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Abstract

This paper first deals with a physical interpretation of a particular
scattering problem involving acoustic waves. The resulting continuous
equation is discretized in two ways: using edge conductivities and using
vertex conductivities. Boundary spike and boundary edge formulas are de-
rived for both cases and eigenvalues of the vertex conductivity Kirchhoff
matrix are investigated. Finally, examples of recoverable and nonrecov-
erable networks are presented along with several leads and ends - among
them a formulation based on the Schroedinger equation.

1 Introduction

The scattering problem occurs in such areas as acoustics, particle physics, and
electromagnetics. In this section we use first principles to formulate the scat-
tering problem for the case of acoustic waves. Much of the motivation for the
remainder of this section comes from Erkki Heikkola’s thesis [3].

Consider the propagation of sound waves in an isotropic inviscid fluid. Let
¥ be the velocity field, p the pressure, and p the density of the fluid at an
arbitrary point. Assume that variations in the density and pressure do not
deviate significantly from the static state in which p = pp and p = py. In
particular, §p < pg, where p = pg + dp. This assumption then allows us to
linearize the governing equations as follows:

% +poV-9=0 (Linearized continuity equation) (1)
ov 1 L .
—+—Vp=0 (Linearized Euler equation) (2)
ot po

% = 62% (State equation) (3)

In the state equation, ¢ denotes the speed of sound in the fluid at that
point. We now introduce a time harmonic velocity potential U(x,t) separable
into spatial and temporal components: U(z,t) = u(z)e”™™*. We assume that
the velocity field is obtained from this potential as follows:
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Substituting (4) into the Euler equation (2), we have:

0 (1 ) 1

= —Vue_“"t) +—Vp=0

ot (p Po P
1 . 18p 1
—Vue ! (——— - iw) 4+ —Vp=0 5
p p Ot po ¥ ©®)

Approximating |%| as dpw, the first term in parentheses in (5) becomes
negligible relative to the second term, since dp < p,. Also, po/p = po/(po +
dp) ~ 1. Thus, we have:

Po iw

Vp = ?z’que* !X iwVue ! (6)

This expression suggests that the pressure takes the form:

p = iwue” ™t = —68—[:' (7)

Implicit in the above formulas is that we are concerned only with the real
part of expressions that represent physical observables. Combining (1) and (3)
to eliminate the density term, and using (4) and (7), we have:
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p
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Where k% = w?/c?, v =1/p, and X = k*/po.

2 Edge Conductivities

2.1 Discretization of Edge Conductivities

We can now discretize (8) for the case of a network with potential u defined at
the nodes, and conductivity v defined for the edges. The discretization of the
divergence term parallels that given by Curtis and Morrow [1]:



V-(Va) = ilu(h) - u(i)] (9)
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Where i refers to a node of the network, j ~ ¢ refers to the set of nodes
connected to 4, v;; is the conductivity between nodes ¢ and j and w(i) is the
potential at node 7.

Continuing the analogy with an electrical network, we use the definition of
a Kirchhoff matriz K given by Curtis and Morrow [1]. K is an m x m matrix
(where m is the number of nodes in the network), whose entries are defined as
follows:

(1) If i # j then K; j = —vi ;
(2) Kii = Ej;éi Yi,j

If we now let 4 be the m x 1 column vector of node potentials, the right-hand
expression in (9) becomes equivalent to —K, so that the left-hand side of (8)
becomes (—K + IN)d . We make a distinction between boundary nodes and
interior nodes by insisting that the discretization of (8) be satisfied at interior
nodes. This does not have to be true for boundary nodes since, in the case of
acoustic waves (for example), we could have net mass flow out of the system at
the boundary. For convenience, in labeling the nodes of the network, we label
the boundary nodes first. Writing K in block form, the discretization of (8) is:

7 e[

Here, A = K(B; B), where B is the set of boundary nodes. Letting @ = [ zﬁ ]

where 1) represents the potentials at the boundary nodes while = represents the
potentials at the interior nodes, we have

(4 ][22

Since the current is conserved at the interior nodes, BTy + (C — )z = 0,
so z = —(C — X\)"'BT4 for all X such that (C — A) is invertible. Thus,

[AB—TA cljx] [z“: [ (A—A)¢—B((]C—A)—IBT¢]_

We will call the response matrix A(X) : ¢ — ® where

AN) = (A—)\) - B(C - ))'B”. (10)

Since A(A) is a meromorphic function, for large values of |A| (JA] > ||C]|) we
can expand (C'— \)~! and write A()\) as a power series:
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If we know A(X), we know the coefficients of the power series expansion.

2.2 Poles and Zeroes of A()\)

A graph of the determinant of the response function A(A) can be constructed
for an electrical network. Notation is the same as in the introduction, where
K is the Kirchhoff matrix and C is the lower right block entry of K. We can
determine the locations of the zeroes and poles of det A(A).

Theorem 2.2.1 For the Kirchhoff matrix K of an electrical network and the
lower right block entry of K, C, the following statements hold

(1) The poles of det A are the eigenvalues of the matriz C.

(2) The zeroes of det A are the eigenvalues of the matriz K.

Proof We can write the function A()) in terms of the block entries of K as in
(10).
A(A) =(A-X)-B(C-XN"'B"

This is the Schur complement of (C'—A) within (K —X): A(A) = (K—=X)/(C—=\).
Taking the determinant of both sides gives

det(K — )

det A(N) = det(C =N

Thus, the poles of det A(A) are where det(C — X) = 0, the eigenvalues of C. The
zeroes of det A()\) are where det(K — \) = 0, the eigenvalues of K.

2.3 Boundary to Boundary Edge Formula

Manipulating the graph to decrease the number of edges is one method of re-
covering edge conductivities in networks. This can be done when there is at
least one boundary to boundary connection within the graph. In the figures to
follow, boundary nodes are emphasized with circles. The two boundary nodes
are denoted 1 and 2 with an edge conductivity of a. Node 1 is also connected to
n other nodes and node 2 is connected to m other nodes with conductivities de-
noted by,...,b, and ¢y, ..., ¢y, respectively. We start with the response matrix
A(X) and show how to recover the conductivity a and how to obtain A’(\), the
response matrix for the graph with the edge between nodes 1 and 2 removed.
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Figure 1: Deletion of a boundary-to-boundary edge

The conductivity a can be determined from the power expansion of the
response matrix (11). By definition, the (1;2) entry of matrix A (boundary sub-
block of the Kirchhoff matrix) is given by: A(1;2) = —a. Since A is a known
term in the power expansion, the conductivity a can be directly recovered as:
a=—-A(1;2).

To find the currents at the boundary nodes, we solve the Dirichlet Prob-
lem for the matrix K — AI. The potentials, which are denoted by 1, include
Uply -+ -y U, Uely - - - , Uen Where the subscripts correspond to the boundary and
interior nodes connected to 1 and 2. & denotes the net currents, taken to be
zero at the interior nodes.

(K-X\)i=3%

Using the notation

n m
o= E —brupk B= E —CrUck,
=1 =1

S =(ar+by+--+by—Aus —aus +
by=—aus+(a+cr+--+em—Nus+ 8

The next step is to delete the edge between nodes 1 and 2. The rest of the
network remains the same. Writing the currents for the modified network, ®
and @), we have:

=Ml +-+by—Nus +a
Py=(c1+-+em—ANuz+ 8

®! can be written in terms of ®; and ®) can be written in terms of ®; as
seen below.



(I)Il = @1 — a(u1 — UQ)
@), @2 +a(u1 — uz)
®, = 9 for j #£1,2

Thus the result only depends on the u; and us terms and the rest of the
network is not affected by breaking the connection between nodes 1 and 2. We
can now write the response matrices for the two networks. The response matrix
of the original network is denoted

)\11 Al? o )\1]

A1 Agz e Agy
A=

At Ajz e A

The response matrix for the new network, A’, can be written as

Adii—a Ad2+a Az -0 Ay
Xot+a Xoa—a Az oo Ay

A = As1 A32 Azz -0 Agj
Ajt Az Az A

Since we know the beginning conductivity a, the original network can be
simplified to the modified network. Calculations can be continued with this
new network.

Note that in the above derivation, the requirement that the graph remains
connected following the edge deletion was not used. Indeed, the result holds in
the case of a disconnected final graph, and the new response matrix (A’) can be
partitioned as follows:

r_ | A O
v .

Here, Ay corresponds to the response matrix for the graph connected to
boundary node 1 (graph 1) and A, corresponds to the response matrix for
the graph connected to boundary node 2 (graph 2)(see Figure 1). This block-
partitioning can be understood intuitively by noting that when two graphs are
not connected, potentials on the boundary nodes of one graph do not influence
the currents on the boundary nodes of the other graph. Mathematically, this
result is shown using the Schur complement formula:

A=A-N-BT(C-)N"'B (12)

Let P, and P, denote the set of boundary nodes in graph 1 and graph 2,
respectively. We need to show that A}; = 0 for i € P and j € P». Since i # j,



and since the only connection between graphs 1 and 2 is through boundary
nodes 1 and 2, we have:

_ 4 _ ) —a wheni=1,j=2
(A=A = Aij = { 0 otherwise

Similarly, since none of the boundary nodes in graph 1 can be connected to
interior nodes of graph 2 (and vice-versa), we have: B;; = 0 for k an interior
node of graph 2 and B;; = 0 for £ an interior node of graph 1. Thus, we can
write:

(BY(C—N"'B)i; = > Bu((C— N )re(B )y

Z Bir ((C — X) " reBje (13)
k.l

In the above sums, k and £ range over all the interior nodes. When £ is in
graph 2, B;; = 0; when £ is in graph 1, B; = 0; when k is in graph 1 and £
is in graph 2, ((C — X) 1) = 0. Thus, the term given by (13) is also zero.
Substituting these results into (12), we see that:

o= d @ when i =1,j =2
N 0 otherwise

Using the boundary edge formula, A\, = —a + a = 0, and hence \}; = 0 for
1 € Py and j € P,. This justifies the decomposition given.

By partitioning A as shown, we have effectively created two separate prob-
lems, each one with its own response matrix. These problems can then be
approached independently. In particular, in the case where node 1 is isolated
after the edge removal, A; = 0, and A, is used to further recover the graph.
This approach will be used in conjunction with the boundary spike formula in
recovering general tree graphs(section 5.1).

2.4 Boundary Spike Formula

A boundary spike is an edge of a graph connecting an isolated boundary node
to the rest of the graph, as shown in Figure 2a. We label the boundary node 1,
the interior node to which it is connected n, and the connecting conductivity a.
A denotes the response matrix for this graph. Following the edge contraction,
node n becomes a boundary node, and node 1 and edge a are deleted (Figure
2b). A’ is the response matrix for this new graph. Given A, we wish to determine
a and A, and thereby reduce the problem.

To determine a, we use the power expansion for A(A) (11). Noting that a is
the conductivity of the only edge connected to node 1, K(1;1) = A(1;1) = a.
Since knowing A is equivalent to knowing each term in the power expansion,
we know A, and hence a = A(1;1). Thus, recovery of a follows from the power
expansion of A.
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Figure 2: Deletion of a boundary spike

Let u; and u, denote the potentials of nodes 1 and n, respectively. Let
z; denote the conductivities of the edges connected to node n, and u,; the
potentials at the corresponding nodes connected to node n. By the problem
statement, (K — \)@ = ®. Writing out the n‘* equation of this system for both
problems,

un(a - )‘) —uia + Zunxi - Zuwixi = q)n =0 (14)
i=1 1=1
=1 =1

Subtracting (14) from (15), we have:

& =a(u; — un) (16)

The current at node 1 of the original graph can be found from the Kirchhoff
matrix and from the response matrix:

&1 =(a— Nur —aup = »_ At = Mg + Y Mju; (17)
i J#£1
The above sums are carried out over all boundary nodes of the original graph
with the restrictions shown. Solving (17) for u;:

a )\1]'
— —u, — 2 18
vt a—/\—/\nu +,Za—/\—/\11u] ( )
J#1
We use this expression for u; to write the currents of the new graph in terms
of u, and w;. This will then yield the response matrix for the new graph. By
(16):
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Since node 1 is not connected to any other boundary node in the original
graph, the edge contraction does not change the expression for the currents
at boundary nodes k, where k # 1. This can be verified by writing out the
expressions for ®; and @;c using the Kirchhoff matrix. Substituting for u;, the
result is:

@;C P, = Z/\k,uz = Ap1ur + Z )\kj'u]'
i J£1

a A1
e o +§(Q_A_AH+ )w @

Now, let J be the set of all boundary node indices excluding the index 1.
In the equations that follow, u; refers to the vector of potentials at the nodes
in J, and A(J; J) refers to the submatrix of A where the rows and columns are
referenced by the elements of J. Combined with the expression for @, this
result can be used to write A’:

vim]=l o]

a(A + A1) EA(l;J)
e 1 é L d=a—XA—-Xu (21)
SAMSY) AU DAL +A(; )

2.5 Numerical Example: One Boundary Node Chain

A chain network is a sequence of nodes 1 ... n in which node 1 is the only
boundary node and node ¢ is connected to node i+ 1 by an edge of conductivity
a;, for 1 <4 < n (see Figure 3).

Recovery of this network follows by repeated application of the boundary
spike formula. Since there is only one boundary node, the response matrix
is a scalar function. Let A()A) be the response matrix at the step when node
k is the boundary node. Given A(A), ar is computed from the power series
expansion (11), and the response function following the next contraction, A’())
is computed from (21):

a = lim (A +AQ) (22)
, ak ()\ + A)
A @ — (T A) (23)
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Figure 3: A one-boundary-node chain

For computational ease, it is desirable to characterize A(\) by the location
of its zeroes and poles. This is done by Theorem 1.1. Since both K and C are
symmetric matrices, they each have real eigenvalues whose number, including
multiplicities, corresponds to the size of the matrix. Noting that K is singular
(rows sum to 0), 0 is always an eigenvalue of K. We label the eigenvalues of
K by 0,21, 22,...2m, and the eigenvalues of C by s1, s2,...§,m. K has only one
more eigenvalue than C' because the network has only one boundary node at
each step. Since A()) is a rational function, we can write it as a quotient of two
polynomials: A(A) = P(A)/Q(A). By Theorem 1.1, the roots of P()\) are the
eigenvalues of K, and the roots of Q(A) are the eigenvalues of C. Thus, we can
write:

CAMA =z A= 22) (A= 2m)
()\—81)()\—82)...()\ —Sm)

AN (24)

The minus sign in equation (24) arises because A(A) asymptotes to —A\ as
A — oo by the power expansion. Thus, a numerical recovery program only needs
to store the sets {21 ...2,} and {s1...sn,} at each step. By equation(23) the
new zeroes and singularities are determined as follows:

(1) Ais azero of A'(A) when A+ A(X) =0
(2) X is a singularity of A’(A\) when —a + A+ A(A) =0

These two linear equations (indicated by the dashed lines) are plotted on a
A — )X plot, along with A(\), in Figure 4. In this example, the starting conduc-
tivities (a1, as,as3,a4) = (1,2,3,4) are used in the initial forward problem. The
new zeros and poles are determined by the intersections of these lines with A()\).
As the graph shows, the intersections for finding the new singularities occur in
regions where the two curves are almost tangent. This situation becomes more
pronounced with the addition of more conductivities. As a result, this inverse
problem becomes ill-conditioned as the number of initial conductivities grows.
Some of the initial and recovered conductivities for n = 11 are shown in Table
1.

10
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Figure 4: A — X plot for a 4-edge chain before any reductions (k = 1)

Edge | Initial | Recovered
1 1.0 1.0000
2 2.0 2.0000
3 3.0 3.0000

9 9.0 8.6810
10 10.0 9.6159
11 11.0 11.5701

Table 1

The loss of accuracy is clearly evident at the inner edges (the ones furthest
from the initial boundary node).

3 Vertex Conductivities

3.1 Discretization for Vertex Conductivities

We can now discretize (8) for the case of a network where both the potential u
and the conductivity - are defined at the vertices. The discretization parallels
that of the edge conductivity case. The main difference is in our new choice for
the discretization of the divergence operator:

11



Vo(Vu) = Y y(@)ul) —uli)] (25)
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The index i refers to a node of the network, j ~ i refers to the set of nodes
connected to 4, y(j) is the conductivity at node j and u(i) is the potential at
node 1.

The analogous m x m Kirchoff matrix K (where m is the number of nodes
in the network) is no longer symmetric. The entries of K are defined as follows:

(1) If i # j and there is an edge joining i to j , then K (i;7) = v(j)
(2) If i # j and there is no edge joining i to j , then K (i;5) =0
(3) K(i59) = -3, K(5;7)

As in the edge conductivity case, let @ be the m x 1 column vector of node
potentials, the right-hand expression in (25) becomes equivalent to K, so that
the left-hand side of (8) becomes (K + I)\)@. The same convention for labeling
the boundary nodes first holds with K. Thus, writing K in block form, the

discretization of (8) is:
A+X B L [ @
¢ D+x]"T |0

Letting @ = [ ;f ] where 1 represents the potentials at the boundary nodes

while z represents the potentials at the interior nodes, we have
A+ B vl _ [ @
C D+ x| |0
Since the current is conserved at the interior nodes, Cy + (D + A)z = 0, so
x = —(D + X\)71C% for X such that (D + ) is invertible. Thus,

[A;A DﬁA][ﬁ]:[m+»¢_%D+m40¢}

Now, we will call the response matrix for the vertex conductivity case A(A) :
1) — ® where

AN =A+XN=-BD+)N'C. (26)

So the power series expansion for A(X) is



3.2 Boundary to Boundary Edge Formula

As seen in the edge conductivity section, the graph can be manipulated to
decrease the number of edges present. For the vertex conductivity case, the
argument if similar. The two boundary nodes are labeled 1 and 2 with vertex
conductivities a and b respectively. Node 1 is connected to n other nodes denoted

c1,...,¢, and node 2 is connected to m other nodes denoted dy,...,d,,.
a b
Ul 2 us
&) dm
Ucl Udm
Cn dl
Uen Ud1

Figure 5: Deleting a boundary-to-boundary edge

The conductivities a and b can be determined from the power expansion of
the response matrix (27). By definition, A(2;1) = a, and A(1;2) = b. Since A
is a known term in the power expansion, a and b can be directly recovered.

To find the currents at the boundary nodes, we solve the Dirichlet Prob-
lem for the matrix K + AI. The potentials, which are denoted by 1, include
Uply - - - U, Uely - - - , ey, Where the subscripts correspond to the boundary and
interior nodes connected to 1 and 2. 4 represents the vector of all the potentials
in the network, while & denotes the net currents, taken to be zero at the interior
nodes.

(K + )i =3

Using the notation

n m
o= E —CrUck B = E —drUdr,
k=1 k=1

‘I>1:—(b1+b1+"'+bn—)\)u1—bU2+Ot
by =aui —(a+di+--+dm —Nuzs + 0

The next step is to delete the edge between nodes 1 and 2. The rest of the
network remains the same. We determine the currents for the modified network,
) and ®):

) =(c1+ -+c,—ANus +a
S, =(dy+-+dmn—Nus + 8

13



®! can be written in terms of ®; and ®, can be written in terms of ®,:

<I)Il = ‘1)1 + b(u1 - UQ)
®, = Py —a(ur —us)
@9 = P, for j #1,2

Thus the result only depends on the u; and us terms and the rest of the
network is not affected by breaking the connection between nodes 1 and 2. We
can now write the response matrices for the two networks. The response matrix
of the original network takes the form:

)\11 /\12 A /\1]'

)\21 )\22 . )\2]'
A= ) . )

/\jl /\]‘2 A /\j]‘

The response matrix for the new network, A’, is then written as:

AM1+b A —=0b ... )\1]'

A1 —a Ap+a ... )\2]'

A= As1 Az2 cee A3
Aj1 Aj2 cee Ajj

Since we know a and b from the power series expansion, the original network
can be simplified to the modified network. Calculations can be continued with
this new network to recover the remaining edges.

3.3 Boundary Spike Formula

The derivation of the boundary spike formula for a vertex conductivity function
parallels that of the edge conductivity function. The graph before and after the
spike contraction is shown in Figure 6(a,b). Node 1 is a boundary node with
conductivity a and potential u;, and node n is an interior node with conductivity
b and potential u,. Let z1...x; and ug; ...u,s denote the conductivities and
potentials, respectively, of all other vertices connected to node n. Given the
response matrix A for the original graph, we wish to determine the conductivity
a and the new response matrix A’, and thereby reduce the problem.

We can, in fact, determine both a and b, using the power expansion for
A(X) (27). We partition K as usual into A, B, C, and D. Noting that b is the
conductivity of the only vertex connected to node 1, K(1;1) = A(1;1) = —b,
K(1;n) = B(1;1) = b, and K(n;1) = C(n;1) = a (node n is labeled as the first
interior node). All of the other entries in the first row of B and the first column
of C are 0, since node 1 is not connected to any other interior nodes. Since

14
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Figure 6: Deleting a boundary sipke

we know each term in the power expansion of A, we know A and BC. Thus,
b = —A(1;1). The (1;1) entry of (BC) is ab by the above discussion. Thus,
a = (BC)(1;1)/b.

By the problem statement, (K + A\)@ = . Writing out the n‘* equation of
this system for both problems,

Un(—a + )\) +uia — Z UnT; + Z UgiT; = P =0 (28)
=1 =1
Up A — Z UnT; + Z Ui = Py, (29)
i=1 i=1

Subtracting (28) from (29), we have:

® = a(un —u1) (30)

The current at node 1 of the original graph can be found from the Kirchhoff
matrix and from the response matrix:

¢, = (—b + /\)ul + bu,, = Z ALiu; = Aquq + Z/\ljuj (31)
i 3#1
The above sums are carried out over all boundary nodes of the original graph
with the restrictions shown. Solving (31) for w;:

b

Ay
_ I o L PR 32
b= At Ag ;b—/\—/\nu] (32)

U1

We use this expression for u; to write the currents of the new graph in terms
of u, and w;. This will then yield the response matrix for the new graph. By
(30):

15
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(PI ( J
n b+A11— Zb+)\u—)\ i (33)

Since node 1 is not connected to any other boundary node in the original
graph, the edge contraction does not change the expression for the currents
at boundary nodes k, where k # 1. This can be verified by writing out the
expressions for ®; and ®} using the Kirchhoff matrix. Using the response
matrix and substituting for u;, the result is:

<I>;c = &, = Z)\klu, = A\p1ur + Z)\k]u]
J#1

b Ak1Aj
= — ApUn E —— T 4 i ) wg 4
b+)\11—)\ k1 +j751( b+)\11—)\+ k])uj (3)

Now, let J be the set of all boundary node indices excluding the index 1.
In the equations that follow, uy refers to the vector of potentials at the nodes
in J, and A(J; J) refers to the submatrix of A where the rows and columns are
referenced by the elements of J. Combined with the expression for &/, this
result can be used to write A’:

viel=1e]

A=, N 1 4 , 0=b+Al1—A
5A(J 1) —gA(J; DAL )+ A(J; J)

4 Eigenvalues

4.1 Finding Real Eigenvalues

The following theorem, taken from Wilkinson (page 355), is the motivation be-
hind Theorem 4.3.1.

Theorem 4.1.1 A general tridiagonal matriz can be transformed into a real
symmetric matriz.

Proof Let M be a general tri-diagonal matrix with the following entries, for
1=1,2,...,nand j=1,2,...,n—1

Mii =8  Mjt1j =0aj41 M4 = bjp

16



where the entries above and below the main diagonal are of the same sign,
that is a;b; > 0.
Then there exists a diagonal matrix, G, and its inverse defined by

1
a2a3...a,~)2

911 9, ( bobs ... b;

Multiplying M by G and G~! the following results
G 'MG=T
where T is a symmetric tri-diagonal matrix with the following entries

1
tii =8  tjjr1 =tiy1; = (@j41b541)2.

4.2 The Block Analogy
This result can be applied to a matrix M with the following block form

M;;=8; M1, =41 Mjjn=Bjn

Let A denote the set of all matrices A;41 and B denote the set of all matrices
Bji1 and S denote the set of all the matrices S;. We are assuming that all the
elements of S are symmetric and commute with all the elements of AU B . We
are also assuming that all the elements of A4 and B are symmetric, positive-
definite and that all the elements of A U B commute with each other. The
analogous block diagonal matrix G is defined as

M=

Gii=1 Gi;=((A243...4,)(B2B;...B,)™")
Following the same steps as above,
G'MG=T
where

1
Tii=S: Tiit1 = Tiv1,i = (Aig1Big1) 2.

)

4.3 Application to Vertex Conductivity Networks

We can apply a transformation similar to the one in Theorem 4.1.1 to sym-
metrize a vertex conductivity K or D matrix - where D is the interior node
sub-matrix of K defined in the discretization section. The K and D matrices are
not necessarily tri-diagonal, but have the property that the off-diagonal terms
are positive and that the zero entries are symmetric about the main diagonal.

17



Theorem 4.3.1 All the eigenvalues of the K matriz of a vertexr conductivity
network are real.

Proof The proof that follows is for a complete graph, for which K has no
zero entries. The generalization to other graphs follows readily by the above
observation that zeros are symmetric about the diagonal of K. With a; as the
conductivity at vertex j, the K matrix is given by:

ki,i=0i=—2aj ki; =a; fori #j
it

Since a; > 0, (a1/a;) > 0, and we can define the diagonal matrix G by

1
a2
gii=1 Gii = (—1>
a;

Here we take the positive root of each radical. G~! exists because all the
diagonal entries are positive. When we multiply K on the left by G~! and on
the right by G, we obtain:

G 'KG=38

where
1 .,
8ii = 04 Si; = 85 = (a;a;)? for i #j

Again we take the positive roots of each radical in the last equation - the
radical exists since a; > 0. Thus, S is symmetric, and hence has real eigenvalues.
Note that if K contained zero elements, S would remain symmetric. Since K
and S share the same eigenvalues, we conclude that the K matrix for a vertex
conductivity network has real eigenvalues.

Corollary 4.3.1 All the eigenvalues of the D matriz (interior node sub-matriz
of K) of a vertex conductivity network are real.

Proof The proof is the same as in the case of the K matrix, since the zero row
sum property was not used in the diagonalization.

The principal minors of an n X n matrix A are given by A(J;J), where
JC{1,...,n}, J #0). The following lemma applies in particular to K' = —K
for vertex conductivity networks, but more generally to K matrices for directed
graphs (see Section 6).

Lemma 4.3.1 The determinants of the principal minors of a matriz K, of the
following form are all nonnegative:

o1+€e  —ai2 -+ —Qin
—a Ooyte - —ag, Ti = D4 Gij
K, = . . . . a;; >0 (35)
: : . : o350
—0n1 —0n2 srr Onté€p
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Proof We proceed by induction on n, where n is the size of the principal minor
being considered. For the base case n = 1, the determinant is nonnegative
since o1 + €; = € > 0. Now assume that all principal minors of size m — 1
have nonnegative determinant, for some integer m > 1. Consider a principal
minor of size m: K,,. If (0., + €,) = 0 then a,,; = 0 and so det K,, =
0 (ie. the determinant is nonnegative). Now assume that (o, + €,) # 0.
Since row operations do not change the determinant, we can perform Gaussian
elimination on K, to obtain K ,, with the same determinant. In particular, we
add appropriate multiples of row m to rows 1 through m — 1 so that the last
entry in rows 1 through m — 1 is zero.

ort+éa  —aiz - 0
— —a1 Oy +€ - 0
Km = (36)
—am1 —am2 v Om Tt €Em
The off-diagonal entries of the resulting K, are:
— QinQnj
—a;j =—a;; ———— <0 37
= gy — (37)
The new row sums remain nonnegative:
— Ain€lin
€ =€+ —— 38
=t Iy (39)

The determinant of K,, (and K,,) is then found by a cofactor expansion
about the last column, which has only one nonzero entry. By (37) and (38),
K..({1,...,m—1};{1,...,m—1}) is a principal minor of size m — 1, its deter-
minant is nonnegative; call it §. Thus, detK,, = detK,, = (0 + €m)d > 0.

Theorem 4.3.2 The eigenvalues of a vertexr conductivity K matriz are all non-
positive.

Proof Let K' = —K. We show that the eigenvalues of K’ are nonnegative by
showing that K’ is similar to a symmetric, positive semi-definite matrix under
the transformation given by Theorem 4.3.1:

G'K'G=9

S’ is positive semi-definite if and only if the determinants of its principal
minors are all nonnegative. The principal minors of S’ and K' are similar in
this case because G is diagonal. Hence, the determinant of each principal minor
of S’ is equal to the determinant of each principal minor of K’. By Lemma
4.3.1, the principal minors of K’ have nonnegative determinants. Thus, S’ is
positive semi-definite, and its eigenvalues, which equal the eigenvalues of K,
are nonnegative.
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Corollary 4.3.2 The eigenvalues of the D matriz corresponding to a connected
network are all negative.

Proof Let D' = —D. D' is positive semi-definite by Theorem 4.3.2. To show
that D’ is positive definite, it is sufficient to show that it is nonsingular. To this
end we consider the system C1, + Di; = 0; i refers to the interior nodes, and
b to the boundary nodes. This system is the current conservation statement
for the interior nodes (see the discretization section). The uniqueness of the
solution to the Dirichlet problem then requires D to be invertible.! Thus D’ is
positive definite, which means that the eigenvalues of D are all negative.

5 Recoverable Networks

5.1 Tree Graphs

In previous sections, we discussed ways to manipulate graphs in order to simplify
them so that the conductivities can be recovered. As a direct result, tree graphs
are recoverable with repeated application of the aforementioned procedures to
delete edges.

A tree graph consists of a graph with no closed paths and with all single
valence vertices designated as boundary nodes. An example of such a graph is
given in Figure 7.

Figure 7: An example of a tree graph

Theorem 5.1.1 All tree graphs are recoverable.

Proof The following argument is for either edge or vertex conductivities. Each
spike is either a boundary spike or boundary to boundary edge connection. For
either type of connection, after removing the associated edge, the modified graph
has a boundary node where the corresponding edge is removed. The remaining
graph is still a tree graph by definition. Thus, our method can be repeated and
every conductivity can be recovered down to the case where a single boundary
node remains. At this point, all the conductivities will be known.

IThe uniqueness of the Dirichlet problem solution can be proven by assuming that two
solutions exist, and then using the maximum principle on their difference, which is also a
solution. The result is that the difference between the solutions has to be zero.
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5.2 Ring Networks

Ring networks are recoverable in a similar way to which tree graphs are recov-
erable. A ring network is denoted R(r,£), where r is the number of rays and /¢
is the number of layers. The rays are evenly distributed around the circles with
27 . . .

=% radians between each ray. The outer most layer consists of boundary spikes.
R(5,2) is shown in figure 8.

Figure 8: Ring Network R(5,2)

Theorem 5.2.1 Ring networks are recoverable.

Proof The following argument is for either edge or vertex conductivities. Start-
ing with the boundary spikes, each edge can be removed using the boundary
spike formula. This yields a graph with the outermost ring consisting of all
boundary nodes. The boundary to boundary edge formula can now be applied.
The resulting graph is an R(r,¢ — 1) network. The next step is to remove the
edges using the boundary spike formula again. This process continues until a
single boundary node remains. Thus, the whole graph is recoverable.

6 Non-recoverable Networks

6.1 Double Interior Spikes

By inspection and working with the K matrix generally, we found patterns to
graphs that were not recoverable. One such graph is one with two interior spikes
joined to one boundary node. We are defining an interior spike as an edge of a
graph connecting an isolated interior node to the rest of the graph.

Theorem 6.1.1 A graph that includes two interior spikes joined to one bound-
ary node is not recoverable.

Proof From the K matrix of the network, a power series expansion can be
derived. The following matrix shows the key entries in the K matrix.
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[ —(b+c)—0 x b ¢
* E 0 =x *
* * * 0 0 x - *
K= a 0 0 —a 0 0 - 0
a 0 0O 0 —a 0 - 0
* * 0 0 = - *
L * ¥ .- x 0 0 * - x|

a is the conductivity of the single boundary node (labeled first among the
other boundary nodes) while b and ¢ are the conductivities of the interior nodes
of the spikes (labeled first among the other interior nodes). The K matrix is
divided into four submatrices.

b o a 0 0
00 a 0 0
0 0 =x * :

X X X

A and D are the remaining upper left and lower right submatrices of the K
matrix. The following is a representation of the power series

AN =2+ A=) B(-D)*CA !
k=0

—(b+¢c)—0a * -+ x —a"ti(b+c) +e *
* X eee % e * X ... %
AN) = A+ : N . S
: P e : -

where ¢ and € are sums that are determined by the remainder of the network,
and do not involve b and ¢. The network can be composed of any number of
boundary and interior nodes and edges that join them.

Since D*C has the first two rows equal, we can conclude that the conductiv-
ities b and ¢ will always appear as a sum (b + ¢) in the coefficients of the power
series. Thus, the two conductivities cannot be distinguished from one another.
Therefore, the network is not recoverable.
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6.2 An Edge Conductivity Example

An example of a non-recoverable network for the edge conductivity case is shown
in Figure 9. It consists of four interior nodes, one boundary node found in the
center of the graph, and nine edges.

Figure 9: A non-recoverable edge conductivity graph

From Theorem 3.2.2, we know that that the poles and zeroes of det A are
found from the eigenvalues of the K and C matrices. Since K is 5 x 5, we know
that there are four non-trivial zeroes of det A (by non-trivial we mean all zeroes
except A = 0, and we are including multiplicities). Since C is a 4x4 matrix, there
are four eigenvalues, none of which are zero (since C is nonsingular). Referring
to (24), A()) is fully determined by s1,...,84,21,--.,24. This means that there
are eight givens and nine unknowns for this network. Thus, the system in not
solvable. Therefore, the network in not recoverable.

7 Miscellaneous Leads and Ends

The following is a small collection of results, ideas, and counter-examples. We
did not have time to consider most of these questions in depth.

7.1 Directed Networks

Directed networks are networks in which the conductivity from node i to j is not
necessarily the same as from node j to 4. This is difficult to conceive physically,
as the difference in conductivity is not related to the direction of the current.
Rather, the conductivity of an edge assumes one value when one writes the
current conservation equation for node ¢ and another value when one writes a
similar equation for node j.

The Kirchhoff matrix, K, for a directed graph is asymmetric. A vertex
conductivity network is an example of a directed graph, but it is special in
that its K matrix has all off-diagonal column entries equal, and zeros symmetric
about the main diagonal. For a general directed graph, K can be written as:

01 —Qi2 - —Qin
—asz1 02 st —Q2n
K =
—Qn1 —Qan2 e On
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The row sums of K are still zero, and the determinants of the principal
minors of K are nonnegative by Lemma 4.2.1. However, it turns out that the
eigenvalues of K for directed graphs do not have to be real, as in the following
example:

4 -3 -1 0
K=|-1 3 -2 \ = eigenvalues = | (1/2)(11 + /3i)
-2 -2 4 (1/2)(11 — +/34)
Moreover, K is not necessarily diagonable (in C):
5 -2 -3 0 1 2.5
K=|-2 6 —4 A= [ 7 ] 7g=|11,] -1
-2 -1 3 1 -1

We have not looked at recoverability criteria for these graphs with respect to
the scattering problem. The above properties of K suggest that quite different
results are possible.

7.2 Recoverable Asymmetric Double Interior Spike

In section 6.2, a network with two interior spikes connected to a boundary node
was determined to be non-recoverable for the vertex conductivity scattering
problem. However, the following network (Figure 10) is recoverable:

a

Figure 10: A recoverable double spike arrangement

The following is the K matrix for the network.

—(b+c) b c 0
a —a 0 0
a 0 —(a+d) d
0 0 c —c

Using the power series expansion, we recover the conductivities as follows.
From the A matrix, we obtain the quantity (b + ¢). Then from expanding BC,
we can recover the conductivity a. From BDC we can recover dc. Then by
expanding BD2C, we can recover (d + c). Thus we can determine d and ¢, and
hence b. So the whole network is recoverable. This seems counterintuitive at
first because the case with two edges, two interior spikes, and one boundary
node is not recoverable, but buy adding one more interior node and edge to the
network, it is recoverable.
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7.3 The Schroedinger Equation

The continuous (time independent) Schroedinger equation for scattering off a
spatially-dependent potential g(z), at constant wavelength, is given by:

Au = qu

If we are speaking of scattering in quantum mechanics, u is the wave func-
tion that governs the scattered particle. More realistically, for scattering using
different wavelengths (designated by ), we can write:

Au=(g— Nu

Discretizing this equation, we have:

Kiu=(¢g—Nu (39)

Here, K; is the discretization of the Laplace operator. K; corresponds to a
network in which all the conductivities are 1; it is the same up to sign for edge
conductivities as for vertex conductivities.

Making the distinction between boundary nodes and interior nodes, we write
(39) in block form:

A+ A—I,(B;B) B o[ @
BT C+A-LITT) |““ | o

I, is a diagonal matrix formed from the vector ¢, while B and 7 refer to the
boundary and interior nodes, respectively. As in the edge and vertex conduc-
tivity case, we can write a power expansion for the response matrix:

AN =X+ A—1,(B;B) = > B(—C + I,(; 7))* BT x™*"
k=0

We assume that the network is known, which means that A, B, and C are
known. Given A(\), it is desired to determine ¢, and hence I,. Clearly, I,(B;B)
is recovered from the A\° term. It is not clear whether I,(Z;Z) can be recovered
simply from the expansion terms, the difficulty being the surrounding B and
BT which have the effect of selecting only a portion of (—C + I,(Z; T))*, or
summing its entries.

Boundary spike and boundary edge formulas also exist for the Schroedinger
formulation. Derivation of these formulas follows closely the derivations for the
edge and vertex conductivity cases. Only the results are summarized below.

In contracting a boundary spike, we use the response function for the original
network, A()), to derive the potentials at nodes 1 and n (see Figure 6), ¢ and
gn, and the new response function, A’(\). ¢ is recovered from the Ao, and ¢y,
is recovered from A_s:
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gn = C(nsn) = Aa(1;

A’(X) is obtained by writing the equations corresponding to (Ky — I, + )@ =
& for nodes 1 and n before the contraction and for node n after the contraction.
u1 is eliminated from these equations, and the new currents are written as
functions of the new boundary potentials to give A’'(\):

(g1 + A1 = A) lA(l; )
A = 1 4 1 8 ;o 0=1+q+A1—A
SA(J; 1) _SA(J; DAL J) + A(J; )

In the above expression, J is the set of all boundary nodes excluding nodes
1 and n. In the boundary edge case (see Figure 5), ¢; and ¢, corresponding to
nodes 1 and 2, are recovered directly from A¢ of the power expansion:

Current conservation is written for boundary nodes 1 and 2 before and after
the edge deletion. These equations lead to the following new response matrix:

Aun+1l Ap=1 -+ Ay
A A2 —1 Aaa+1 - Ay
)\nl /\n2 et )\nn

The above boundary spike and boundary edge formulas can then be used to
recover potentials for entire graphs when at each step there is always a boundary
spike or boundary edge.
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