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Abstract

Discrete and continuous

inverse boundary problems on a disc
by David V Ingerman

Chairperson of Supervisory Committee: Professor James A. Morrow

Department of Mathematics

A positive function v (conductivity) on the closed unit disk D or on edges of a circular
planar graph I' (discrete analog of D) induces the Dirichlet-to-Neumann map A., on
functions on D (on AT'). The main inverse problems are to give a characterization
of the maps A, and to find out if/when A, uniquely determines . The main results
of this thesis are:

It was shown in our joint work with E. Curtis and J.Morrow that a linear map A :
R™ — R"™is a Dirichlet-to-Neumann map of a circular planar graph I" if and only if it is
self-adjoint and has the alternating sign property. We show that continuous Dirichlet-
to-Neumann maps A have the continuous analog of the alternating sign property, and
that this property is equivalent to the fact that the kernel, K, of A satisfies a set of
inequalities of the form det K (z;,y;) > 0. This implies that restrictions of continuous
Dirichlet-to-Neumann maps are discrete Dirichlet-to-Neumann maps.

We constructively show exactly what information about the shape of a circular
planar graph can be obtained from a A,,.

We give a geometric characterization of I'’s for which A, uniquely determines ~,

and give an algorithm for finding ~.



In the layered case we characterize the set of the discrete and continuous Dirichlet-
to-Neumann maps in terms of their kernels and spectra. The characterization in terms
of spectra shows that continuous Dirichlet-to-Neumann maps can be viewed as limits
of the discrete ones. The characterization in terms of kernels supports the conjecture
that the alternating sign property essentially characterizes continuous Dirichlet-to-
Neumann maps. The characterizations above give a new interpretation of connections
between positive measures, positive definite functions and analytic funtions that map
the right half-plane into itself.

We give a probabilistic interpretation to Dirichlet-to-Neumann maps on graphs
and use 1t to give a simple parametrization of the set of totally positive matrices
(matrices in which determinants of all minors are positive). This characterization

leads to an elementary proof of Hadamard’s inequality for such matrices.
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Chapter 1

INTRODUCTION

A positive function v (conductivity) on the closed unit disk D or on edges of a
circular planar graph I' (discrete analog of D) induces the Dirichlet-to-Neumann map
A, on functions on dD (on AT).

There are two main problems connected with the maps A.:

e to give a characterization of the Dirichlet-to-Neumann maps. (It was shown
in our joint work with E. Curtis ad J. Morrow that alternating sign property

essentially caharcterizes the discrete Dirichlet-to-Neumann maps).

e the inverse problem, is to recover v from A,. (A sufficient condition for unique-

ness is known: It was recently proved in [19] that A, uniquely determines v for

v e W2 (D) c C¥D), p>1.)

One of the main motivations of this thesis is to show a strong connection between
properties of the continuous and discrete Dirichlet-to-Neumann maps.

In Chapter 3 we show that continuous Dirichlet-to-Neumann maps A have the
continuous analog of the alternating sign property, and that this property is equiv-
alent to the fact that the kernel, K, of A satisfies a set of inequalities of the form
det K (z;,y;) > 0. This implies that restrictions of continuous Dirichlet-to-Neumann
maps are discrete Dirichlet-to-Neumann maps.

In Chapter 4 we constructively show exactly what information about the shape

of a circular planar graph can be obtained from a A,. We also give a geometric



characterization of I'’s for which A, uniquely determines v, and give an algorithm for
finding ~.

In Chapter 5 we consider the case of conductivities that are constant on circles
centered at the origin. We also consider a discrete analog of this, so called, layered
case. We obtain a clear picture of the sets of both discrete and continuous Dirichlet-
to-Neumann maps in this case. We characterize them in terms of their kernels and
spectra.

The characterization in terms of the spectra shows that continuous Dirichlet-to-
Neumann maps can be viewed as limits of the discrete Dirichlet-to-Neumann maps.

The characterization in terms of the kernels supports the conjecture in [14] that
the alternating property essentially characterizes continuous Dirichlet-to-Neumann
maps.

We also give sharp conditions on v for the uniqueness in the continuous inverse
problem. For the discrete case, we give a new algorithm, based on the Pick-Nevalinna
Interpolation theorem, for the recovery of ~.

The characterizations above give a physical interpretation of the connection be-
tween positive measures, positive definite functions and analytic functions from the
right half-plane to itself: these objects describe, respectively, spectral measures, ker-
nels and spectra of Dirichlet-to-Neumann maps in the layered case.

In Chapter 6 we give a probabilistic interpretation to Dirichlet-to-Neumann maps
on graphs and use it to give a simple parametrization of the set of totally positive
matrices (matrices in which determinants of all minors are positive). This character-

ization leads to an elementary proof of Hadamard’s inequality for such matrices.



Chapter 2

BACKGROUND AND MAIN RESULTS

2.1 ~-harmonic functions and Dirichlet-to-Neumann maps

We first give the definition of Dirichlet-to-Neumann maps as it is usually done, see
[25] for details. For the layered case, which we will consider, the restrictions on v will
be weakened, and the domain of A, will be shrunk.

Let v € CYY(D). A function u € H'(D) is called y-harmonic function or potential
if

div(yVu) =0 in D. (2.1)

A potential in D satisfies this equation if there are no sources or sinks of current in
D.
For each f € H'?(dD) there exists a unique 4-harmonic function u such that

u|sp = f. The Dirichlet-to-Neumann corresponding to 4 maps the boundary values

ou

of a y-harmonic function (Dirichlet data) to the current flux ’ya—|7,:1 at the boundary
r

(Neumann data). In symbols

ou
A’V = 75“21 5

where u is y-harmonic and u|sp = f. The operator A, : H'/?(dD) — H~'/?(dD) is a
self-adjoint pseudodifferential operator of order 1.

A discrete analog of the disk D is a circular planar graph. It is a finite graph
I' = (V, E,9T') imbedded into D, where the set V is the set of nodes of the graph, the

set K is the set of edges of I'; and dI' = V N dD is the non-empty set of boundary



nodes of I'. The set V' — 91 is the set of interior nodes of I'. A conductivity v is a
positive function on the edges of T.
A function u on the nodes of I is v-harmonic if at every interior node p it satisfies
Kirchhoff’s law, that is: the total current I,,(p) out of p is zero:
L(p) = Y _ 7(pg)(u(p) — u(q)) = 0. (2.2)
pe€E
This tells that the value of u at p is the weighted average of the values of u at the
neighbors of p (neighbors are the nodes ¢ of the graph for which pg € ). It follows
that v-harmonic functions satisfy the maximum and the minimum principles. From
now on we will only consider the graphs in which every interior node is topologically
connected to at least one boundary node. On such graphs (and only on them) each
v-harmonic function u is uniquely determined by its values u|sr on the boundary
of I'. The discrete Dirichlet-to-Neumann map A, is the linear map that sends the
boundary values f of a y-harmonic function u to the corresponding total current out
of nodes at the boundary [I,|sr. Or algebraically,
ALF(B) = 1u(b) = > +(bq)(u(b) — u(q)), b € IT, (2.3)
beeE

where u is y-harmonic and ulsr = f.

2.2 Properties of Dirichlet-to-Neumann maps

2.2.1 Alternating sign property

One of the main motivations of this thesis is to show a strong connection between
properties of discrete and continuous Dirichlet-to-Neumann maps. An important
step in this direction has been made in [14], [6] and [8], where it was shown that both

discrete and continuous Dirichlet-to-Neumann maps have the alternating property.

Theorem 2.2.1 (see [14] and [8]). Let A, be a Dirichlet-to-Neumann map for~y €
C*D). Then A, has the alternating sign property. That is:



Let A and B be a pair of disjoint intervals on dD and f € C*(ID), such that

suppf C A. Then for any m distinet points by, by, ..., b, € B, numbered clockwise,

such that
(=1)'Af(bi) >0
there exist m distinct points ai,asz,...,a, € A numbered counterclockwise, such that
(—1)"f(a;) <0.
ay ) 7 direction of the current flux
1
/
as bg
A o b,
o>

a4 \

This picture shows the main idea of the proof: the pattern of the directions of the
current flux A, f on B together with the maximum and minimum principles garantee
the existence of non-intersecting curves from b’s on which potential alternates in sign.
Since suppf C A these curves have to terminate at A. See Section 3.1 for a detailed
proof.

The same argument can be applied to the discrete case. In fact the discrete version
of the alternating property, which we define next, essentially characterizes the discrete
Dirichlet-to-Neumann maps.

We identify the space of real functions on 91" with R”™, where n is the number of

points in JI'.

Theorem 2.2.2 ([6]). A self-adjoint linear map A : R™ — R" is a Dirichlel-lo-
Neumann map of a circular planar graph if and only if A1 = 0 and A has the discrete
alternating sign property, that is:



Let A, B be a pair of disjoint intervals on D and f a function on O with suppf C
A. Then for any m points (2m < n) by, by, ..., b, € BNOT, numbered clockwise and

such that

(—1)'Af(b:) >0
there exist m distinct poinls ay,asz, ..., a, € ANIU, numbered counterclockwise such
that

(=1)'f(a;) < 0.

2.2.2  Right sign property of kernels

The following algebraic description of the alternating property turned out to be very
useful. To state it we consider the kernel of A,.

For a discrete Dirichlet-to-Neumann map A, its kernel is the matrix that repre-
sents the linear operator A.,.

The kernel of a continuous Dirichlet-to-Neumann map is the distribution K (¢, )

on 0D x JdD such that

v = | " K(6.0)£(0)db. (2.4

The existence of K is garanteed by the fact that A, is a pseudodifferential operator.
In fact for v € C*({D) K is a continuous function off the diagonal of dD x JD, and
the singularity at the diagonal is of order 2, (see [14]). The following theorem shows
the equivalence of the alternating sign property of an operator A and the algebraic

property of the kernel of A.

Theorem 2.2.3 ([6]). A symmelric malriz A is the kernel of a linear operator A :
R™ — R”™ that has the alternating property if and only if the kernel of A has the
discrete right sign property. That is:

for any two disjoint intervals A, B C dD and any 2m (2m < n) distinct points
a1,02,...,0, € ANIL, by, by, ... b, € BNOU, (as before a’s are numbered counter-



clockwise and b’s are numbered clockwise)

det{—A(bi,aj)}m Z 0.

7,7=1
A continuous analog of this theorem is proved in Section 3.2 (see also [14]).

Theorem 2.2.4. Let K be a distribution on dD x dD such that K is continuous off

the diagonal and has a singularity of order 2 on the diagonal. Then the operator

Af:/Kf

has the alternating property if and only if K has the continuous right sign property.
That is:
for any two disjoint intervals A, B C dD and any 2m distinct points aq,az,. .., 0, €

A, bi,byy .. by € B, (a’s and b’s are numbered as above)

det{—f((ai,bj)}?szl > 0. (25)

2.2.3  Main conjeclure

We would like to single out the following conjecture on characterizing the kernel of a

Dirichlet-to-Neumann map.

Conjecture 2.2.5. Let K(z,y) = Hzv) phere (z,y) € IDxID—A, k is conlinuous

T =y

on D x dD, k(x,x) # 0, and K satisfies (2.4). Then there is a distribution D(z,y)

on D x dD, supported on the diagonal, A, and a reqularization of K as a distribution
on dD x JD, so that L. = K + D is the kernel of the Dirichlet-to-Neumann map for
some conductivity, v, on D. The distribution D is determined by the property that

/SDL(;L’,y)dy = 0. (2.6)

Equation (2.6) is analogous to the fact the the Dirichlet-to-Neumann matrix for
an electrical network has row sums equal to zero. This implies that the diagonal is

determined by the off-diagonal terms. This is true as well in the continuous case.



2.3 Discrete inverse problems

Given the Dirichlet-to-Neumann map A(I',), what can be said about I',7 It is well-
known that the following tranformaions i-v of I'; do not change its Dirichlet-to-

Neumann map.

Let p € wntl.

o
iii
B
- 8
- « «
@ ab+ be + ac 6277 =
at 4y at B4y
\"/

b

Vzab—l—bc—l—ac ﬁ:ab—l—bc—l—ac a_oz—l—ﬁ—l—'y



In Chapter 4 we will show that if T and T are circular planar graphs and if A(l,) =
A(f‘@) then I', can be transformed by i-v into f‘@ in a finite number of steps. This
theorem follows from results in [6]. The proof presented in Chapter 4 is much simpler
due to the new Key identity. This identity also gives an efficient algorithm for finding

I, (up to transformations i-v) from A(T).

Another discrete inverse problem is the following: For what circular planar graphs

I' its Dirichlet-to-Neumann map A(I',) uniquely determines v ?

We will give a simple geometric characerization of such graphs in terms of their

medial graphs in Chapter 4.

2.4 Layered case

2.4.1 The layered case and the admittance function

In Chapter 5 we consider the case of conductivities that are constant on circles cen-

tered at the origin.

We now introduce a discrete analog of the continuous layered situation. The
discrete disks are connected circular planar graphs D(n,l) and D*(n,[) of the follow-

ing shapes:
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g

~ D*(11,5) o DA(11,4)

where n is the number of radial lines and [ is the number of layers. The layers of the

graphs D(n,l) and D*(n,[) are minimal subsets of edges invariant under rotations

27
of the graph by the angle —. Each layer consists of n edges. We assume that the
n

conductivity v is constant on layers. Therefore, the layered conductivity is determined
by [ positive numbers.

We first describe the effect that the assumed form of 4 has on A,. In both discrete
and continuous situations the «-harmonic functions are still 4-harmonic after rota-
tions and reflections with respect to the origin. Therefore, the discrete and continuous
Dirichlet-to-Neumann maps, corresponding to the layered conductivities v, commute
with rotations and the reflections of functions on the boundaries. For the continu-

ous case it immediately follows that Dirichlet-to-Neumann maps commute with the

2

Laplacian on the boundary of the disk 0 With a little more effort one gets that
A,1 =0 and

A e = R(k)e** k€ N. (2.7)

We call the function R the admittance function. Its values at positive integers
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uniquely determine A,. This reduction of layered Dirichlet-to-Neumann maps to
one-dimensional objects gives us a way to interpret the notion of ~-harmonic func-
tions when v is a positive measure, (see Section 5.1). The corresponding A,’s will
map trigonometric polynomials to trigonometric polynomials.

We now will make sense of the admittance function for the discrete Dirichlet-to-
Neumann maps. The discrete version of the Laplacian on the boundary of a discrete

disk D(n,l) or D*(n,l) is given by the n x n matrix of the form

2 -1 00 ... 0 0 —1I
-1 2 —10 0 0 0

d2

22l = —
0 0 00 ... -1 2 —1
-1 0 00 ... 0 —1 2

It makes the calculations cleaner if we assume that n is odd. Throughout this section

we let n =2m + 1,m € N. We define

8n:{7,j:—m,...,(),...,m} (28)

Direct calculation shows that [%] is diagonal in the orthogonal basis

e*y k=—m,...,0,...,m
with the eigenvalues
—eim—1|2,k:—m, ,0,...,m
We define
w](cn) = w(_nk) = |ei# —1,k=-m,...,0,...,m. (2.9)
Note that
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d2

<z| and we get that the eigenvectors of the discrete

The discrete A, commute with |
Dirichlet-to-Neumann maps are the restrictions of the eigenfunctions of the continu-

ous Dirichlet-to-Neumann maps to the boundaries of the discrete disks. In symbols:

A’yeiikﬂan = R(wl(cn))eiikﬂanv k= 17 RERRUET (210)

2.4.2  Characterization of admittance functions

Now, to see how 7"close” the discrete and continuous Dirichlet-to-Neumann maps
are we need to describe their possible eigenvalues. We will give the descriptions by
characterizing the discrete and continuous admittance functions.

The discrete admittance functions will turn out to be of the form of the Stieltjes’

continued fractions:

1
R(\) = (2.11)
1 1
—+
B 1
YA 4
1 1
—+
3 1
,72)\2 _|_ N
1
m

B where ~,;’s are the conductivities on the layers of the discrete disks. This explicit
formula will allow us to show a one-to-one correspondence between the admittance
functions of discrete disks with [ layers and the Blaschke products of degree {. (This
correspondence together with the Pick-Nevanlinna interpolation theorem is a key to

the discrete inverse problem, see Section 4.3).

It follows from (2.11) that

B(A) = (2.12)
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has a natural extension to an analytic function from the right half-plane C* to itself.

We define
B ={3:Ct — C" : 3 is analytic, 3(A) > 0 for A > 0}.

Applying the Pick-Nevanlinna Interpolation theorem, (see [18],[23]), we will prove

Theorem 2.4.1. A linear map A : R" — R” is the Dirichlet-to-Neumann map of a
discrete disk iof and only if A is diagonal in the orthogonal basis

k] =-m,...,0,...,m,
Al =0 and there is a function 3 in B such that
AeE )5 = Wl Bwl) e o, k=1, m.

In other words the set of the Dirichlet-to-Neumann maps is equal to

(st~ 5 e . (213)

It turns out that a continuous analog of this theorem is true. (Our proof heavily

uses the characterization of spectral measures of inhomogenuous strings done by Krein

and Kac [15], see also [9].)

Theorem 2.4.2. A linear map A : dD — JD is the Dirichlet-to-Neumann map of
the unit disk with a layered conductivity if and only if A is diagonal in the orthogonal

basis
e ke,
Al =0 and there is a function 3 in B such that

Aet™® = kB (k)™ ke N,

In other words the set of the Dirichlet-to-Neumann maps is equal to

{\/ "’ \/d92) 3 € B}. (2.14)
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2.4.3 The 7y < “lv” duality

We note, without a proof, that the following identity is true, (see [15] or [9])

d2
A,YA% — A%Afy — —w

Definition 2.4.3. Two disks D.(n,l) and D% (n,[) with conductivities on layers re-
spectively {61,&1,69,€9,83,...  and {&=, 2, =, L ...} are called dual.

We will show that

d2

A(DAD,) = AD)ADE) = —[355]

Remark We find the following result amusing. It was motivated by a question of
G. Uhlmann. In fact, this question together with the article [23] have stimulated our
investigation of the layered case. If # is identically 1 on D then the corresponding
Dirichlet-to-Neumann map as an operator is the positive square root of the minus

Laplacian on dD. In symbols:

The question: Is

the Dirichlel-to-Neumann map of a circular planar graph? The answer is yes. It is

an easy corollary of the Theorem 2.4.1.

2.4.4 Approzimation of continuous Dirichlet-to-Neumann maps by discrele ones

Remark We note that from the results in [14] it follows that the discrete disks
give all possible Dirichlet-to-Neumann maps of circular planar graphs. In particular,
the discrete disks with layered conductivity give all possible Dirichlet-to-Neumann

maps A of circular planar graphs with the eigenvectors e***?|; . Therefore, for the
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purposes of the approximations of continuous Dirichlet-to-Neumann maps of the disk

with layered conductivity by the discrete ones, one loses nothing essential considering

only the discrete disks with layered conductivity and not all circular planar graphs.
The Pick-Nevalinna Interpolation theorem (see [18]) lets us formulate the following

” continuous is the limit of discrete” theorem.

Theorem 2.4.4. In the layered case, the eigenvectors of discrete Dirichlet-to-Neumann
maps are restrictions of the eigenfunctions of the continuous Dirichlet-to-Neumann
maps.

Let A1, Xy, ..., A be the first (corresponding to €%, e*? ... ") eigenvalues of a
continuous Dirichlet-to-Neumann map. Then there exist a sequence of discrete disks

{D,} with the first eigenvalues X7, Ny, ..., A} such that

A= lim A7, 1< j <k

Conversely, let {D,} be a sequence of discrete disks, such that the limits above exist.
Then there exists a continuous Dirichlet-to-Neumann map with the first k eigenvalues

being equal to the limils.

2.4.5 Characterization of kernels. Positive definite functions

We will now show the existence and characterize the kernels of the Dirichlet-to-
Neumann maps in the layered case. We show the existence by an explicit calculation
of the kernel of A, in terms of the corresponding admittance function R(A). Recall
that the layered Dirichlet-to-Neumann maps commute with rotations and reflections
(with respect to the origin) of functions. It follows that the kernel of A, has to be of

the convolution type:
K(,0) = h(é—90)

where h is a distribution on R such that

h(s)=h(s+27)=h(27 —s),s €R
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and

2
/ h(s)cos Asds = R(X), A > 0.
0

To proceed we need the following representation of analytic functions from the right

half-plane to the right half-plane.

Theorem 2.4.5 (Herglotz). A function (8 is in B if and only if for some ¢,C > 0

_ c A1+ tH)do(t)
M—C“ﬁ/o T

where o is a positive measure of bounded variation on (0, 00).
A straightforward calculation gives us

Lemma 2.4.6. A distribution K on dD x D is the kernel of a layered Dirichlet-to-

Neumann map A, if and only if
K(,0) = h(6—90)

where h is a distribution on R such that h(s) = h(s+ 27) = h(27 — s),s € R,

2
/ h(s)ds =0,
0

and for s € [0,27)

e—st T 6(5—271’)25

1 _ 6—27rt

h(s) = ¢8(0) — C'§"(0) + /Oot (1+ 12)do(1), (2.15)

where ¢,C >0 and o is a positive measure of bounded variation on (0,00).

Corollary 2.4.7. The kernel of a layered Dirichlet-to-Neumann map is C™ off the

diagonal.

We will now explain a connection of the characterization in lemma 2.10 with the

alternating property.
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Definition 2.4.8. A continuous function f on a possibly infinite interval (a,b) is

positive definite if

det{f(z; +y;)}" >0
forallm e N, z; +y; € (a,b).
It follows that f is positive definite on (0,27) if and only if the kernel K(¢,68) =
f(é — 0) satisfies the right sign property. We are now one step from restating the

characterization of the kernels in terms of their right sign property. We need the

following classical characterization of the positive definite functions. (see [16])

Theorem 2.4.9 (Bochner). A continuous function f is positive definile on a pos-
stbly infinite interval (a,b) if and only if there exists a positive o-finite measure v on

R such that
+oo

flz) = /_ e“tdu(t).

o0

We now state one of the main resuls of Chapter 5.

Theorem 2.4.10. A distribution K on dD x dD is the kernel of a layered Dirichlet-

to-Neumann map A, if and only if
K(6,0) = h(6— 0)
where h is a distribution on R such that h(s) = h(s + 27) = h(27 — 5),s € R,
2 2
/ h(s)ds =0, / h(s)(coss —1)ds < oo
0 0
and h is positive definite on (0,2x).

2.4.6  The inverse problems

The continuous inverse problem will be reduced to an inverse Sturm-Liouville problem

studied by Krein, (see [15]). We obtain the following result.
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Theorem 2.4.11. [f ~(r) is a measurable function on [0,1] such that for all € > 0

o
/(’y—l—;)dr<oo

then ~ is uniquely delermined by A, a.e.. If for some € > 0 the integral is infinite,

then no information about v on [0,€) can be obtained from A..
Our main result on the discrete inverse problem can be roughly stated as

Theorem 2.4.12. A layered conductivity on D(2m + 1,1) or D*(2m + 1,1) can be

recovered from the corresponding Dirichlet-to-Neumann map if and only if [ < m.

(See Section 5.2.3 for a refined version.) Theorem 2.4.12 follows from the general
theory in [6] and [8]. In this paper the proof of the uniqueness and the conductivity
recovery algorithm are much simpler due to the assumed form of the conductivity.

Our algorithm shows an intimate connection between the discrete inverse problem

and the Pick-Nevalinna interpolation problem.

2.4.7 The case of a half plane

One often considers the Dirichlet-to-Neumann maps of the lower half plane with a
conductivity that is constant on horizontal lines. For that layered case the following

results hold.

Theorem 2.4.13. The set of Dirichlet-to-Neumann maps of the half planes with

layered conductivity is equal to

{\/—j—; (\/—%):ﬂe%}-

Theorem 2.4.14. A distribution K on R x R is the kernel of the Dirichlet-to-

Neumann map A, of the half plane with a layered conductivity if and only if

K(,0) = h(¢ — 0)
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where h is a distribution on R such that h(s) = h(—s),

/OOO hls)ds =0, /000 h(s)(cos s —1)ds < oo

and h is positive definite on (0,00).

2.5 Probabilistic interpretation of Dirichlet-to-Neumann maps

Let us consider a directed graph I' = (V, E,0I") where V is the finite set of nodes of
the graph, F is the set of directed edges and 0T is a subset of V, called boundary of
I'. The elements of dI' are called boundary nodes of I'. The subset intl' =V — 91" of
V' is called interior of I'. The elements of int]" are called interior nodes of I'. A node
q is called a neighbor of a node p if there is a directed edge e from p to q.

A weighted directed (WD) graph T, is a directed graph I" together with a positive
function 4 on the edges F of the graph.

We consider the following random walk on a WD graph I',. A particle starts its
motion at a node of I'. Suppose at the moment { = n it occupies a node p then at
the moment ¢ = n 4+ 1 it will be at a neighbor ¢ of p. The probability of going to a
particular neighbor ¢ is proportional to the weight v(pq).

Given a WD graph T, let by, by, ..., by denote its boundary nodes.

The percolation matriz of I', is the N x N matrix X(I',) = {z;;} such that

e N = number of boundary nodes of '

e z;; = probability that the next boundary node that a particle, starting its
random walk at the boundary node b;, hits is the boundary node b;. If b; does

not have neighbors, z;; = 0 for all j.

One can think of a circular planar graph I" with conductivity v as of a WD graph
I, ={(V, E,0T'),~v}, such that

pg e K qgpe kB,
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and

v(pq) = ~(qp).

Let A be the Dirichlet-to-Neumann map of I',. Let X be the percolation matrix
of I'y. Let D = {d,;} be the N x N diagonal matrix where

dii = ) (bip),

bipeE
then

X =1-D7"A.

This shows that the percolation matrix of a circular planar graph with conductivity

is the renormalized Dirichlet-to-Neumann map of the graph.

2.5.1 Parametrization and properties of totally positive matrices

A matrix 7 is called totally positive if determinants of all its minors are positive.
These matrices arise as restrictions of kernels of planar Dirichlet-to-Neumann maps,
see section 2.2.2. Let S be the set of totally positive matrices with row sums strictly

between 0 and 1.

We obtain a parametrization of the set S that gives a simple explanation to some

important properties of totally positive matrices, (e.g. Hadamard’s inequality).

For a pair of natural numbers n,m let R(n,m) be the following graph.
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by, O y(a;, b;) = probability that particle
starting at a; exits at b,
b 4
=<

by o< s WD graph R(n,m)

b O<

)] <600 0—9
0 aq (%)) as (¢7%

We will refer to the nodes of R(n,m) by its coordinates. There are n+m boundary

nodes in R(n,m) which are

{a; = (2,0)} U {b; =(0,7)}, wherei =1,...,n, j=1,...,m.

For1<:i<nand 0<j3<m-—1let
l;; € (0,1) = probability that a particle at (7, j) will make the next move to the left.
Let Y(R;) = {y:;} be the n x m matrix where

y;; = probability that a particle starting random walk at a; will go to b;.

Theorem 2.5.1. Let C' and D be two subsets of size k of the boundary nodes of a;’s
and b;’s respectively.

Then, det{y(c,d)}cec.aep = probability that k particles starting random walk at C
will follow disjoint paths and exit at D.

Theorem 2.5.2. (Parametrization of S)

(0, 1) —'§,
The map ¥ = is diffeomorphism onto.

The proof of this theorem is in section 6.6.4.
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Chapter 3

PROPERTIES OF PLANAR DIRICHLET-TO-NEUMANN
MAPS

3.1 Alternating sign property

We first restate and prove a result of [6]. Suppose that D = A U B, where A and B

are disjoint connected arcs. Then we have the following theorem.

Theorem 3.1.1. Let f be a smooth function on JD such that f =0 on A. Suppose

there is a sequence of points {p1,...,p.} C A in circular order such thal

(=1)*Af(p;) > 0. (3.1)

Then there is a sequence of points {q1,...,q,} C B in circular order such that

(=1)"Af(p:)f(q:) > 0. (3.2)

Proof. Equation (3.2) is equivalent to

Af(pi) f(gny1—i) <O. (3.3)

We first describe how to pick the point ¢,. Let u be the potential such that v = f
on dD. By (3.1) g—Z(pl) > 0. Hence there is a small open line segment, «, such that
a CD, p; is one end of @ and u < 0 on a. Let W be the connected component of
{z €D : u(z) <0} that contains a. Suppose that W N B = §. Then u = 0 on W.
But this contradicts the maximum principle since v < 0 in W and W # (. Thus
WNB#0. Now u = 0 at every point of W that is in . Using the maximum

principle again we see that there is a ¢, € W N B such that f(g,) < 0 and there is an
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open line segment 3 C W such that g, is an end point of 4. Now we can connect the
ends of a and f that are inside W by a smooth curve in W. Hence there is a smooth
curve (4 such that (' is diffeomorphic to a line segment, has end points points p;
and ¢,, and C; — p; — ¢, C W. Then u(z) < 0 for all z € C; — p;. We can repeat
this argument to produce curves C; such that C; joins p; to a point ¢,41-; € B,
Ci; —p; — quy1—; CD, and (—1)u(z) < 0 for all z € C; — p;. These curves cannot
intersect and by the Jordan curve theorem the points p1,...,pu,q1,. .., ¢, must be in

circular order on dD. It is easy to see that these points satisfy (3.3). W

3.2 Right sign property of kernels

3.2.1 The Weak Inequality

The domain of A may be taken to be H%(Q]D)) and the image is in H_%(@D). Ais a
pseudo-differential operator of order 1 and as such has a kernel, K(z,y), defined as

a distribution on dD x dD. The kernel gives a representation of A by the formula

Af(z) = / K0y, (3.4)

where z and y are arc length coordinates on dD. For the pseudo-differential operator
A, the kernel K is a symmetric function, K(z,y) = K(y, ), and for a fixed = € dD,
limy—, |K(z,y)| = co. More precisely,

Kz y)
[z —yl?
where k is continuous on dD x dD, k(z,y) = k(y, z), k(x,z) # 0, and D is a distribu-

K(z,y)= + D(z,y), (3.5)

tion supported on A = {(z,z) : x € dD}. (In this formula, |z — y| is the separation

in arc length of points with arc length coordinates x and y and the continuous term

in this expansion has been incorportated into the term |];(fyy|g ) If « & supp(f), then

the integral is an ordinary integral and there are no convergence questions. Since we

will be interested in the behaviour of K(x,y) for  # y we will ignore D and will
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pretend that K(z,y) = ];(f—jg The expansion (3.5) follows from Lemma 3.7 of [24]

or Theorem 0.1 in [26].

We first prove the weaker statement:

Theorem 3.2.1. Let (z1,...,2,y1, " ,Yn) be a circular pair on ID. Let L = (1;;)
be the n X n matriz with entries defined by l;; = K(x;,y;). Then

(—1)"5™ det(L) > 0 (3.6)
Proof. The proof is by induction on n. We first consider n = 1. The proof goes by
contradiction. Suppose that there are points p,¢ € dD with p # ¢ and K(p,q) > 0.
Then thereis an € > O such that p € D. = {y : |[y—q| < ¢} and K(p,y) > 0fory € D..
Let f(y) be a continuous function on dD such that supp(f) C D. = {y : |y — q| < €},
f(q) >0, and f(s) >0 for all s € dD. Then

Vo)) = Af0) = [ Ko )y > 0

where u is y-harmonic and u(s) = f(s), s € JD But then there must be a point z
near p in D such that u(z) < 0. This contradicts the maximum principle.
Next we assume that the result is true for all (n — 1) x (rn — 1) matrices and prove

that it is true for n x n matrices. If the result is not true, then we have a circular

pair (Z1,...,%Tn; Y1, ,Yn) such that
(—1)"5™ det(L) < 0. (3.7)

Consider the matrix L=! with entries (h;;). Then

det([;i]')

hij = (—1)"*
J ( ) det(L) )

(3.8)

where L;; is the (z,7) minor of L. By induction, (3.7), and (3.8)

(_1)i+]'+n(n2—1)+n(n2+1)+1hij — (_1)i—|—j+n+1 h” Z 0. (39)
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Since L is nonsingular, for fixed ¢ there must be some j for which

(—1) > 0. (3.10)
Now let w = [1,—1,1,...,(=1)""]T be an n-vector with alternating signs. Let
z = L™'w. Then using (3.9) and (3.10) it is easy to verify that
(—1)*"2 > 0. (3.11)
To summarize, we have a vector z such that
(—)F = w; =Y K(zi,y;)2 (3.12)
7=1
and
(—1)”+lziwi > 0. (313)

Now, choose small intervals D; around the points y; such that the D; are disjoint

and do not contain any of the points z;. Choose the D; so small that
|I(($27y) - [((inayj” <€ ye Dja i = 17 L2
Also choose functions f; such that

supp(f;) C Dj, z;fi(y) > 0, and / fi =2

D;

Let f =) f;. Then

A () — wi] = | / K () 0y~ 3 Koin)z]

i=1

| 8D(K(afuy) — K(zi,y;)) [ (y)dy]

n
< ez | 2i]-
7=1

(3.14)

(3.15)

(3.16)
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Thus we conclude that for € small enough A f(x;) has the same sign as w;. By the
alternating property, there would have to be a set of n points ¢; in circular order such

that
(=1)"w; f(t;) > 0. (3.17)

For such a set of points we would have to have ¢; € D; and hence f(¢;) would have

the same signs as z;. This contradicts (3.13).

3.2.2  The Strong Inequality

We now prove the strong version of Theorem 3.2.1. We consider the cases n =1 and
n > 1 separately. Let us assume the arc length of dD is S and that points on JD are
parametrized by the numbers in the interval [0,.5). When n = 1, suppose there is a
pair of points 1,31 with 0 < 2y < y; and K(z1,y1) = 0. By (3.5) there is no sequence
of points z; such that z1 < z; < y1, limj_ 2; = 21, and lim;_ ., K(x1,2;) = 0. Hence

there 1s a point 7, with zy < 5y < y; such that
K(z1,m2) =0, and K(z1,n) <0, for 1 <n < ns.

Let x be any number such that ;1 < = < 5y and choose 7y so that z < n; < ny. Then

(z1,x;n1,1m2) is a circular pair and hence

K(xq, K (x4,
(wrm) Klom) o (3.18)
K(z,m) K(z,n2)

Since
K(z1,m2) =0, K(x,72) <0, and K(z1,m) <0,
it follows that

K(z,n2)=0. (3.19)
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This shows that for all z, with 21 < 2 < 52, K(z,n2) = 0. Hence we get the
contradiction that lim,_,, K(x,1n,) = 0.

The proof for n > 1, makes use of the following result in [6]. It was later pointed
out to us that Charles Dodgson (Lewis Carroll) used a version of this identity in [2].
Let (z1,...,@n;¥Y1,...,Yn) be a circular pair. We assume that the coordinates on dD
are chosen so that 0 < 1 < -+ <2, <y; < -+ <y, <S. Let L be the matrix with

i,7 entry equal to K(z;,y;). We will use the notation

R(Z1, ooy Tns Y1y .o, Yn) = det(L). (3.20)
Lemma 3.2.2. Lel (a1,...,an41;b1,...,b,41) be a circular pair. Then
/{(al, ey gy bl, ceey bn+1)/-£(a1, ey p1; bg, ceey bn+1) =
/i((ll, ceay Qpy bl, bg, ey bn+1)/£(a1, BRI ¢ 2790 [P 7 7P bg, ceey bn+1)
— /{(al, cee s Uy 62, ceey bn+1)/-£(a1, ey p_1,0p41; bl, bg, ey bn+1) (321)
Assume that
(1, ey Tns Y1y ey Yn) =0 (3.22)

for some circular pair. First we claim that there is no sequence of points z; such that
T, < zj < y1, iMjme 2; = T, and limj_eo K(21, ..., Tn; 25, Y2, ..., yn) = 0. For this

would imply that there are constants ¢; (independent of j) so that

K(tn,2) = Y K (ax, 7)), (3.23)
k<n
and hence
lim K(z,,z;) = Z K (zk, x,), (3.24)
J—00
k<n

contradicting (3.5). Thus there is a number 1, with z, < 7, < y; such that

K(Z1, o TN, Y2y o Yn) = 0 and (3.25)
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K(Z1y ooy Tns Ny Y2y oy yn) # 0, for z, < n < . (3.26)

Let x be such that =, < x < n;. Then there is an n such that x < n <, and hence

(T1y. ooy Tny @0y N1, Y2y .., Yn) is a circular pair. By (3.21), (3.22), and (3.6)

0> k(1o oy Ty @M1, Y2y e ooy Yn)R(T1y ey T3 Y2y e ey Yn) =
R(Z1y ey sy Y2y e oy Yn ) K(T1y e oy Tt T N1, Y2y e ey Y
— R(T1y ey TN, Y2y e ey Y ) R( Ty e oy B 1, 50, Y2y e vy Y
= k(21 Ty M Y2y e Yn)R(T1y ey T, T, Y2y ey ) > 0. (3.27)

Using this and (3.26) we see that
K(T1, oy T, T N1, Y2u -+ 5 Yn) = 0, for z, < x < ny. (3.28)

As above, this contradicts (3.5) and proves the theorem.

3.3 The Hopf Lemma

We now show how the fact that K(z,y) < 0 for x # y implies the Hopf lemma

(reference) for the conductivity equation.

Theorem 3.3.1. Let u be a non constant solution of V(yVu) =0, and let p € ID

be a point where u assumes a minimum. Then

du
on
Proof. We may assume that u(p) = 0. Let f = u|sp. Since u is not constant, supp(f)

(p) <0 (3.29)

is not empty. Thus there is an interval D around p in dD such that supp(f) — D
is not empty. Let ¢ be a smooth function on dD such that ¢» = 1 on supp(f) — D,
t» = 0 on an interval around p, and 0 < ¢ < 1. Let ¢ = ¢ f and let v be the solution
of V(vVv) = 0 with v|sp = g. Since f > g it follows that v > v. It is also true that

g > 0. Since p & supp(g) and K(p,y) < 0,

0> [ Kigtody = 1) 3 0) 2 1) 5e(0) (3.30)
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which proves the theorem. W

3.4 The Variation Diminishing Property

We will use the following notation. Let M(z,y) be a continuous function on [e, d] x
[a,b]. Let c< a1 < a9 <<, <d, a<y; <y < <y, <b Let T be the

n X n matrix with ¢, j entry equal to M(z;,y;). Let

(21, 2,y e Ty Y1, Y2, - e s Yn) = det(T).

The following lemma from [11] is sometimes paraphrased by saying that the kernel
M has the variation diminishing property. It will be used to show that the strong
inequalities of the form 3.6 imply the alternating sign property.

Lemma 3.4.1. Let f be a continuous, not identically 0, function defined on the
interval [a,b], such that f changes ils sign on this interval no more than n — 1 limes.

Let M(z,y), x,y € [¢,d] X [a,b], be a conlinuous kernel with the property that

P21, T2,y e Ty Y1, Y2y ey Yn) > 0, (3.31)

whenever ¢ < 17 < 19 < - < 1, < d, a <y <y < - <y, < b. Then the

function
b
ola) = [ Moy o)y
vanishes in [c,d] no more than n — 1 times.

By saying that function f changes its sign k times on the interval [a, b] we mean

that there are k + 1 points 21 < 23 < -+ < xg41 in [a, b] such that for e = 1,2,... k
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Proof. By hypothesis there are points a = sg < 81 < 83 < +++ < 8,1 < 8, = b such
that in each interval (s;_1,$;), ¢ = 1,2,...,n function f does not change its sign and
is not identically 0. For: = 1,2,... n let

o) = [ M) 1)y (3.33)

2

Then

g(z) =Y gi(x). (3.34)
=1
For any ¢ < 1 < 3 < -+ < x, < d the determinant

det({gl(xj}) :/ / ﬂ($17$277$my17y277yn)f(y1)f(yn)dy1dyn

0
(3.35)
is not 0 since the integrand is not identically zero and has constant sign. This shows
that there is no non-trivial linear combination of ¢;’s vanishing at n points and hence

that g(z) = >_"_, gi(x) cannot vanish at n points. W

We note that this proof only used the fact that p(xy,za,..., 20 y1,92,...,yn) has
constant sign. We need one more lemma before coming to the proof of the alternating
principal.

Let K(z,y) be a kernel on dD x dD. We assume that K(z,y) is continuous when
r # y, but we don’t assume anything about K on the diagonal of dD x dD. Let

K(Z1, . TniY1, ..., Yn) be defined as in section 4.

Lemma 3.4.2. Suppose that k(x1,...,Tn;Y1,...,Yn) is never zero and has constant
sign for all circular n-pairs (x1,...,20Y1,...,Yn). Let D = [ U .J where [ and J
are disjoint connected arcs. Let f be a conlinuous function on dD with supp(f) C J.
Let

g(z) = /mfs'(:c,y)f(y)dy. (3.36)
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Then if there is a sequence of n+ 1 points in I in circular order at which ¢ alternates
in sign, then there is a sequence of at least n+1 points in J in circular order at which

f alternates in sign.

Proof. 1f there is no sequence of n + 1 points of .J at which f alternates in sign, then
f can change its sign no more than n — 1 times in .JJ. By Lemma 3.4.1, g can vanish
no more than n — 1 times in /. But we are assuming that ¢ has n + 1 alternations of

sign in [ and hence at least n zeros in I. This contradiction proves the lemma. W

We now state and prove the theorem.

Theorem 3.4.3. Using the notation of Lemma 3.4.2, suppose that

n(nt1)
(—1) ad (T, T Y1y, Yn) >0 (3.37)
for all n > 0 and all circular n-pairs (z1,..., 2% Y1,...,Yn). Let [ be a continuous

function on OD with supp(f) C J. Let

g(x) = / K() )y, (3.38)

Suppose there is a sequence of points {p1,...,p.} C I in circular order such thal

(=1)*'g(pi) > 0 (3.39)
Then there is a sequence of points {q1,...,q.} C J in circular order such that
(=1)"g(pi) f(g:) > 0. (3.40)

Proof. By Lemma 3.4.2 there is a sequence of points in .J at which f alternates in
sign. If there is no sequence with the desired alteration property then .J is a disjoint

union of subintervals .J;, in circular order, such that

1. f is not identically O on .J;, 1 =1,...,n,



2. f does not change its sign on J;, 1 =1,...

3. for some z; € .J;,

3

n

(=1)"* f(z) > 0.

We use the idea of Lemma 3.4.1. For: =1,2,..

., let

wla) = [ Kle.nrwiy

g(z) = Zgi(l’)-

Then
Let
gi(z1)  g2(71)
(1 — 91('1172)
_gl(xn)

gn(21)
gn(22)

gn(@5)

Let u be the n-vector with u; =1, +=1,...,n. Then

Gu

9(zn) |
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(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

Using (3.41) we will show that the signs of u are all negative. This contradiction

will prove the theorem. We need to compute the signs of the entries of G='. Rather

than get lost in a cloud of indices, we will give the proof in the case that n = 3 and

leave the general proof to the reader. In this case the assumption (3.41) implies that

fly) > 0in Jy, f(y) <0in Jy, and f(y) > 0 in J5. As in section 3.2.1 we compute

the signs of the cofactors of G. First we have

det(G) = /J1 /J2 /J3 k(x1,22, 23591, Y2, y3) [(y1) f(y2) f(ys)dyrdyadys < 0. (3.46)
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We find that

92(z2) gs(x2) _ ‘
oo(zs) go(3) = /J2 /J3 k(22,235 Y2, Y3) [ (y2) [ (y3)dyadys > 0. (3.47)

Hence (G_l)u < 0. Next we compute that

(_1)1+2 QIECU?; 93E$2; :/ / k(x2, 23391,y3) (1) f(ys)dyrdys > 0, (3.48)
g1\T3) ¢g3(T3 J1J s

and thus (G~')2; < 0. Continuing the calculation we find that the signs of G~! are

as follows

— _I_ —
Gl=1|- + —|. (3.49)
— _I_ —
This yields the contradiction
-+ —| |+ 1
— 4+ | |==11]. (3.50)
-+ —| |+ 1



Chapter 4

CIRCULAR PLANAR GRAPHS

4.1 Background

We first need to establish some geometric properties of circular planar graphs.

4.1.1 Basic transformations of graphs

Two graphs I'y and I'y are called electrically equivalent if they have the same sets of

Dirichlet-to-Neumann maps.
It is well known that if I'; can be transformed to I'; by a sequence of the five

following transformations then I'y and I'y are electrically equivalent.
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In the following p is an interior node.

e
>.p

e
e
A

NN NN

We will prove that for the circular planar graphs the strong converse is true,
i.e. if the sets of Dirichlet-to-Neumann maps of I'y and I'y intersect then I'y can be
transformed to I'y by a sequence of the transformations i-v. We will call two graphs
equivalent under transformations i-v if one of the graphs can be transformed to an-

other by a finite sequence of transformations i-v. We will call this equvalence relation
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induced by the transformations i-v. First, we will describe what is the set of circular
planar graphs quotiented by the iequivalence relation induced by the transformations

i-v. To do that we consider

4.1.2  Medial graphs

A medial graph M is a circular planar graph such that its boundary nodes are 1-valent
and its interior nodes a 4-valent.

The name "medial” comes from the following construction that for each circular
planar graph I' produces corresponding medial graph M(T'):

Suppose I' = (V, E,dTl') is a circular planar graph with n boundary nodes. T is
assumed to be embedded in in the closed unit disk D so that the boundary nodes
V1, Vg, ... ,0, occur in clockwise order around a circle C' = dD and the rest of T is
in the interior of D. The construction of the medial graph M(I') is similar to that
in [12] (p 239). The medial graph M(I') depends on the embedding. First, for each
edge e of I', let m, be its midpoint. Next, place 2n boundary points ¢1,%,,...%3, on
C' so that

< <tg<ilzg<vy<...<tlgp1 <V, <ty <1y

in the clockwise circular order around C.
(1) The vertices of M(T") consist of the points m,. for e € F, and the points ¢; for
1 =1,2

g Ly eee

2n.

(2) The edges in M(I") are as follows. Two vertices m. and my are joined by an
edge whenever e and f have a common vertex and e and f are incident to the same
face in I'. There is also one edge for each point ¢; as follows. The point Z; is joined
by an edge to m,. where e is the edge of the form e = v;r which comes first after arc

v;l9; in clockwise order around v;. The point 15;_; is joined by an edge to m; where f
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is the edge of the form f = v;s which comes first after arc v;t9;_1 in counter-clockwise
order around v;.

The vertices of the form m. of M(I') are 4-valent; the vertices of the form ¢; are
1-valent.

An edge uv of a medial graph M has a direct extension vw if the edges uv and

vw separate the other two edges incident to the vertex v. A path wouq...up in M
is called a geodesic arc if each edge u;_ju; has edge w;u;11 as a direct extension. A
geodesic arc uguy ... u 1s called a geodesic if either

(1) up and uy are points on the circle C.
or

(2) ur = ug and ug_quy has ugu; as direct extension.

The following picture shows transformations of M(I') corresponding to the trans-

formations i-v of T'.
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A subgraph L of M is called a lens provided that:

(1) L consists of a simple closed path path wuouy ... ugvevy...v,aue and all the
nodes and edges of M in the bounded connected component of the complement of L

in the plane.
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(2) wouq ... ugpvg and vovy ... VLU are two geodesic arcs such that no inner edge
of L is incident to ug or vyg.

If each geodesic in M begins and ends on ', has no self-intersection, and if M
has no lenses, we will say that M is lensless.

A triangle in M is a triple {[, g, h} of geodesics which intersect to form a triangle

with no other intersections within the configuration, as in the picture below.

Suppose {f,g,h} form a triangle as in the picture above. A motion of {f, g,h}

consists of interchanging the configurations above.

Lemma 4.1.1. Two circular planar graphs are Y — A equivalent if and only if their

medial graphs are equivalent under motions.

Proof. Each Y — A transformation of I' corresponds to a motion on M(I"). Conversely,

a motion on M(I") corresponds to a Y — A transformation of I'. W

We shall make extensive use of the following Lemma. Our proof is an adaptation

of a proof of Steinitz to our situation; see [12]and [22].

Lemma 4.1.2. Suppose M is lensless medial graph. Suppose g and h intersect at p.
Suppose g intersects C at ¢ and h intersects C alt r. Assume F={f1,..., fn} is a
set of geodesics with the property that for each 1 <1 < m, f; intersects g between p
and g if and only if f; intersects h between p and r. Then a finite sequence of motions

will remove all members of F from the sector qpr.
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Proof. For each i = 1,... ,m, let v; be the point of intersection (if there is one) of f;
with ¢ between p and ¢. For each f; which intersects another of the f; within sector
gpr, let d; be the first point of intersection on f; after v; in sector gpr. Let D = {d;}
be the set of points obtained in this way. If D is empty, let f; be the geodesic in
F such that v; is closest to p, and {g, h, f;} form a triangle. A motion will remove
fi from sector ¢gpr. Otherwise, D is nonempty. Each point d; € D is the point of
intersection of two of the geodesics, say f; and f;. Let d be a point in D for which the
number of regions within the configuration formed by f; and f; and ¢ is a minimum.
This minimum must be one, or there would be another geodesic which intersects f;
between v; and d or which intersects f; between v; and d. Then {g, fi, f;} form a
triangle. A motion will reduce the number of regions within sector ¢pr. After a finite

number of motions, no f; will cross into the sector. W

Lemma 4.1.3. Suppose M is a medial graph that has a lens. Then M is equivalent

under motions to a medial graph M that has an empty lens.

Proof. Suppose g and h are two geodesics which intersect at p; and p; to form a lens
L. WLOG assume that L is a lens with the fewest number of regions inside L. Each
geodesic f which intersects ¢ between p; and p, also intersects h between p; and p,,
or there would be a lens with fewer regions than L. An argument similar to that of

4.1.2 shows that all of these f’s may be removed from L. W

This process will be called ”clearing the lens”.

Corollary 4.1.4. Fvery medial graph can be made lensless by a finite sequence of

transformations i-v.

Proof. If a medial graph has a lens, by the previous lemma we can assume that the

lense is empty. Then applying one of the transformations i-iv we can eliminate the
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lens. Every such elimination decreases the number of interior points of M . Therefore,

M can be made lensless by a finite number of steps. WM

Corollary 4.1.5. FEvery circular planar graph I is electrically equivalent to a circular

planar graph T such that M(f) is lensless.

4.1.3  Z-sequences

Let M be a lensless medial graph. Then M will have n geodesics each of which
intersects (' twice. The n geodesics intersect €' in 2n distinct boundary points.

These 2n points are labelled ¢4,... ,t3,, so that
T <ta<tzs<...<tgp 1 <ty, <1

are in circular order around C'. The geodesics will be labelled as follows. Let g, be
the geodesic which begins at ¢;. The remaining geodesics are labelled g¢o, g3, ..., gn
so that if ¢+ < j, then the first point of intersection of ¢g; with C' occurs before the
first point of intersection of ¢g; with (' in clockwise order starting from ¢;. For each
1 =1,2,...,2n, let z; be the number associated with the geodesic which intersects C'
at ¢;. In this way we obtain a sequence z(M) = 21, z,... , 225, called the z-sequence

for M. Each of the numbers from 1 to n occurs in z exactly twice.

We now need to define a new transformation on a lensless medial graph M. Let
t; and t; be two adjacent boundary nodes of M such that the geodesics from ¢; and
ly intersect at an interior node p (if that is the case then it can always be read from
z(M)). Then using the idea of "clearing lenses” in lemma 4.1.3 we can transform M
by motions so that no other geodesic intersects the triangle ¢1pt,. That is, near the

boundary points t; and ¢, the transformed graph looks like the picture on the left.
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The transformation from left to right will be called unwinding between t, and t,
the inverse transformation, defined if the geodesics from ¢; and ¢; are different and
do not intersect in a lensless graph, will be called winding between t; and t;. After
winding or unwinding the medial graph is still lensless and its z-sequence changes by

one transposition.

Lemma 4.1.6. Two lensless medial graphs My and My are equivalent under motions

if and only if z(My) = z(M,).

Proof. Obviously, motions of a medial graph do not change its z-sequence.

We show the other direction by an induction on the number of interior nodes
of the medial graphs. Clearly, the theorem is true if M; or My have no interior
points. Now, suppose they have at least one. Then not all geodesics in My or M, are
parallel. WLOG we can assume that none of the geodesics of My or M; terminate
at two adjacent boundary nodes, that is there are no two equal adjacent symbols
in z(My) or z(My). Therefore, WLOG we can assume that the geodesics that go
through boundary nodes 1 and 2 intersect in an interior node p; in M;, ¢t = 1,2. The
trick of "clearing lenses” in lemma 4.1.3 shows that by a finite sequence of motions all
other geodesics can be moved out of the triangle 12p;. Therefore, WLOG the medial
graphs look like the following figure near boundary points 1 and 2.
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The unwinding transformation above produces two new lensless medial graphs
with equal z-sequences. By the inductive statement, since these new medial graphs
have fewer interior points, they are equivalent under motions, and therefore, so are

the original graphs. W

4.1.4  Connections and Z-sequences. Key identity

Let I" be a circular planar graph. A path 3 between boundary nodes a and b of T" is

either an edge (ab) or a sequence of interior nodes pi,. .., p, such that

(apl)a (p1p2)7 KR (pm—lpm)v (pmb)

are edges of T

A disjoint connection a between two disjoint k-tuples of boundary nodes aq, ..., ax
and by,...,b; is a set of pairwise disjoint paths «; between a;’s and b;’s.

The following theorem, proved in [6], shows that the existense of disjoint con-
nections between non-interlacing k-tuples of boundary nodes of I' on C' can be read

directly from a Dirichlet-to-Neumann map A(I',).

Theorem 4.1.7. (see [6]) Let aq,...,a, and by,..., by be a disjoint pair of non-
interlacing boundary nodes of I'. Then there is a disjoint connection between a;’s and
b;’s if and only if

det{A(a;, b;)} # 0.
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We now extend the notion of disjoint connection to medial graphs.

A face of a medial graph M is a connected component of D — M. Due to the
valences of the nodes in M one can color the faces of M in black and white so that
no two faces with the same edge are of the same color (so called 2-coloring). If
transformations i1-v are applied to a colored medial graph then the new coloring is
always chosen to respect the old one. If M = M(I') then one can choose the 2-coloring
of M so that a face is black if and only if it contains a node of I'. Let us call this

coloring induced.

The boundary nodes of M split C' in 2n intervals [4,...,I5,. A 2-coloring of M
induces a 2-coloring of the intervals.

For the rest of the section let ¢ and d be two points in two distinct intervals I},
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and I;. Let C —{¢,d} = AU B where A and B are connected disjoint arcs. Let [
and .J be two black intervals on the boundary such that I C A and J C B. A path
(I between I and J is a sequence of black faces Fi, ..., F,, such that [ € Fy, J € F,,,
F;N Fipy # o, Fy,...,F,_1NC = ¢ and c and d are not in the closures of F}’s.

Let I; and J; be two disjoint k-tuples of the black intervals, such that I; C A and
J; C B. A disjoint connection between [;’s and J;’s is a sequence of pairwise disjoint

paths G; between I;’s and J;’s.

The definitions above are chosen so that the following lemma is true.

Lemma 4.1.8. Let ' be a circular planar graph. Suppose M = M(I") is its medial
graph with the induced coloring. Lel {a;} € A and {b;} € B be lwo disjoinl k-tuples
of boundary nodes of I'. Let I; and J; be corresponding black intervals. Then there is
a disjoint connection between a;’s and b;’s if and only if there is a disjoint connection

between I;’s and J;’s.

Proof. From the construction of M(T") one has 1-1 correspondence between nodes of T
and black faces of M(I"). Moreover, interior nodes of I' correspond to black faces that

do not touch C'. This induces the 1-1 correspondence between disjoint connections in

I'and M(T'). W

Lemma 4.1.9. The existence of disjoint connections is invariant under the trans-

formations i-v.

Proof. The check of several simple cases is left to the reader. W

We have by theorem 4.1.7 that a Dirichlet-to-Neumann map A(I',) gives complete
information about disjoint connections between non-interlacing k-tuples of boundary
intervals in M(I'). The following identity provides a link between existence of the

disjoint connections and the z-sequence of a medial graph M.
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Theorem 4.1.10. (Key Identity) Let Max(A) be the size of the biggest disjoint con-
nection between a set of black intervals in A and a set of black intervals in B = C' — A.
Let Black(A) = the number of black intervals in A. Let R(A) be the number of

geodesics that start and terminate at A. let card(A) be the number of boundary nodes
of M in A. Then

R(A) = card(A) — Black(A) — Max(A). (4.1)

Proof. Let ¢; and {3 be two adjacent boundary nodes of M so that {{1,1,} C A or
B. The following observation is crucial: windings or unwindings between ¢; and ¢,
do not change Max(A, B), Black(A) or R(A). By a sequence of such windings and
unwindings M can be transformed to a lenless medial graph without interior nodes.
For that graph the identity is trivially true. By the observation it is true for a general
lensless medial graph. W

We are now in a position to prove a corollary that is crucial for disrete inverse prob-

lems.

Corollary 4.1.11. Two lensless medial graphs have the same disjoint connections if

and only if they have the same z-sequence.

Proof. By the lemma 4.1.6 two lensless medial graphs with the same z-sequence are
equivalent under motions. So, one direction follows from the invariance of disjoint
connections under the transformations i-v. Suppose now that two medial graphs have
the same disjoint connections. Then by the key identity, for every connected arc A
on C both graphs have the same R(A).

Let t; < t; be two boundary nodes of M. Consider ¢ > 0 such that there are
no other boundary nodes of M in (¢; — ¢,t; + €) and (¢; — ¢,t; + €). Then there is a

geodesic in M with the endpoints {; and ¢; if and only if

R(ti—é,t]’—I-é)—l:R(ti—l-é,t]’—l-é) :R(ti—é,tj—é) :R(ti—I-é,tj—é).
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This implies the equality of the z-sequnces of the graphs. W

Corollary 4.1.12. The set of medial graphs quotiented by the equivalence relation

induced by the transformations i-v is in 1-1 correspondence with the set of z-sequences.

4.2 Inverse problems

4.2.1 Finding shape

What can be said about a circular planar graph I' given A(I',) for some 47 The

results of the previous section give a simple answer to this question:

Theorem 4.2.1. Let I' and T be two circular planar graphs. Then
A(T,) = A(F)

for some v and 7 if and only if I and T are equivalent under transformations i-v.

Proof. One direction is obvious. Now, suppose that A(I';) = A(T'5). It follows that
I and T have the same disjoint connections, and therefore M(T') and M(T') have the
same disjoint connections. From corollary 4.1.11 M(I') and M(f) have the same z-

sequence, and, therefore, are i-v equivalent. By the correspondence of transformations

we are done. W

4.2.2  Finding conductivities

Another discrete inverse problem is the following: For what circular planar graphs I'
does its Dirichlet-to-Neumann map A(I',) uniquely determine v ?

First, it is clear that M(I') has to be lensless. We will show in this section that
this is a sufficient condition. To do that we need the following calculations from [6].

First,
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Lemma 4.2.2. ([6]) Let T and T be two Y — A equivalent graphs, then A : v — A(T)

is injective if and only if A : v — A(T,) is injective.

A boundary-to-boundary edge in I' is an edge between two adjacent boundary
nodes of I'. A spike (bp) is an edge between a 1-valent boundary node b and an
interior node p.

There are two operations on I' corresponding to unwindings on M(T") (two because
of two ways to 2-color M(I)).

(1) breaking of a boundary-to-boundary edge is removing this boundary-to-boundary
edge,

(2) collapsing a spike (bp) is removing the spike and making p boundary node.

Lemma 4.2.3. (see [6]) Let T, be a circular planar graph. Suppose T's is obtained
from I, by breaking of a boundary-to-boundary edge or collapsing a spike of conduc-
tivty 3. Then A(f‘:y) can be explicitly caleulated from A(T'.,) and 3.

Moreover, if I' has fewer disjoint connections than T then B can be explicitly

calculated from A(T,).

Theorem 4.2.4. Let ' be a circular planar graph. Then the map A : v — A(',) is
injective if and only if M(T') is lensless.

Proof. We will prove this theorem by induction on the number of conductors in T
(number of interior nodes in M(I')). Let M be the medial graph of I'. Not all
geodesic of M are parallel and, therefore, WLOG M can be unwinded between two
nodes t; and t3. The new medial graph will have a different z-sequence and therefore
fewer connections. The unwinding in M corresponds to breaking of a boundary-
to-boundary edge or collapsing a spike in I'. By the previous lemma its value can
be calculated from A(I',) and moreover the new Dirichlet-to-Neumann map can be

found. All other conductors can be calculated by the inductive hypothesis. W
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Corollary 4.2.5. Let I'y and 'y be two circular planar graphs. Then the sets of
Dirichlet-to-Neumann maps of I'y and I'y intersect if and only if I'y can be transformed

to I'y by a sequence of the transformations i-v.



Chapter 5

LAYERED CASE

5.1 Continuous problem

In this chapter we consider the case of conductivities that are constant on circles
centered at the origin. Our assumption that v depends only on r makes it possible

to reduce our subject of study to a 1-dimensional one.

5.1.1 Reduction to a 1-dimensional problem

Lemma 5.1.1. The solution to the Dirichlet problem on D with the boundary data
e k € Z is of the form

ui(r,0) = ax(r)e™

Proof. Suppose u is y-harmonic and u|sp = ¢**?. Since the conductivity is constant
on circles, for all ¢ > 0

v(r,0) =u(r,0 +¢€) —u(r,0)

is also y-harmonic and v|sp = e*?(e'* — 1). Hence, by the uniqueness of the solution

of the Dirichlet problem,
up(r, 0)(e* — 1) = ug(r, 0 4 ¢) — ug(r, 0)
= ug(r, 0)e™ = up(r, 0 4 ¢)

= ug(r,0) = ak(r)eika.
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Corollary 5.1.2. A, and © have the same eigenfunctions

462
e““e,k cZ.
We have that for £k € N
ak(()) = 0,
ak(l) =1.

Writing (2.1) in polar coordinates gives

d d r
g/ rax(r) — kﬂi )ak(r) = 0. (5.1)

The eigenvalue of A, corresponding to e*? and e="*? is

We make the change of variable

L 4 h
t Too = —— < 0. W
et fo ) = oo. We have
pe
(e) = B (@)a(e). x € (0,2.0), (5.2
ak(()) = 1,
ap(e) =0,
and
L dak
R(k) = —%(0)-

The investigations by Krein and Kac, outlined in the next section, show that the

admittance function R is well-defined even if 4% in (5.2) is replaced by a positive
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measure. This fact allows us to extend the map v — A, to conductivities given by
positive measures. (See [20] for a similar extension made by geophysicists).
We will view from now on A,’s as linear operators from trigonometric polynomials

to trigonometric polynomials, given by

A1 =0,

Aet* = R(k)et™™ k€ N.
5.1.2  Small Vibrations of Strings

We will give now, without proofs, an outline of some results of Krein and Kac, see

also [9].

Definition 5.1.3. A string is a pair Im, where [ is the lenght of the string (0 < [ <
o0) and

m =m(z),z € [0,

is a non-decreasing function with
0<m(z)<oo for0<uz<l
The value of m al z represents the mass of the interval [0, x].

We note that this definition is slightly different from the one in [15] and [9],
instead of considering different ways of attaching the right end of the string we allow
a weightless interval at that end.

If the right end [ of the string is fixed, and a pulsating force

F=Asin+/(t,( ¢ R

is applied to the left end in the direction perpendicular to the x-axis, the forced

oscillation of the left end satisfies the law

y = H(()Asin \/Et.
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The function H is called the coefficient of dynamic compliance of the string.

The amplitude function of the oscillation satisfies the following integral equation

(2, 0) = (0,0) + (0, O)x — ¢ / (2 — spi(s, O)dmi(s). (5.3)

If m has the density p(x) = dm/dx this equation has an equivalent differential form

1 d?
m@@b(l’aC) = _C¢($7C) (54)

The integral form makes the general characterizations below possible.

Let ¢(z, () and 0(x, () be the solutions of (5.3) with the boundary conditions
$(0,¢) =1 0(0,¢) =0

dé and dé

“0,¢) = —(0,¢) = 1.

0.0 =0 (0.0

For every = € [0, 2.,) the functions ¢(x, () and 6(z, () are entire functions of (. The

coefficient of dynamic compliance is determined by these fundamental solutions

00
H(C) a 1”“‘1 ¢($7 C)

Note that

1

¢($7C) = qb(x,C) - Wg(xac)

is the solution of (5.3) with
¥(0,¢) =1,
P(l,¢) = 0.

The following fundamental theorem is proved in [15], see also [9)].

Theorem 5.1.4. For every function of the form

eSO
H)=C C+/o - ,( € C—[0,400),

where o is a posilive measure of bounded variation on (0,00) there exists a unique
string for which H serves as the coefficient of dynamic compliance. And for every

string its coefficient of dynamic compliance is of this form.
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The measure o is essentially the spectral measure of the operator L& 1y

p(z) 2

particular for any z,y € [0, 2)

/ o2, ()6(y, (1 + )do(C) = 6(z — y).

Corollary 5.1.5. The formula

B(¢) = CH(=¢?)
gives a one-to-one correspondence between coefficients of dynamic compliance of strings
and analytic functions
B:Ct —=C*
with B(¢) > 0 for ¢ > 0.

Proof. Herglotz’s theorem in Introduction. M

5.1.3 Corollaries of the results of Krein and Kac

The definition of the Dirichlet-to-Neumann maps in section 5.1 and corollary 5.1.5
immediately imply Theorem 2.4.2.
We will now show that the uniqueness in Theorem 5.1.4 implies Theorem 2.4.11.
For a conductivity « satisfying the hypothesis of Theorem 2.4.11 we put in corre-

spondence the string Im with

and

1 dt
o[ ) =0

The admittance function corresponding to « and the coefficient of dynamic compli-

ance of the string are connected by

R(A) = —. (5.5)
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By Corollary 5.1.5 we have that

R(\)
—.ct>cCt

is analytic in C* and, therefore, is determined by its values at integers (see [21]).
Therefore, the Dirichlet-to-Neumann map A, determines the coefficient of dynamic
compliance D(A) of the correspondent string. Theorem 5.1.4 garantees a unique

corresponding string with density p. The conductivity can be found then by

(e B VD) — /(). (5.6)

5.1.4  Characterization of kernels. Positive definite functions

We will now explore the role of positive definite functions.

Lemma 5.1.6. Let

00 st 6(s—27r)t
f(s) = —/0 t+—(1 + t%)do (1), s€(0,7), (5.7)

1 _ e—27rt

where o is a positive measure of bounded variation on (0,00), then

/07r f(s)(cos As — 1)ds = /000 )\2(1)\—5_75:);0(”

for A e C*.

Proof. Tonelli’s theorem. M

We are now in a position to prove Theorem 2.4.11.

Proof. The fact that the kernel of a layered Dirichlet-to-Neumann map has the prop-
erties of the Theorem 2.4.11 follows directly from the Herglotz’s theorem and the

lemma 5.1.6. We now show the other direction.
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By the Bochner’s theorem in Section 2.4, if —h is positive definite on (0, 27), there
exists a o-finite measure v on R such that

h(s) = —/_ h e *dv(t),s € (0,2r).

o0
Since

h(s) = h(2% — s),

there exists a o-finite measure 7 on (0, 00) such that
1 [t o0
h(S) = _5/ 6—525 + 6—(27T—S)tdl/(t) — _/ 6—525 T 6_(27T_S)td7'(t),
-0 0

Since
/ f(s)(coss —1)ds < o0,
0

by lemma 3.6 with A =1 and dr(t) = H(1+) do(t)

1_6—271-1:

001_6—27715
L= i) < oo,
/0 s dr(h) < o0

1 — e—27rt

0o st 6(s—27r)t
= f(s) = —/0 t+—(1 + t2)da(t), s €(0,7)

for a positive measure of bounded total variation o. Invoking of lemma 5.1.6 and

Theorem 5.1.4 finishes the proof. M

The arguments above can be easily transformed to give theorems 2.4.13 and 2.4.14

for the half-plane. Lemma 5.1.6 should be replaced by
Lemma 5.1.7. Let
g(s) = —/ te™ (1 + 1*)do (1), s € (0,00), (5.8)
0

where o is a positive measure of bounded variation on [0,00), then

/000 g(s)(cos As — 1)ds = /000 )\2(1)\—;_75:);50@)

for A > 0.
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5.2 Discrete problem

We will proceed in a manner similar to the continuous case.

5.2.1 Reduction to a 1-dimensional problem

Lemma 5.2.1. The solution to the Dirichlet problem on D, with the boundary data
e®)5, is of the form

u(r,0) = ap(r)e™

Proof. Suppose u is y-harmonic and uls, = ¢*?. Since the conductivity is constant
on layers
27
o(r,0) = u(r,0+ 7) — u(r,0)

is also y-harmonic and v|5, = e““e(ei% —1). Hence, by the uniqueness of the solution

of the Dirichlet problem,

Corollary 5.2.2. A, and [%] have the same eigenvectors.

We will now derive an explicit formula for the eigenvalues of A, in terms of v. We
will do it in a way that emphasizes the relevance of the Sturm-Liouville and beads-
on-a-string inverse problems ([11]) to discrete impedance tomography. Let us first

consider the case of D(n,l) with an odd [.
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Let {61,&1,62,&2, ..., 0111} denote the conductivities on layers of D(n,[) starting from
the origin. For k£ # 0

ak(()) = 0,

ak(l) = 1,

§i(ar(r;) — ar(ri=1)) + 8isa(an(r;) — ar(rin)) + &ar(wi™)? = 0.

Let P(A,r;) be the unique solution of the following problem:

P(),0) =0,

P()\,Tl) = 1,

8(P(Ari) = P(Aric1)) 4 6541 (PN, ) = P(A,mi40)) + A6 P(A 1) = 0.

Let
Q(A, i) = 6;(P(A,1j) — P(A,rj-1)).
Then
Q1)
Ay = (n)
P(wkn 71)
We have also
1
P()\,T]‘) = P()‘7rj—1) ‘I' @Q(Avrj)a (59)

QA1) = QA rj1) + {2 P(A ).

Therefore,

1 P()‘arj—l) 1 P()‘arj—l)
& Qr) & QOyrim) FENP(N i)
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1
1 1
5
€N Q(/\a T]—l)
P W
Let
1
R(\) = (5.11)
1 1
br )
Eia N2+
’ 1 1
—+
03 1
£2A% +
1 1
—+
Gy SN+ G
Then the eigenvalues )\Ecn) of A, are
A = R()
1

To get the similar formula for other disks one should make corresponding é; or

0141
2

or both zero.
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5.2.2  Characterizations of the Dirichlet-to-Neumann maps

We consider the function

1 1
B(A) = XR()\) = . (5.12)
1 1
A
buga ! 1
fl—Tl)\—l---'—l-
1)\ 1
—A+
O3 1
L\ +
1 1
—\ +
6 1
A+ —
1)\
&

The function f has the following properties:

1. [ is rational,
2. B(A): Ct — Ct,

3. B(A) > 0for A >0,

4. B(=X) = —B(N).

It turns out that these four properties characterize the continued fractions of the form

(5.2.4), see [17].

Corollary 5.2.3. The set of the discrete Dirichlet-to-Neumann maps belongs to
d? d?
{\/_[W]ﬂ(\/_[ﬁ]) : B € B}

11—z
T(Z):l_l_zi

The characterization in [17] can be restated as

Let

ct 54D (5.13)
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Theorem 5.2.4. Let
B:D—-D

be a real Blaschke product. Then
roBor:Ct — C* (5.14)

can be written in unique way as a continued fraction of the form (5.2.4) with positive
Or, k. The number of coefficients in this continued fraction is equal to the number of
terms in the product.

Conversely, every continued fraction of the form (5.2.4) with positive 6, & can be
written in the form (5.2.6) for some real Blaschke product B.

The following theorem is a consequence of the Pick-Nevanlinna interpolation al-

gorithm. (see [10], see also [18] and [23]).

Theorem 5.2.5. Consider
{z:},{w;} CRYi=1,...,m
There exists an analytic function
F:.Ct -Ct

F(zi)=wi=1,....,m

W= (L + wf)m
itz /i im

if and only if there exists a real Blaschke product B such that

if and only if the matrix

is positive semidefinite,

ToBor(z)=w,i=1,...,m,

which may not be equal to F, e.q. F =1.
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If W is singular, the Blaschke product is unique, and the number of terms in it is
equal to the size of the largest non-singular principal minor of W.

If W is not singular there are exvactly two desired Blaschke products with the
number of terms m, and an infinite family of the Blaschke products with the number

of terms > m.

Corollary 5.2.6. The set of the discrete Dirichlet-to-Neumann maps contains

(st~ 5 e .

This finishes the proof of the Theorem 2.4.5.

5.2.3  Solution of the discrete inverse problem

Let A be an n x n, n = 2m + 1 discrete layered Dirichlet-to-Neumann map with the

non-zero eigenvalues

A k=1,2,... m.
Consider ). (n) @)\ ™
W ()\Z» Jw. " + A /wj )
o (n) (n) ’
wi "t w; ij=1

If W is singular, there is unique discrete disk D = D(n,l) or D*(n,[) with unique

radially symmetric conductivity 4 on it, such that
A(D,) = A.

Theorems (5.2.3) and (5.2.4) give an explicit construction of D, (n,[). Also, it follows
that [ is equal to the size of the largest non-singular principal minor of W, in particular
[ <m.
If W is non-singular, there are unique conductivities v, 7" on the disks D(n,m),
D*(n,m), with
A(D, (0, m)) = A(D3 (n,m)) = A,
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And for every D = D(n,l) or D*(n,l) with [ > m there are infinitely many condu-
tivities v with
A(D,) = A.



Chapter 6

RANDOM WALKS ON WEIGHTED GRAPHS

6.1 Percolation matrix of a weighted graph

Let us consider a directed graph I' = (V, E,0T") where V is the finite set of nodes of
the graph, F is the set of directed edges and 0T is a subset of V, called boundary of
I'. The elements of dI" are called boundary nodes of I'. The subset intl' =V — 91" of
V 1is called interior of I'. The elements of intl’ are called interior nodes of I'. A node
q 1s called a neighbor of a node p if there is a directed edge e from p to q.

A weighted directed (WD) graph T, is a directed graph I" together with a positive
function 4 on the edges F of the graph.

We consider the following random walk on a WD graph T',. A particle starts its
motion at a node of I'. Suppose at the moment ¢ = n it occupies a node p then at
the moment ¢ = n 4+ 1 it will be at a neighbor ¢ of p. The probability of going to a
particular neighbor ¢ is proportional to the weight v(pq).

Given a WD graph T, let us number its boundary nodes.

The percolation matriz of I', is the N x N matrix X (I',) = {z;;} such that

e N = number of boundary nodes of "

e z;; = probability that the next boundary node that a particle, starting its
random walk at the boundary node b;, hits is the boundary node b;. If b; does

not have neighbors, z;; = 0 for all j.

A motivation for the definition above is the fact that the percolation matrix of a

resistor network (a WD graph in which pg € £ < gp € F and ~(pq) = ~(gp)) is
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essentially the Dirichlet-to-Neumann map of the network. The calculation in the
section 6.2 makes the statement precise.

Two basic properties of any percolation matrix X = {x;;} are:
o z;; €[0,1]
e sum of entries in each row is less or equal to 1

A circular planar weighted directed graphis a WD graph that can be embedded in
a closed disc in such a way that the boundary of the graph belong to the boundary
of the disc.

6.2 A probabilistic interpretation of Dirichlet-to-Neumann maps

One can think of a graph I with conductivity v as of a WD graph I', = {(V, E, dT"), v},
such that

pg e K& gpe B,

and
7(pg) = 7(ap).
Given a real-valued function v on the nodes of I', the corresponding current oul
of the nodes of I', is the function I, on the nodes of I', defined by
L(p) =Y _ v(pg)(ulp) — u(q)). (6.1)
PI€EE
A Kirchhoff’s matriz K of ', is a matrix that represents the linear map from the
functions on the nodes of I',, to the corresponding currents. Numbering the nodes of

I',, so that boundary goes first, we can write K in the block form

K= . (6.2)
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Ais N x N, Cis n x n, where N is the number of boundary nodes of I', and n
is the number of interior nodes of T',,.

From the formula (6.1) we get that
® kij:()ifi%jandpipjgéE
o kij = —y(pip;) it 1 # j and pip; € E

o ki = ZpinE 7(}72'(])

A function u on the nodes of I, is called y-harmonzc if it satisfies the Kirchhoff’s

Law:
Ly)iner = Kuliyur = Bulsr + Culinr = 0. (6.3)

Or in other words the value of u at an interior node p is the weighted average of
the values of u at the neighbors of p. It follows that y-harmonic functions satisfy
maximum and minimum principle; and therefore, the values of a y-harmonic function
v at the interior nodes of I', are determined by the values of v at the boundary nodes

of I',. From the equation (2) we get that:
u|mﬂ“ = —O_lBu|ar. (64)

The Dirichlet-to-Neumann map A of the resistor network I',, is the map that sends
a function f on the boundary of I'; to the current out of the boundary nodes of the
~-harmonic continuation of f to the interior of I'y. In other words given a function

f on the boundary of I',,
Af = ]u|8F7 U|8F = f, ]u|intF = 0.
The explicit formula is:

Af=Af+ BY(-C7'Bf) = (A— BT*C7'B)/. (6.5)
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For more detailed discussion of Dirichlet-to-Neumann maps see [6].

Let us calculate the percolation matrix X of I',. Let u; be the function on the
nodes of I such that for an interior node p

u;(p) = probability that a particle starting its random walk on I',, goes to the
boundary node b; before hitting any other boundary node of I'y;

u;(b;) = 5;
From the definition of the random walk we get that u; is 4 -harmonic. And, therefore,

from the equation (6.3)
U; = —O_1B5;.

We have now that, if ¢ # j

L )+ Y b)),

EpinE 7(p2q) pr€intl

Tij =

and

1 > ylbip)uip).

ZpinE 7(p2q) pr€intT

Tip =

Let Iy be a diagonal N x N matrix such that Iy(it) = ki = Zpiqu'y(piq).
Then,
X=Ig'(-A+1Iz - BY"(-C'B))=1-I;'(A- B"C™'B).

Therefore,
X =1-1I5"A. (6.6)

This shows that the percolation matrix of a resistor network is its renormalized

Dirichlet-to-Neumann map.

6.3 Graphs without cycles

In this section we will explore a probabilistic interpretation of determinants of minors

of percolation matrices of WD graphs without cycles.
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A cycle in a WD graph T" is a sequence of edges

(p1p2); (P2p3)s - - s (Pm—1Pm), (Pmp1)

B where p;’s are interior nodes of T'.

Throughout this section let A = {a;} and B = {b;}, 1 = 1,...,n be two subsets
of boundary nodes of I'. Let X be the percolation matrix of I', and let 5,, be the
group of permutations on n elements. From the expansion formula for determinants

one has that

det{ X (a;,b;)} = Z (—1)*9"? probability that n particles starting (6.7)
ogESH
the random walk at a1, ..., a, exit respectively at b, (1), ..., bs(n)-

A path (3 from a boundary node a to a boundary node b is either the edge (ab) or a

sequence of edges
(ap1), (p1p2)7 sy (pm—lpm)v (pmb)

where p;’s are interior nodes.

A connection a(o) from aq, ..., a, to by,..., b, is a set of paths a;(o) from a;’s to
bs(i)’s.

Let w(a) be the probability that n particles starting the random walk at a4, ..., a,
follow a.

With these definitions:

det{X(a; b))} = Y _(=1)"" > w(a(o)). (6.8)
TESn connection a(c) from a;’s to b;’s
A connection a(o) from a;’s to b;’s is called disjoint if none of the pairs of paths

in it go through the same interior node.

Theorem 6.3.1. If " has no cycles then

det{X(a; b;)} = Y (=1)"" > w(a(a)). (6.9)

0ESn disjoint connectiona(o) from a;’s to b;’s
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Proof. In view of 6.8 it suffices to obtain a map ¢ of the set of non-disjoint connections

a(o) from a;’s to b;’s to itself such that

¢ = identity,

and if
¢(a(0)) = &(9)
then
w(@(5)) = w(a(o))
and

Stgne = —Signo.

For the existence of such ¢ the fact that I' does not have cycles is crucial. One of
the constructions of ¢ is the following:

Take an ordering on {1,...,n} x {1,...,n}. Now, given a non-disjoint

alo) ={a1(0),...,az(0)}

consider the non-disjoint pair («;(0), ax(o)) with the maximum (7, k). Since I' does
not have cycles there is a well defined last interior point p where a;(c) intersects

ai(0o), that is the interior point p such that

aj(o) = (a;p1)(p1p2) - - - (psp)(PPs+1) - - - (Pebos))

ar(o) = (arq1)(q192) - - - (4:P) (Pgs41) - - - (4bo (),
and
{Pst1s e} G415+, g7} = ¢
We now define &(6) = ¢(a(o)). Let
(1) =o(e) for ¢ # 3,k

o(j) = o(k)
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o(k) =0(j)
&:(5) = as(o) for i # j, k
a;(c) = (a;p1)(p1p2) - - - (PsP)(Pgs41) - - - (¢5bo(x))
and
ar(0) = (arq)(q192) - - - (gsp)(PPst1) - - - (Pebogs)).

It follows from the construction that
¢? = identily.

The check that ¢ has the desired properties is left to the reader. W

Corollary 6.3.2. Let I be a circular planar WD graph without cycles. Lel A =
(a1,...,a,) and B = (by,...,b,) be a pair of disjoint non-interlacing sets of boundary

nodes. Then

| det X{(a;,b;)}| = probability that n particles starting the random walk at a;’s
(6.10)

will follow disjoint paths and exit at b;’s.

Proof. 1t follows from the hypothesis of the theorem that there may be at most one
o € S, for which there exists a disjoint connection a(c). Invoking the theorem 6.3.1

finishes the proof. M

6.4 Characterization of totally positive matrices

An n x m matrix is called totally non-negative (totally positive) if determinants of
all its minors are non-negative (positive). It is not hard to show ([11]) that the set
of n x m totally non-negative matrices is in the closure of the set of totally positive

matrices in the usual topology of R™. Let S be the set of totally positive matrices



with the row sums strictly between 0 and 1. Then S is the set of totally non-negative
matrices with the row sums in [0, 1].

In this section we will obtain a characterization of the set S as essentially the set of
percolation matrices of circular planar WD graphs, and give a simple parametrization
to the set S.

For a pair of natural numbers n,m let R(n,m) be the following graph.

b, O y(a;, b;) = probability that particle
starting at a; exits at b;
b 4=
=<

by o< o WD graph R(n,m)

b, &

)] =000 0—0

0 aq ay as an,

We will refer to the nodes of R(n, m) by its coordinates. There are n+m boundary

nodes in R(n,m):
{a; =(2,0)} U {b; = (0,7)}, where e =1,...,n, j=1,....m.
Let n and m be fixed. For 1 <:<nand 0 <53 <m—1 let
l;; € [0,1] = probability that a particle at (¢, ) will make the next move to the left.

The probability that a particle at (¢, 7) will make the next move up is 1 — [, ; € [0, 1].
We will view [ a point in the cube [0, 1]"™.
Let Y(I) = {y:;} be the n x m matrix where

y;; = probability that a particle starting a random walk at a; will go to b;.
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Note that the matrix Y is a minor of the percolation matrix of R(n,m). The results

of the previous section give us the following properties of Y(I).

Lemma 6.4.1. For all [ € [0,1]"™ the corresponding Y (1) is in S.
Moreover, Y(R;) is in S if and only if 0 < I(z,5) <1, i.e if and only if

le(0,1)"

Proof. The first statement follows from corollary 6.3.2. This corollary also implies
that Y ({(0,1)""}) C S since all k-tuples from a’s to b’s in R are disjointly connected.
It is now left to show that if for some (z,7) the probability I(¢,7) = 0 or 1 then
Y (l) # S. There are three simple cases to consider:

(1) if I(¢,0) = 1 then the ¢’th row of Y (I) is the zero row, (2) if I(7,0) = 0 then
a particle starting at ¢ has to exit at b’s, and, therefore, the sum of the ¢’th row in
Y({)is 1, (3) I(z,j) =0 or 1 and j # 0, then at least one disjoint connection in R
is broken (the inspection of the graph is left to the reader), and by corollary 6.3.2 at

least one determinant in Y/(/) is 0. W

Lemma 6.4.2.

(0,1)" — 8§,
The map ¥V = is injective
l(i,5) = Y (H)

and the inverse is smooth on the range of V.

Proof. Note that y;; does not depend on [; - if © > i. This observation leads to a

direct calculation of [ from Y'(I). The map from Y (/) to [ is obviously rational. M

Theorem 6.4.3. (Parametrization of S and Characterization of S)

[0,1]" — 8,
The map ¥ = is onto.
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and

(0,1)" — 8§,

U = is diffeomorphism onto.

Proof. Obviously, S is open. It is not hard to see that S is connected ([11]). From
the results above we have that W[ )= is continuous, open and injective. Also

U({9(0,1)"}) € S — S. The rest is basic topology. M

6.4.1 Hadamard’s Inequality

The probablistic characterization of the set S leads to a simple proof of Hadamard’s

Inequality for totally non-negative matrices:

Lemma 6.4.4. Let 7 = {z;;} be an n x n totally non-negative matriz. Consider a

family of disjoint intervals I of natural numbers such that
Ul ={1,...,n}.
Let 7y, be principal minors of 7 corresponding to I ’s, that is
Zy =A{zi}igen.
Then
det Z < ] det Z (6.11)

Proof. WLOG, by normalizing the matrix, Z € S and, therefore, by theorem 6.4.3
Z =Y(Ri(n,n)) for some [. Therefore, by corollary 6.3.2, one can think of det Z; as
probability that & particles follow disjoint trajectories from a;’s to b;’s, where ¢ € ;.

The inequality follows from the rule for calculating conditional probabilities. N
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6.4.2 Some properties of Pascal’s triangle

The results of two previous sections can be applied to derive some interesting prop-

erties of Pascal’s triangle:

11 1 1 1 1 1
12 3 4 5 6 1
13 6 10 15 21
Ap =
1 4 10 20 35 56
15 15 35

Let R(oo,o0) be the following infinite directed graph.

[y
==
R(o0, 00)
b o=
o=
by @
bl [ == A
o o o o o o T
aq a9 as any

It is not hard to see that Ap(7,5) = the number of different paths from a; to b;
in R(oo, ). In fact the following identity follows from the proof of theorem 6.3.1.

Lemma 6.4.5. Let A and B be two k-tuples of natural numbers. Then
det{Ap(i,7)}icajen = number of disjoint connections (6.12)

from a;’s to b;’s in R(oco,c0)
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Corollary 6.4.6. Ap(7,j) is totally positive.
Corollary 6.4.7. Let | and k be two natural numbers. Then
det{AP(ivj>}1§i<lvkﬁj<k+l = det{AP(iaj)}k§i<k+l,1§j<l =1.

It is not hard to see that the last property completely characterizes Pascal’s triangle.
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