb ooths and at merging
points. In a tollb ooth, driverswait for the serviceof toll collection,while at a mergingpoint,
driversmay stop to wait for a chanceto get onto the mergedlane. Herewe adapt Queueing
Theory and seeeach part as a queueingsystem.

QueueingTheory is a theory that models the processwhen customersline up to wait
for service. A queueingsystem has the following basic characteristics: arrival pattern of
customers,servicepattern of servers, number of servers, system capacity, and queuedis-
cipline. The standard notation for describing the con�guration of a queueingprocessis
A/B/X/Y/Z , where the legendis given by Table 1. (In shorthand, system capacity, Y,
and queuediscipline,Z , canbeomitted whenthe capacity is in�nite and the queuediscipline
is �rst-come �rst-served.)

6.1 Tollb ooth

Under our assumptions,the tra�c streamscoming from the entrance of the toll plaza are
evenly fanned out into all tollb ooths and each tollb ooth will recieve a stream whoseinter-
arrival time is of exponential distribution. In addition, the servicetime also has an expo-
nential distribution. Thus, we can seeeach tollb ooth asan independent M/M/1 queue.
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Table 1: Notation of Queueingsystem. Information from [6].

Characteristics Symbol Description
Arriv al pattern(A) M Exponential distribution
Servicepattern(B) M Exponential distribution

G Generaldistribution
Number of servers(X) 1; 2; : : : ; 1
Systemcapacity(Y) 1; 2; : : : ; 1
Queuediscipline(Z) FCFS First come,�rst served

Burke's Theorem provides that the outcoming stream from the tollb ooth also has the
exponential distribution with the same rate as the arrival stream [7]. We will use this
property in the queuemodel of merging points.

6.2 Merging Poin t

The total delay by the entire merging processis more complicated to analyze. We shall
�rst considerthe simple merging processwhen cars from two lanesmergeinto one, called
2-in to-1 merging poin t . When a driver on onelanearrivesat the mergingpoint, the delay
time dependson whether there is another car on the other lane. If the other lane is empty,
the driver can directly passthrough, otherwisehe or shehas to stop and wait.

For simpli�cation, we treat the two incoming lanesasonequeue.Sincewe cannot distin-
guish betweencars originating in either lane, the driver now must stop and wait whenever
there is another car in the queue.We de�ne the servicetime of a car asthe time it spendsto
passthrough the merging area. Under this de�nition, the servicerate is equal to � B when
more than onecar is in the system,and � 0 when the systemhasonly onecar, where� 0 and
� B are constants representing the waiting time whena driver doesor doesnot have to yield
to another car when merging.

Therefore,the servicepattern of this queueingsystemis a generalfuntion. If the arrival
pattern is exponential, we can set the con�guration of the systemas M/G/1 .

6.3 Total Merging Pro cess

We considerthe total merging processin the plaza as multiple 2-into-1 merging points. If
there are T tollb ooths and afterward the streamsare mergedback into N lanes, the total
number of mergingpoints would equalT � N . However, their arrival ratesare di�erent. The
arrival rate of a merging point equalsthe tra�c 
o w it recieves. If a merging point recieves
a tra�c streamcomingfrom k tollb ooths, having a total tra�c 
o w �, its arrival rate would
be:
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Table 2: Arriv al rate and probability at each merging point.

Merging point 1st 2nd 3r d : : : (T � N )th

Arriv al rate 2� =T 3� =T 4� =T : : : (T � N + 1)� =T
Probability 2=T 3=T 4=T : : : (T � N + 1)=T

� =
k
T

� � ;

The valuesof k for mergingpoints depend on the merging layout. For example,in a toll
plaza with a side merging layout which has T tollb ooths, the �rst merging point takes a
streamcoming from 2 tollb ooths, and the secondmergingpoint would take a streamfrom 3
tollb ooths, etc.

The overall averagewastedtime is the weighted sum of all averagedwastedtime at each
merging point, where the corresponding weight is the probability for a driver to reach that
point, which is k=T. Supposea toll plazahasT tollb ooths, N lanesat the exit, and recieves
total tra�c 
o w �. Then, the arrival rate and corresponding probability at each merging
point is shown by Table 2.

7 Calculation

Having the model ready, we can calculate the formula for wasted time in terms of the
number of tollb ooths. However, sinceour model relieson the valuesof someconstants, we
must estimate these�rst.

7.1 Estimates of Constan ts

� Num ber of incoming lanes (N )
The typical rangeof number of laneson a highway (in onedirection) is about 1 to 6.
We will considerdi�erent valuesof N in our calculation.

� Total tra�c 
o w (�)
The maximum tra�c 
o w per lane is 2000(1/hr) [8]. While N rangesfrom 1 to 6,
we would consider various values for tra�c 
o ws, including heavy and light tra�c
conditions.

� Service rate at a tollb ooth (� A )
The servicerate of a tollb ooth is about 350vehiclesper hour [2, 3].

� Service rate at a merging poin t: when merging does not occur (� 0)
� 0 is the servicerate when there is only one car in the merging point system. This
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Figure 3: State Diagram of Merging Point Queue

value is the time for a car to drive through the merging area at the averagehighway
speed. The averagehighway speed is 60 mph [8]. The length of the merging area is
the averagecar length plus a safety distance,which is around 15+ 6 � 15 = 105 (ft)
[8]. Thus the averageservicetime hereis 105ft/60 mph = 1:1932sec,and the service
rate � 0 = 3600=1:1932= 3017:1 (1/hr).

� Service rate at a merging poin t: when merging occurs (� B )
To estimate � B we needto considerthe time a vehicle passesthrough the samearea
with zero initial speed. Under this speedthe safety distancewould be onecar length,
and the averageaccelerationof a vehicleis 6.5 [8]. Thereforethe averageserive time is
(2 � (15+ 15)=6:5)1=2 = 3:0382(sec),and the servicerate � B = 3600=3:0382= 1184:9
(1/hr).

7.2 Wasted Time - Tollb ooth

Given the above de�nitions the arrival rate of each tollb ooth is � =T. From the arrival rate
and servicerate of the tollb ooth, according to the performancemeasureformula [7], the
averageservicetime of each tollb ooth is

wA =
1

� A � � =T

7.3 Wasted Time - Merging Poin t

A merging point is modeled as a Markovian system as depicted in Figure 3, where each
state represents the number of vehiclesin the system. Notice the single� 0 in Figure 3 which
represents the possibility of no merging con
icts. The arrival rate is somevalue � . We will
calculate the averagewastedtime tdif f (� ) after �rst calculating the averagewaiting time in
the systemtsys(� ).

Let Pn be the probability that therearen driversin the system. When the systemreaches
equilibrium, the net probabilty of trasition is zerofor each state. In addition, the sum of all
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Pn must be one. Thereforewe have

8
>>><

>>>:

�P 0 = � 0P1

�P 1 + � 0P1 = �P 0 + � B P2

�P n + � B Pn = �P n� 1 + � B Pn+1 ; n � 2
P 1

0 Pi = 1

Solving the equationswe obtain
8
><

>:

P0 = (1 + �
� 0

+ 2� 2 � B
� 0 (� 0+ � )( � B � � ) )

� 1

P1 = �
� 0

P0

Pn = 2� 2

� 0 (� 0 + � ) (
�

� B
)n� 2P0; n � 2

And we can calculate the expectednumber of drivers in the system:

L(� ) =
1X

0

iP i =
�

� B � �
+

� (� B � � 0)
� (� B � � 0) + � 0� B

By Little's Theorem, the averagewaiting time in the system tsys(� ) equals the expected
number of drivers in the systemL(� ) divided by the arrival rate � (see[7]).

tsys(� ) =
L(� )

�
=

1
� B � �

+
� B � � 0

� (� B � � 0) + � 0� B

The averagewastedtime of a driver at a mergingpoint is the di�erence betweent sys and
the time he or shewould spend on a normal lane. The expected time a driver spendswhen
no merging happensis 1

� 0
. Hence,

tdif f (� ) = tsys(� ) �
1
� 0

=
1

� B � �
+

� B � � 0

� (� B � � 0) + � 0� B
�

1
� 0

7.4 Wasted Time - Total Merging Pro cess

According to the discussionin the previoussection,under a sidemerging layout, the arrival
rates of the merging points are:

2�
T

;
3�
T

;
4�
T

; : : : ;
(T � N + 1)�

T

The corresponding probabilities of reaching thesemerging points are:

2
T

;
3
T

;
4
T

; : : : ;
T � N + 1

T

The overall wasted time is the weighted sum:

wB =
T � NX

i =1

i + 1
T

� tdif f

�
i + 1

T
� �

�
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Figure 4: AverageWastedTime when N = 1, � =N = 900.

Sinceeach mergingpoint hasa di�erent arrival rate and tdif f is complicated,it is di�cult to
�nd a closedform for the sum. However, it is simple for a program to compute this value.
Finally, the averagewasted time a driver spends in the entire toll plaza is the sum of wA

and wB .

wtotal = wA + wB =
1

� A � � =T
+

T � NX

i =1

i + 1
T

� tdif f

�
i + 1

T
� �

�

Note that this wasted time value represents the portion of the total travel time through
the toll plazawhich, in our model, dependson the parametersbeingvaried, soby minimizing
this we are alsominimizing the total travel time.

8 Results

Basedon the formulas given in the previoussection,the averagewastedtime wtotal is deter-
mined by the number of lanesN , number of tollb ooths T, and tra�c 
o w �. We useMatlab
to computewtotal for various N , T, �. Figure 4 shows the averagewasted time for di�erent
value of T when N = 1 and � =N = 900.

The minimum valueof total averagewastedtime is 31:6 sec,which happenswhenT = 7,
so7 tollb ooths is optimal for this con�guration. The curve of total wastedtime is composed
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Table 3: Optimal Number of Tollbooths with Di�eren t ServiceRates

Service
Rate T = 4 T = 5 T = 6 T = 7
300 � � � 301:1
500 � 38:0 29:8 65:9
700 18:0 14:0 18:0 57:8
900 9:0 9:2 14:6 54:9

1100 6:0 7:1 12:9 53:5
1300 4:5 6:0 12:0 52:6

by the curves of time wasted in tollb ooth and merging. Thesetwo curves indicate that as
the number of tollb ooths increases,the tollbooth delaydecreasesalmost harmonically, while
the merging delay increases.

We pick out the optimal T valuesfor many pairs of N and � (Figure 5, Table4, Table5).
However, an optimal T is not guaranteed for each possiblecon�guration. When the tra�c

ow is too large, every value of T results in an over
ow situation (which meanseither a
tollb ooth or a merging point cannot hold its arrival rate), so no optimal value of T can be
found.

9 Conclusion

9.1 The \One-T ollb ooth-p er-Lane" Scenario

With the standard setting of our model, the toll plaza works ine�cien tly when the number
of tollb ooths and the number of incoming lanesare the same. The bene�t of adding a �rst
tollb ooth always overcomesthe disadvantage of the marginal merging process.However, if
the toll plaza has a high servicerate of toll collection (for example,an electronic payment
system)so that mergingbecomesthe main reasonof congestion,this scenariowould be the
best choice. Table 3 shows that as the servicerate � A at toolbooths increases,the optimal
number of tollb ooths getscloserto the number of lanesN .

9.2 Recommendation

Basedon the discussionabove, we recommendto useonetollb ooth per incoming lane when
the servicerate of toll collection is very high. Otherwise, we suggestto choosethe optimal
number of tollb ooths from Table 4, depending on the tra�c condition.
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Figure 5: AverageWastedTime under Various Con�gurations.
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Table 4: Optimal Number of Tollbooths

Number of
Incoming Lanes

1 2 3 4 5 6
100 7 7 8 8 9 10
200 7 7 8 8 9 10
300 7 7 7 8 9 9
400 7 7 7 7 9 9
500 7 7 6 7 { {
600 7 6 { { { {
700 7 5 { { { {
800 7 { { { { {
900 7 { { { { {
1000 7 { { { { {
1100 6 { { { { {
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Table 5: AverageWastedTime (sec)

Number of Incoming Lanes
1 2 3 4 5 6

100 11.2 11.9 12.4 12.7 12.9 13.1
200 12.3 14.0 15.3 16.3 17.1 17.8
300 13.6 16.7 19.7 22.4 24.9 30.3
400 15.0 20.7 27.6 36.3 45.2 56.5
500 16.8 27.4 48.2 105.1 { {
600 19.0 40.9 { { { {
700 21.9 95.8 { { { {
800 25.8 { { { { {
900 31.6 { { { { {
1000 41.8 { { { { {
1100 69.7 { { { { {
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