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Abstract

When an n x n permutation matrix is chosen at random, each of its n eigenvalues
will lie somewhere on the unit circle. We investigate the average number of these that
fall in an arc of the circle that shrinks as the size of the matrix increases, and compare
the results against the case where n points on the circle are chosen independently.
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1 Introduction

A permutation matrix is any n X n matrix that has exactly one 1 in each row and column,

with all other entries being 0. Here is an example of a 6 x 6 permutation matrix:

001 0 0O
0 000 01
0 001 0O
P_100000
0 00 010
010 00O

All the eigenvalues of a permutation matrix lie on the complex unit circle, and one might
wonder how these eigenvalues are distributed when permutation matrices are chosen at
random (that is, uniformly from the set of all n x n permutation matrices). Some work
has already been done in studying the eigenvalues of permutation matrices. Diaconis and
Shahshahani [1] looked at the trace (sum of the eigenvalues), and Wieand [7], [6] investigated
the number of eigenvalues that lie in a fixed arc of the unit circle. In both cases, the
asymptotic behavior for large n was determined.

Roughly speaking, the number of eigenvalues that lie in a fixed interval on the unit circle
will be proportional to the length of the interval and to the dimension n of the matrix. In
this paper, the idea is to allow n to increase while decreasing the size of the interval, so
that the number of eigenvalues lying in it should remain fairly constant on average. In
particular, for fixed real numbers a > 0 and ¢ > 0, we define the random variable X, ,
to be the number of eigenvalues lying in the “half-open” interval I,, = (62“‘1, e2mi(att/ ”)]
when an n X n permutation matrix is chosen at random, and we find the limit of the mean

of X, , as n — oo:
Theorem 1.1

1. Suppose that a = p/q is a rational number in [0,1), with p and q relatively prime.

Then
La¢]
lim E[X,,] = 1ln @)~ .
n—o0 q Lge]!

2. For almost every irrational number a € [0,1),

lim E[X,,]=/¢.

n—oo



The set of irrational numbers to which the second part of this theorem applies will be
specified during the proof.

The paper is organized as follows. The next section provides some background about
permutations and gives some probabilistic results that will be used later. Section 3 discusses
the eigenvalues of permutation matrices and provides a formula for X, ,. Section 4 draws
some comparisons between the distribution of eigenvalues and the distribution of random
points on the unit circle. Section 5 provides a technical result that will be used in Section
6 to prove the first part of Theorem 1.1. In Section 7, a rate of convergence is obtained for

the limit in part 1 of Theorem 1.1. Finally, part 2 of Theorem 1.1 is proved in Section 8.

2 Background About Permutations and Probability

A permutation is any one-to-one mapping of the set {1,2,...,n} onto itself. The set of
all permutations of n elements forms a group under the operation of function composition.
This group is known as the symmetric group, Sy, and it is a simple matter to verify that

there are n! permutations in S,,. In standard notation, a permutation o € .S,, is written as
(1 2 ...
S \o(l) o2 - oa(n))’
where (1) is the image of 1 under o, 0(2) is the image of 2, and so on.

2.1 Cycles and Cycle Structure

A permutation can also be written in a way that groups together the images of a given

number under repeated applications of . For example, the permutation
o 1 2 3 45 6 7 8 9
~\3 6 4 75 91 8 2

o =(1347)(269)(5)8).

can be written

The first group of numbers in parentheses indicates that 1 gets mapped to 3, 3 gets
mapped to 4, 4 gets mapped to 7, and 7 gets mapped back to 1. Each of the other
groupings is interpreted in a similar way. These groups of numbers are called cycles, and
this notation for permutations is referred to as cycle notation. Following are several facts

relating to cycles and cycle notation.



A cycle of k numbers is referred to as a k-cycle; for example, (1 3 4 7) is a 4-cycle.

A cycle of one number indicates that the number is mapped to itself, and 1-cycles are
referred to as fized points. Fixed points are often omitted when writing a permutation

in cycle notation.

e If a permutation o is applied k times, then the numbers in each k-cycle in o will

return to their starting positions.

e In general, the order of a group element g is the smallest positive integer m such that
g™ is the identity. The order of a permutation o € S, is the number of times that o
must be applied in order to return all n numbers to their starting positions. This will

equal the least common multiple of the lengths of all the cycles in o.

e It does not matter which number is written first in a cycle, as long as the order of the
numbers is preserved. For example, (134 7) =(4713),but (1347)# (1437).
Also, the cycles in a permutation can be written in any order. If desired, one can

apply any of a number of systematic approaches to keep the notation consistent.

It is useful to define a vector, (C1,Co,...,Cy), called the cycle structure of o, where
each entry C} gives the number of k-cycles in o. Thus, our sample permutation above has

a cycle structure of (2, 0, 1, 1, 0, 0, 0, 0, 0). Two things to notice about cycle structure are
1. The sum of all the values of C}, gives the total number of cycles in o.

2. Since there are n numbers in o, the lengths of all the cycles must add up to n. That

is, for o € Sy,

> kCp =n. (1)
k=1

2.2 Probability and Cycle Structure

At this point, one could ask various questions about cycle structure, such as “How many
permutations are there with a given cycle structure?” or, “What is the cycle structure of a
‘typical’ random permutation ¢?” That is, how many fixed points, how many 2-cycles, etc.

will o have, on average?



When the phrase “random permutation” is used in this paper, it means that each
permutation in 5, is equally likely to be chosen. Thus, the probability of picking any one
permutation is 1/n!. Using this, the mean, or expected value, of any random variable V'

defined on S,, will be
1
ElV]=—3 V(o) (2)

" oEeS,
and the variance of V will be
1
Var[V] = — > (V(0) = E[V])*. (3)
oESh
Notice that the values C, Cs, ..., C), for a permutation picked from S, are just random

variables, and the expectation of these values might provide some insight into the questions

posed above. Using standard group theory arguments, it can be shown that the probability

of picking a permutation with a particular cycle structure, say (1, t2, ...,t,), is
n 1 : n —
P(CL=t1,Co=ty,...,Ch=1t,) = { iot g 2k ke =n (4)
0 otherwise.

This formula can be used to prove a number of facts about the random variables C}. The

results below are due to Goncharov [3]. (Also see Diaconis and Shahshahani [1].)

1 ifk<n
E[Cy] = (5)
0 otherwise,
jik ifj+k<n
E[C;Cy] = (6)
0 otherwise
if j # k, and
% if k<n/2
Var|Cy] = % — 1%2 ifn/2<k<n (7)
0 otherwise.

3 Permutation Matrices and X, ,

For each o € S,,, let M, be the n x n matrix constructed by the following rule:

_J1 ifj=0(3)
Mo 1y — 8
(M) J { 0 otherwise. (8)
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That is, the i*" row of M, has a 1 in the column (i) and 0’s in all the others. It is easy
to verify that M, is a permutation matrix (as defined in the introduction), and that this
rule in fact defines a one-to-one correspondence between S, and the n X n permutation
matrices. (With M, defined in this way, a matrix that is left-multiplied by M, will have
its rows permuted according to o, and a matrix that is right-multiplied by M, will have its
columns permuted according to the inverse of ¢.)

Using some elementary facts about .S, and the properties of determinants, it is not
difficult to show that, if o has cycle structure (Ci, Cy, ..., Cy), then the characteristic

polynomial of M, is
p(N) = det(My — AI) = (=1)" [ (A" = 1)%, (9)
k=1

which results because every k-cycle in o contributes a factor of (—1)*(A\*¥ —1) to p(\). The
zeros of +(\¥ — 1) are just the k™ roots of unity, which are 1, e27/k edmi/k 2k=1)mi/k,
(These are just points on the unit circle that are spaced at an angle of 27 /k apart.) Since
each k-cycle generates this set of k eigenvalues, if o has Cy k-cycles, then M, has C} copies
of these eigenvalues.

Because of this relationship, the random variable X, , can be written in terms of the
cycle structure (Cy, Ca, ..., Cp). In order to do this, the following notation will be needed.

These definitions will be used extensively in later sections.

Definition 3.1 (Floor, Ceiling, and Fractional Part) For all real numbers z, the largest
integer less than or equal to x is denoted by |x|, read floor of z. Similarly, the smallest
integer greater than or equal to = is denoted by [z], read ceiling of x. In addition, the
fractional part of z, written {x}, is defined to be the difference z — [z|. (Notice that
0 <{z} <1 forall z.)

Now, consider an arbitrary interval I = (62’”"”, 62““’] on the unit circle, with0 < b —a < 1.
For a given k, we want to determine how many of the eigenvalues corresponding to a k-cycle
will lie in the interval I. Because of the spacing of the eigenvalues, it is not difficult to see
that the interval will contain exactly |kb| — |ka] of the k eigenvalues. Thus, for an arbitrary

permutation o, the number of eigenvalues of M, in I is given by > 7, C(o)(|kb] — [ka]).



To determine the number of eigenvalues of M, in I,,, simply replace b with a + ¢/n to obtain

Xn.al0) :kzi:lck(g) Qk <a+i)J - UmJ). (10)

The mean of X, , is then

ESn[Xn,a] = Esn

S (|1 (o+£) - )]
S ([e(o )] )

(T}

The restriction that b—a < 1 is to ensure that none of the eigenvalues are counted more

I
?TA
)

than once. In the case of X, 4, this is equivalent to requiring that n > ¢. Thus, equations
(10) and (11) are valid for any value of £ > 0, provided that n is large enough. Now, if
n < ¢, then I,, is guaranteed to wrap around the unit circle at least once, and therefore will
contain all the eigenvalues of M,. That is, X,, , = n when n < ¢, and from now on, it will
be assumed that n > ¢. Also notice that because the interval lies on a circle, any value of
a greater than 1 corresponds to a value in the range [0, 1). From now on, we will assume

that 0 <a < 1.

4 Preliminary Observations

When a permutation is picked with uniform probability from .S,, and the eigenvalues of M,
are plotted, the result is that n points on the unit circle have been chosen “at random,” in
the sense that the outcome of this experiment is not known beforehand. Obviously, though,
not every every point on the circle is equally likely to be picked. In fact, only a finite set of
points is possible, and the probability of picking a particular point depends on its location.

Plotting the eigenvalues of a random n x n permutation matrix can be compared with
plotting n independent points chosen uniformly from the set of all points on the unit circle.
The purpose of this section is to summarize what happens for independent uniform points,
and then to make a few quick observations about the eigenvalue distribution of permutation

matrices, providing a brief comparison of the two situations.



4.1 Random Independent Points on the Unit Circle

In order to provide a basis for comparison, we can define a random variable analogous to
Xn,a- Let Y, be the number of points that land in the interval I,, = (627”“, e2m(a+£/”)] when
n independent points are picked according to the uniform distribution.

When the points are picked in this way, there are two intuitive results that follow
immediately. First, the distribution of Y,, should not depend on a. (Since the points are
equally likely to be chosen from anywhere on the circle, the location of the interval should
not matter.) Second, the fraction Y;,/n of points that land in the interval will on average be
the same as the ratio of the length of the interval to the circumference of the circle. Thus,
by defining I,, to have a length of 27¢/n, the mean of Y,, will have the constant value ¢,
regardless of the value of n.

These results also become apparent by noticing that Y,, is a binomial random variable, as
follows. If a single point on the unit circle is chosen at random (uniformly), the probability
that it will lie in I, is p = ¢/n. When n points are chosen independently, the number of
points Y, lying in I,, will, by definition, be binomial with parameters (n, /n). Binomial
random variables are standard in probability, and the mean and variance in this case are

known to be

ElY,] =n <€> ) (12)

VarlYy] = n <i> <1 - i) y <1 - i) . (13)

In fact, as n — o0, Y,, converges in distribution to a Poisson random variable with parameter
L.

and

4.2 The Number of Eigenvalues at e

When points on the unit circle are chosen at random under the uniform distribution, the
probability of picking any particular point e? is 0. The eigenvalues of permutation matrices,
however, occur only at certain values of 8, so the probability of choosing one of these points
is positive, while the probability for any other point is 0.

In order to gain some insight into this problem, define a random variable Z,, g to be the

number of eigenvalues of o € S, equal to €?’. The variable Zn,p is already well understood;



see, for example, [3], [5]. Presented here is a brief explanation of what happens to the mean
of Z,, 9 as n — oo.

First consider the case when § = 0. Every cycle in a permutation ¢ produces the
eigenvalue 1, so the number of eigenvalues at § = 0 will equal the total number of cycles
in o. Recall that the number of cycles in ¢ is the sum of all the values of C} in the cycle

structure. Thus,
n
Zno =Y _ Ch, (14)
k=1

and the mean of Z,, g is

n n
1
E[Znol =) _E[Ci =) = (15)
k=1 k=1
For large n, this sum can be approximated by lnn, resulting in
E[Zyo] =Inn+O(1). (16)

In general, if § = 27p/q with p and ¢ relatively prime, then a k-cycle contributes one

eigenvalue if k£ divides q. An argument similar to the one above shows that in this case
1
E[Z,p] = —Inn+ O(1). (17)
q

(An explicit derivation of this result can be found in the proof of Lemma 8.13.) If 6 is an
irrational multiple of 2, then no eigenvalues can occur there, so Z,, g = 0 for all n in this

case. This behavior is quite different from the uniform case.

4.3 Description of X, , when a=0and ¢ <1

This is a special case for which very little calculation is involved in determining the behavior
of X, .. With a = 0, the interval I,, starts at 0 and ends at 27¢/n, and equation (10)

simplifies to
n

X0 = kzl Ch WJ . (18)

Since the largest cycle that can occur in ¢ is an n-cycle, the first position on the unit
circle where an eigenvalue can occur is at an angle of § = 27/n. If ¢ < 1, then X, o =0
because the interval ends before reaching the first possible eigenvalue. This can also be seen
from (18) by noting that |k¢/n| =0 for all k <n if £ < 1.

10



Now if £ = 1, then the interval ends exactly where the first eigenvalue can occur, so we

have
Xpo = { 1 ifo ha§ an n-cycle
0 otherwise.

The probability that ¢ has an n-cycle is 1/n, so in this case X, o is just a Bernoulli random

variable with parameter 1/n, and we have

1

ElXno) = (19)
and
Var(X,0] = % (1 - 711) = nn_Q 1. (20)

Both the mean and the variance approach 0 as n — oo.

Remark. A similar analysis shows that an analogous ‘gap’ occurs around each rational
point a; in particular, if @ = p/q in lowest terms, then no eigenvalues can fall in the interval
I, if £ < 1/q. For irrational values of a, this sort of gap does not occur. No matter how

small £ is, there will always be some values of n that produce eigenvalues in the interval I,,.

These results illuminate some of the differences between the distribution of eigenvalues
and that of independent points on the circle. When n is small, it is easy to calculate the
value of X, 4, and of E[X,, ,] or other quantities describing the distribution of eigenvalues.
As n increases, however, exact results require more and more computation, and it is more
useful to try to find general trends that will provide a picture of what is happening. One
might expect that as n gets larger, the non-uniformity in the distribution of eigenvalues
would tend to even out, and the situation might start looking more like the uniform case.
The motivation for looking at the large n limit of E[X, ,] is to investigate the extent to

which this idea provides an accurate description.

5 A Technical Lemma

This section contains some elementary results that will be needed throughout the rest of

the paper. We begin with a definition that will be used in Section 7.

11



Definition 5.1 (The Harmonic Series) Define Hy = 0, and for each positive integer m,

define

=

m
Hm:§:
k=1

This well-known sum grows logarithmically as m increases. This sum and other similar
ones arise in the calculation of the large n limit of E[X,, ,]. The following lemma gives a
precise result about approximating such sums with logarithms. The lemma and the corollary

immediately succeeding it will be the main tools used to prove the theorems in the next

two sections.

Lemma 5.2 1. Let x and y be integers with 1 < x <vy. Then

zy:]i =In (%) + eo(z,y),

k=x

1 1+1 < eol(z,y) <
—|=+- x
2 \ y S €T, Y) =

where

SR

2. Let x and y be non-negative integers, with x < y. Then for any fized positive number

u,
y
1 Yy+u
=1
Zk—i—u n<x+u>+eu(x,y),
k=x
where
1 1 n 1 < eul ) < 1
= eu(x :
2\z4+u  y+u) =" V=T

Proof. Observe that for any integers 0 < x < y and any u > 0, comparing the sum in part

2 with the integral [Y tJ%u dt shows that

Yy 1 1
Z — _|_]n(y—|—u> —hl(l'—i-’LL) _(5u(x>y)7
k=x

k+u x+u

where

0< du(z,y) < = (— !
=0ulthY) =5 y+u x+u)’

Part 2 follows by setting €, (z,y) = 1/(z + u) — du(z,y). If x > 0, the same proof works for
u = 0, resulting in part 1. 0O

Remark. Part 1 of Lemma 5.2 shows that In(m) +1/2 < H,, <In(m) + 1 for all m > 1.

12



Corollary 5.3 Let o > 0 and 8 > 0, and suppose (Ly,) and (M,) are sequences of integers
which satisfy

&—>L>0
n
and
Mo arso
n
Then u
. X 1 1 M
nh—{gok; ak + 3 _&ln (L>

Proof. The conditions on (L,) and (M,) imply that 0 < L, < M, for large enough n.
Thus, we can apply either part 1 or part 2 of Lemma 5.2 to obtain

My,

1 1 M, +u 1
=—1 —ey(Ly, M,), 21
kZL: ak+p an(Ln+u>+a€( ) @)

where u = [3/a. Because the sequences (L,) and (M,) must diverge to oo, the quantity

€u(Lp, M,) goes to zero as n — oo, and clearly
1 M, +u 1 M
—1 —In{— . O 22
an<Ln+u>—>an(L) (22)

6 Calculation of the Limit of F[X, ,] for Rational a

This section is devoted to finding the limit of the mean of X, , when a is rational. The

following theorem is a restatement of part 1 of Theorem 1.1.

Theorem 6.1 If a=0, then

) i
JI_%IOE[X"’C‘] =In )

and if a = p/q with p and q relatively prime (and g > 0), then

La¢]
Tim E[X,,] = (11111 (%?e i > .

13



As the statement of the theorem suggests, the proof will be divided into two parts. In
Section 6.1, the result is proved first for the case when a = 0, then is extended to include
any rational a in Section 6.2. Although the proof splits naturally in this way, the formula

for a = 0 actually corresponds to ¢ = 1 in the more general case.

6.1 The Mean When a =0

In the case where a = 0 and I,, = (1, e2™/"], equations (10) and (11) have a particularly

simple form:
n

kl
Xon =30 . (23)
and
"1 | ke
E[Xnol =) - MJ . (24)
k=1

Observe that |kf/n] takes on only integer values, specifically all integers from 0 to [£].
Thus, it might be useful to group the terms in the sum according to this value. For this
purpose, denote the value of [k¢/n]| by j. We will group the terms by determining which
values of k correspond to a given value of j, then adding up the groups for each j. Now,
if |kf/n| = j, then 5 < % <j+1,orjy <k<(j+1)%. The first group of terms, when
i = 0, does not contribute to the sum. For the last group, when j = |¢], the upper limit
on k is n rather than (|£] + 1)7%, so this group will be written separately from the others.

Grouping the terms in this way results in

-1 [G+D 7|1 ; "
E[Xy0] = DR D D (25)
=t k=ig] h=[10%]

where the limits on k are a direct result of the above inequalities and the fact that £ must
be an integer.
The sums in & are of the form in Corollary 5.3, with & = 1/ and # = 0. In order to

find the limit of these sums using the lemma, the following results are needed:

i = )
G2
w1210

14



These limits are easily attained by noting that, for all real x, [z] = z+&,, where 0 < e, < 1.

Applying the lemma then gives

Jim E[X,0 = Y jln (T) T L0 (LZ)

which proves the first part of Theorem 6.1.

6.2 The Mean When a Is Rational

Now we no longer assume a to be 0 and return to equation (10) for X, 4

g kel
Xn,a = ch <\‘ka+ HJ — Umj) .
k=1
A little thought shows that in general,

el e <
[z +y] = { || + |y] +1 otherwise

for any real numbers x and y. Applying (34) to the first term in (33) gives

o Kl _ [ Lka] + [ke/n] if {ka} +{&} <1
{k * nJ N { |ka] + |k¢/n| +1 otherwise,

and so

- ke

Xy = Rk

na ZC,CchwnJ UmJ)
k=1
- ke

= > G MJJF > G

k=1 k:{ka}+{%}z1,
1<k<n

(33)

(34)

Thus, the number of eigenvalues X, , in the interval (627”"”, g2mi(att/ ")} equals the num-

ber of eigenvalues X, ¢ in the interval (1, e2mit/ ”], plus > Cy for values of k such that

15



{ka} + {%} > 1. Taking the expected value gives

"1 | ke 1
od = Spli]e Y g (%8)
k=1 ki {ka}+{ KL} >1,
1<k<n
- E[Xn,0]+vn7 <39)

where V,, denotes the second sum in (38). Now the problem is to find the limit of V,,, which
will require determining the values of k for which {ka} + {&} > 1.

Here, we turn our attention to the case when a is rational. Let a = p/q with p and ¢
relatively prime (and ¢ > 0). Then {ka} = {%p} takes on only a finite number of values,
namely all fractions of the form z/q, where x is an integer between 0 and ¢ — 1 (inclusive).
Although the order of the z’s depends on p, observe that the sequence x/q repeats with a
period of ¢ as k increases. This suggests that it may be helpful to group the terms in V,,
according to the value of {kq—p}.

First we define a new index ¢ whose values will correspond to each of the ¢ possible

values of {%p}. For each integer i =1, 2, ..., g, let w; be the number between 0 and ¢ — 1
such that {wTip} =1- é. Since the sequence {%} repeats, whenever k = w; (mod ¢), the

value of {%p} will be 1 — %. Thus, for such k, the condition {%p} + {%Z} > 1 becomes
{%} > é. Notice that if i = ¢ (corresponding to k = 0 (mod q)), this condition becomes
{%} > 1. Since the fractional part is always less than one, this can never occur, and so the
case i = ¢ can be omitted from the sum.

Now, for each value of ¢ from 1 to ¢ — 1, it needs to be determined which k satisfy
{%} > é. Between each pair of consecutive integers from 0 to [/], there is a (possibly
empty) set of values of the form k¢/n that satisfy this condition. In particular, the fractional
part of k¢/n is in the correct range iff one of the following pairs of inequalities holds:

kL i ke kL 14

S I R TN V1 R - N i )
n q n q n q n

1
q
These inequalities translate directly into bounds on k, and thus each pair of inequalities
identifies a set of values of k that will contribute to the sum for a particular 7. We will use
a third index, j, to identify these groups of terms. Except for the last group, the general
limits on k are (j + é)% <k < (j+1)%, where j ranges from 0 to [£] — 1.

In the last group of terms (corresponding to j = |£]), the upper limit on k is simply n.

Notice also that this group is only present if [£] + é </, or é < {¢}. Because of this, the

16



limits on i as well as k are different for the last group. The value of i, instead of ranging
over all the integers from 1 to ¢ — 1, only reaches the largest integer that is less than or
equal to ¢{¢}. That is, the limits on ¢ will be 1 < i < [¢{¢}], which can be rewritten as
1<i<|¢l]—qll].

Using these limits to group the terms in the sum, and keeping in mind that for each i
we only count values of k such that k = w; (mod ¢), we arrive at the following form for V,,

when a is rational:

g1 1¢)-1 [G+DF]-1 | let-al] n .
Vo= > ot > > T (40)
=17 [(+4)%] = k= (10+8) %]

i (mod q) k=w,; (mod q)

Now, every k for which k = w; (mod ¢) can be written as k = ¢k’ + w;, for some integer

k’. Making this substitution, the sum becomes

!/

lgt|—qle] My

, 1 )
V, = . Z Z o )
=1 j=0 k'=Ln; ak’ + wi =1 k=L, ah" i
where
s = [ (4 ) E] o (42)
ndj — q J 7)) w; ,
1 . n
My = _6 ([(] + 1)?‘ —1- wl)J : (43)
1T 1\ n
o[l
’ q L q) ¢ (44)
1

Here, the sums in &’ have the form in Corollary 5.3, this time with a = ¢ and 3 = w;.

The relevant limits in this case are

i B2t = (i) )

A T = Uty )
) 1 ?

i = (1), o
My, 1

lim = = = (49)

n—oo n q



Notice that the w; do not appear in the above limits, indicating that these limits do not
depend on the value of p. Hence, all dependence on p disappears when we apply Corollary

5.3, which gives

pn - SR () R ()
(e (at) o
- () i () ©
- lw (%) T (W) | (53)

The last step follows from expanding the two products in the denominators. This shows
that Hg;ll H}le(qj + i) is just the product of all the numbers from 1 to ¢[/¢], excluding
multiples of ¢g. Thus

1 e)-1 e

e 1957 (ql))!

H H qj +1) = R IVt (54)
i=1 j=0 [l a" 4 L4)!

In addition, HquJ_qw (q|£] + i) is the product of all the numbers from ¢[¢] + 1 to |¢¢],

foh G La¢]!
which is Just WDt

When the arguments of the two logarithms in (53) are multiplied, some of the terms

cancel out, resulting in

: _ 1 L]\ [ (a0)1
@) e
Lty 1 [ (@)Y
Adding equations (32) and (56) yields
La?]
lim B [X ] - ;m <(q@“ ) . (57)

Thus Theorem 6.1 (and hence the first part of Theorem 1.1) has been proved. [
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11mn~>oo E[Xn a]

)

Figure 1: The curves above show lim,, .o, E[X,, 4] as a function of ¢ for various values of a.
The top curve is the line f(¢) = £. The other curves, from the bottom, are lim,_.o E[Xp, 4]

forazO,a:%,a:%, %,a:;—o,anda:i

1 —
CL—G,CL— 35 -

We can make a few simple observations about the limit (57). First, note that the limiting
function depends only on ¢, so for rational a the limit is a function only of the denominator.
Figure 1 shows lim, .. E[X, 4] as a function of ¢ for various values of a. Based on the
curves in the figure, as ¢ increases, the limit function appears to increase, possibly towards
the line f(¢) = ¢. If we think of the irrational a case as a limit of large ¢, this observation
gives some feeling for the relationship between the two parts of Theorem 1.1. This idea will

be explored carefully in Section 8.

7 Determining the Rate of Convergence of F[X,,,] When a Is
Rational

In this section, we will look at the rate of convergence of E[X, ,] when a is rational. The

error bound derived in this section will be needed in Section 8 to prove the second part of
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Theorem 1.1. To begin, we introduce a new variable to represent the difference between

E[X,] and the limit found in Section 6. For a rational number a = p/q, let

1 [ (gl
A,w_qln( T )—E[Xm k

The goal will be to bound the quantity A, , using Lemma 5.2. Using equations (39) and

QI3

(56), the error A, , can be expressed as the sum of A4, ¢ and a remainder term, which we

will call A, ,
i
In W — E[XTL,O]

= An 0+Ana7 (58)

+ { lim V,(a,?) — Vn(a,f)]

n—0o0

The values of A, and 4], , will be estimated separately.

7.1 The Error when a =0

From equation (25), we have

o] L] -1 [G+D -1 n ,
Ano =In (W) a3 3 % + > LkJ . (59)
=1 k=[5t k=[1e) %]

Now Lemma 5.2 can be applied to the sums in k. To simplify the notation in this step, let

g =eo ([5%]: [G+D%]=1),
for <j < [4] —1, and let
ey = o ([LI%] ),

where €(z,y) is the error term defined in Lemma 5.2. Then we have

L] S [(G+1)%] -1 n
Appo =In (W) - ; J [ln (M) +e5| — 4 [ln <WJ’H> + ey

At this point, it will be convenient to split the error A, into two pieces. Let D

represent the difference between lim,, .o, E[Xp, 0] and the sum of the logarithms, and let Do

represent the sum of the terms involving the ¢;’s. That is, let

(Y [ G+ e -1 n
D1_1< ) Z;ln<m>+mm(w) (60)
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and
14])
Dy =) jej. (61)
j=1
Then we have A, o = D1 — Dy. We will prove the following bounds for D; and D»:

Lemma 7.1 Ifn>{¢> 1, then

302
0< D < —,
and
62
0< Dy < —.
Therefore, since A, 0= D1 — Do,
302
’An,0’ S - -
n

Proof. First note that the conditions imposed on ¢ and n are merely the same conditions
that ensure that the random variable X, o has nontrivial behavior. (Recall that if £ < 1,
then X, 0 =0 and so A, o = 0.) The first step in deriving the bounds on D; and D is to
bound the sequences that appear as limits on the sums in k from (59). Using the definition

for ceiling, these bounds are

?g[‘?}<?+l, (62)
(J +£1)n 1< W?)ﬂ 1< (j+€1)n’ (63)
Lﬁén < Pﬁén-‘ - Lﬁén 41 (64)

Now we consider the term D;. Because of the conditions on ¢, n, and j, each of
the above quantities is positive. Therefore, these inequalities can be used to bound the

individual logarithms in (60):

and
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Now, recall from (32) that
[£]—1 .
. j+1 N &
;jln<ﬂ’>+mn<m> _1“<MJ!>' (67)

Thus, the upper bounds on the individual terms are exactly what is needed to produce
lim,, o0 E[X,,0] when added together. This will result in a lower bound of zero for D;.
The following discussion gives the specifics of translating inequalities (65) and (66) into an
inequality on D;.

In order to bound the entire quantity D; using (65) and (66), we first factor the argu-
ments of the logarithms that appear as lower bounds. In the case of the logarithm in (65),

we have

N
G+yg-1 U+ (1 ”U“)). (68)

oA j<1+€,>
nj

Thus, inequality (65) becomes

41 1 - o6 (G+1)2] -1 j+1
In <]> +In <1+,f]> <In (W) <In <j>’ (69)

which leads to

0<ln<‘j;1>—ln([(j—i_é¥|1_l> <ln(1+7fj>—ln<1—n(ji_1)>. (70)

A similar argument shows that (66) can be rewritten as

0§ln<LZ)—ln (M) <ln<l—|—nf@>. (71)

Now, using (60) and (67), inequalities (70) and (71) lead directly to

0<mi< Y ifu (1 D) m(i- L) v (14 25). @

The bound in (72) can be simplified by observing that each term in the sum has the form

In(1+z) or In(1 — x), where x is an expression involving ¢, n, and j. Using the inequalities
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In(1 +z) < z (valid for all z > 0) and |In(1 — z)| < 2z (valid for 0 < = < 0.796.. ..

noting that x < 1/2 < 0.796. .. for all terms involving In(1 — z), we have

61 ‘
o2/ 0

D DT A Z
vem < S [ (2)]

or

This obviously implies that

2
sele) _ 302
n

0< D < s
n

which proves the first inequality in Lemma 7.1.

Now we consider the term Ds; recall that

4]

D2 = stj.
7=1

(76)

First we apply Lemma 5.2 to obtain bounds on the €;’s. For simplicity, we will use €; > 0

as the lower bound; combining Lemma 5.2 with the inequalities in (62) and (64),
14
nj

Applying these bounds to (76) we have

4]
0< Dy < Z
j=1

which is the second inequality in Lemma 7.1. [J

a4l

Sl
3|

7.2 The Error for Rational ¢ in General

For a general rational number a, the total error A, , from (58) has an extra term,

A;w = lim V,(a,?) — V,(a,?).

n—oo

(77)

(78)

(79)

This section will be spent finding bounds for A7, ,. Although some of the details are more

complicated, the argument used below parallels the one used to bound A, .
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Using the definition (41) of V,,(a,¢), and recalling that [¢f| — q|¢]| =

A= hm Vil

q—

14)-1

i=1 j=0

1
qk

My,

!

,J

n,ij

7

laded) M i

Lomst g

q =

For convenience, set u; = w;/q. Applying Lemma 5.2, we have

!
An,a

and

lim V,,(a,?)
n—oo

q—1[4]—1

1 My i + g

_ Z - |:ln (”7”2> + €y, (Ln ij> M ij

sl K Ly ij + i

La{¢}] /

1 Mnyi +u / /

-3 () et
El - E27

La{e} ],

/+wz

>]

1
Eui(L ij Mn,ij)+ Z 66u1(L;1Z7MT/L,’L')'

We will prove the following, recalling the definition of H,, from Section 5:

Lemma 7.2 If ¢ > 1/q and n > max{2q, 2((q¢+ 1)}, then

and

. /
Therefore, since Aj, ,

O0< B <

2q(¢2 + 0)
n

0< By <

= Fy — ks,

|4,

ol <

2q(02 + ¢
n

)

(In

q(

(In

2+ 1)
n

20q 2q

+1)+7Hw+*

qg+1)

24
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20q 2
+7 HLgJ—i-ﬁ

(80)
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Remark. The requirement ¢ > 1/¢ merely guarantees that X, , is nontrivial; if £ < 1/¢,
then X, 4, Ayq, and A;,”a are all equal to 0. However, notice that in contrast to Lemma

7.1, there are nontrivial restrictions placed on n in Lemma 7.2.

Proof. The first step will be to derive bounds on the quantities Ly, ;; +u;, My ;; +u;, and so
on. Recalling that u; = w;/q, equations (42) through (45) lead to the following inequalities:

1\ n i\ n 1
i+ - — < Lpii+tu < <'+)++1, 87
(‘7 Q>q€ " 7Ty (87)
n 1 n
i +1)— — - —1 M, i i 4+ 1)—, 88
T\ n 1
- =4+ -41, &9
q>q€ q (89)

O S VT (90)
q b

<L€J + ;) % < L 4u < (m +
n
q
An inspection of (88) and (90) reveals that these inequalities provide lower bounds on
M, ;j + u; and M,’” + u; that may be negative if n is too small. Assuming that n > ¢ and
n > (g + 1)¢ ensures that all the relevant quantities are positive. (These conditions are
guaranteed by the assumptions of Lemma 7.2.)
Now we consider the term E7; we will first bound the individual logarithms in (85) using
inequalities (87) through (90). (Note that in order to do this, we need all the bounds to be

positive as mentioned above.) Applying the above inequalities to the logarithms yields

N R e <1n<]‘w><1n<j+1.> (91)
and n
In 4 : <IH<W><IH< ¢ ) (92)
<L£J+§>%+%+1 Lii+u )=\l + 2

q—1[£]-1 . La{¢}]
1 j+1 1 { .
—In | + —-In|{ — ] = lim V,(a,?), 93

q i=1

which shows that E; > 0. Following the procedure used for D; above, to find an upper

bound on E; we now factor the arguments of the logarithms that appear as lower bounds
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n (91) and (92). In the case of (91), we have

—
+
(S

Gron-tor G-t (G

q —

gl
ooty n 1 i
<J+)£++1 <j+;)

which leads to

0<In (”) —1n<W> <In
J+q n,ij T Uq

After a similar rearrangement of the terms, (92) becomes

M’ -+ Uy
0<In L —1In ,n’ziu <In 1+£ 1+q‘
+1 2R n\l+]
Thus, applying (85) and (93), inequalities (95) and (96) result in
V& L1+ 0 (1+
0 < B < ZZ g’ _m{l_(%ﬂ
i=1 5=0 '7+6 " '7+1
late})
£ 1+¢q q
n - Nl —m(1-4)].
2 ( (W:) (1-7)

We can again use the inequalities In(1 + z) < z and |In(1 — z)| < 2z (for x < 0.796.. . .)

to simplify the upper bound. The requirements n > 2¢ and n > 2¢(q¢ + 1) of Lemma 7.2

ensure that < 1/2 < 0.796... in all relevant cases. Using these approximations, we have

ity 1 2 (1 9 T (1 2
O<E1<;]2% [ ( +q>+n<]:f> +;q[n<w++q;)+vj (97)
Consider the first sum in (97). We have
q_l%l(;(ﬁ?) S quf (98)
i=1 j=0 q i=1
_ ‘1;1 1| Hy (99)
< fo (Ing+1), (100)
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and

—

£]— 1 1£]

1+g 1\ 20 = 1 1\ 2¢ 2/
qn <J+1> <q Q> nzj’_<q Q> o M <5 ey (10)

=1

qg—1

=1 7=0

For the second sum,

La{¢}] q—1
3 [€<1+qi>+2] < [M+2} (102)
= | 4] + b n pt ni n
1)¢ 2(q—1
_ (qz Hyo+ (¢-1) (103)
< 1nq+1)+@. (104)
n n

Combining all the terms gives

2q(0* + ¢ 20 2
0<E1<q(n)(l —|—1)—|——qu+—q (105)
which is the first inequality in Lemma 7.2.
Finally we consider the term FEjy; recall that
q—1£]-1 1 La{¢}]
= - L ij, Mn,i5) + Z *Guz(L;szr/L,i)- (106)
i=1 j=0 q = 4

We can use Lemma 5.2 and inequalities (87) through (90) to obtain upper bounds for the
€ terms (again replacing the lower bound in Lemma 5.2 with 0), resulting in

1

0 < €y, (Ln,ijs Mn,ij) < TN (107)
(9+3)
and
1
0 < ey, (Ly Mp;) < —<— (108)
(1+5) 3
Therefore,
g [4)-1 1 Lq{f}J
0<F, < z N (109)
=1 7=0 a
Arguments similar to those used for £ imply that
1161
xS 1
- Z (L (Ing+1) (110)
n =1 5=0 ‘7 + 5 n
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(111)

and la{¢}]
q
£ L« Pt
n 1=1 \ﬁJ - q "
Thus 2
0<B<*HD0,11). O (112)

7.3 The Total Error Bound
Together, Lemmas 7.1 and 7.2 immediately imply the following bound on the total error.

Corollary 7.3 Let a = p/q in lowest terms. If n > max{2q, 2¢((q + 1)}, then
£2
n

2qIngqg

n

2
(€2+€)+£(€2+€+6HM +1) +

[An,a| <
This error bound can be simplified into a form that is slightly easier to work with. The

following version of the bound will be used in Section 8.3.
Theorem 7.4 Let a = p/q in lowest terms. If n > max{2q, 2¢(q + 1)}, then
1 1
Al < 16(1 +e2)¥.

Proof. Suppose that n > max{2q, 2¢(q + 1)}. Corollary 7.3 implies that if ¢ < 1, then
glng+qg+1
n

9

|Anal <6
and if £ > 1, then
Ing+q+1
Al < s LRI+

(Note that Ho = 0 and that H |, < ¢(1+1In¢) < ¢2.) In either case we have
1 1
Apal < 81+ TRITLE

Finally, observe that ¢ < 1+ ¢lng, so glng+ ¢+ 1 < 2(1 + ¢glng), proving the theorem

0
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8 The Mean When a is Irrational

The second part of Theorem 1.1 will be proved in this section. We begin by stating that
theorem more precisely. Let S be the set of all numbers in [0,1) defined as follows. A
number a is in S if and only if there exists a positive constant ¢ (depending on a) such that
the inequality

D c
T4l T emitg
has no solutions in integers p and g. The theorem we will prove is the following:

(113)

Theorem 8.1 Suppose that a € S. Then

lim E[X, ] =

n—00
The fact that S includes all but a set of measure zero is the content of Corollary 8.9 below.

Based on Figure 1, it was observed at the end of Section 6 that for rational a = p/q,
the larger the denominator ¢ is, the closer the limiting function appears to be to the line
f(¢) = £. This observation gives the basic idea of the proof. We will take a sequence of
rational numbers (r,/s,) approaching the irrational number a, and the random variable

Xn,a Will be approximated by X, r.. Explicitly, for a given sequence (r,/s,) we have

B [Xnal — €] < E[Xn,a]—E[Xn 7”

Ysn

L {(sa0)lont)
+|E [ Xpm | - snln< snl]!

1 (5p0)Lont]

In order to prove Theorem 8.1, it will suffice to show that if a € S, then there exists a

(114)

sequence (7y/s,) such that each of the three terms on the right-hand side of inequality
(114) goes to zero as n — oo.

We will begin this section by defining the continued fraction expansion of an irrational
number and discussing some basic properties of irrational numbers. We will use these ideas
to explain how the sequence (r,/s,) is defined. We will then show that for a € S, each of
the terms in (114) goes to zero. The first term requires careful use of the specific properties
of the irrational number a (which is where the set S comes in). The second term uses
the rate of convergence results from Section 7. The third term is an easy consequence of

Stirling’s formula.
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8.1 Continued Fractions and Approximation by Rational Numbers

This section covers some background information about continued fractions. The results
presented here can be found in the book Continued Fractions by Khinchin [4], which provides
a nice introduction to the subject.

As mentioned earlier, we will need to approximate an irrational number a with a se-
quence of rational numbers. In order to do so, we will make use of the notion of a best

approximator.

Definition 8.2 (Best Approximations) Let a be a real number, and let p/q be a frac-

tion in lowest terms (with ¢ > 0).

1. If the inequality

a——|>

S

a_i
q

holds for any integers r and s such that 0 < s < g and r/s # p/q, then p/q is said to

’ r

:

be a best approximation of the first kind for the number «.

2. If the inequality
|sa — r| > |qa — p|

holds for any integers r and s such that 0 < s < g and r/s # p/q, then p/q is said to

be a best approximation of the second kind for the number .

Thus, a rational number p/q is best approximation of the first kind if it is closer to «
than any other rational number with a denominator that does not exceed ¢g. It is a best
approximation of the second kind only if the ¢** multiple of & comes closer to an integer
than any previous multiple. It is easy to show that every best approximation of the second
kind must be a best approximation of the first kind. However, the converse is not true. A
best approximation of the first kind may fail to be a best approximation of the second kind.

The method of continued fractions turns out to provide a means to find the best approx-
imations of a number. Since we are only interested in approximating irrational numbers,
we will focus on the continued fraction representation of irrationals. We begin with some

basic definitions.
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Definition 8.3 (Continued Fraction Expansion)

a = l|af
a = [rm] ,
ag =[]

1

T2

Tk+1

Given an irrational number «, let

1

a — ap
1

™ —a1

1

e — ag

Since « is irrational, this process never terminates, and it defines the ag so that

o =ag+

a +

1

az + .

and ax > 1 for k > 1. This representation is called the continued fraction expansion of «,

and we will denote it by

a = [ag; ay, ag, ..

1.

The ay, are called the elements of the number . The number 74, is called the k" remainder

of a and its continued fraction expansion is [ag; ag+1, Gk+2, - - -)-

Definition 8.4 (Convergents) Given a = [ag; a1,

pP-1 =
Po
p1 =

Pk =

1
ap
aipo + 1

axPk—1 + Pk—2

)

qd-1
q0
q1

qdk

az, ...], define sequences py and g by

0
1
ai

akqr—1 + qk—2-

The integers pi and g are relatively prime for each k, and the fractions py/qx are called

the convergents of a.

Remark. Definitions 8.3 and 8.4 apply equally well to rational numbers, except that the

continued fraction expansion of rationals is finite.

The next theorem shows why the convergents are important. It is essentially the content

of Theorems 16 and 17 in [4] (pp. 24-28).
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Theorem 8.5 Fvery best approzimation of the second kind for a number o is a convergent
of a. Furthermore, every convergent is a best approximation of the second kind, with the
exception of the 0" order convergent of any o whose fractional part is greater than or equal

to 1/2.

Remark. If ap+ 1/2 < a < ap + 1, then pg/qo = ap/1 is not a best approximation of the

first kind (and hence not of the second kind either) since

‘Z;Z‘a—ao—i_l‘-

o=
1 1

Definition 8.4 and Theorem 8.5 show that the convergents of order greater than 0 form

a sequence of best approximations whose denominators are strictly increasing. We will be

primarily interested in the convergents’ property of being best approximations of the first

kind rather than of the second kind. Although there may be other rational numbers that

are first-kind approximators, the convergents have additional properties that will be useful

to us. The following theorem presents another result that we will need.

Theorem 8.6 For any irrational o and for all k > 0,

1
qrqk+-1 '

1
<]a_pk<

a6 (qr + Qr41) qk

For proofs of these bounds, see [4], Theorems 9 and 13 (pp. 9, 21).

Often, it is of interest to evaluate the closeness of an approximation by comparing the
difference | — p/q| with some decreasing function of the denominator ¢q. Notice that, since

the ¢; are increasing, Theorem 8.6 implies the inequality

1
’a O (115)
gk qj

for all @ and all £k > 0. Thus, every irrational number admits approximations on the
order of 1/¢? for infinitely many rational numbers p/q. The next theorem shows that if
the continued fraction expansion of o has bounded elements, this is essentially the highest
order of approximation that can be achieved, whereas irrationals with unbounded elements

admit closer approximations. This theorem is taken directly from [4], Theorem 23 (p. 36).
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Theorem 8.7 For every irrational number o with bounded elements, there is a positive

constant ¢ depending on « such that the inequality

a—§‘<q02 (116)

has no solution in integers p and q. On the other hand, for every number o with an
unbounded sequence of elements and arbitrary ¢ > 0, inequality (116) has an infinite set of

such solutions.

Remark. The constant ¢ in Theorem 8.7 must be less than 1/\/5 If ¢ > 1/\/5, then for
any irrational a, inequality (116) has infinitely many solutions. (See [4], Theorem 21, p.
34.)

It is worthwhile to point out that, included in the set of irrationals with bounded el-
ements are all quadratic irrationals, which are in fact characterized by having a periodic
sequence of elements. We also note that Theorem 8.7 implies that irrationals with bounded
elements are included in the set S defined at the beginning of Section 8. To see this, suppose
that there exists ¢; so that (116) has no solution in integers p and ¢q. Then choosing any
constant ¢z < ¢ In?2 for inequality (113) ensures that it will likewise have no solution.

As one might imagine, there are many more numbers whose sequence of elements is
unbounded than there are numbers whose elements form a bounded sequence. In fact, it
can be shown (see [4], Theorem 29, p. 60) that the set of numbers in the interval [0, 1)
with bounded elements has measure 0. While Theorem 8.7 only holds for irrationals with
bounded elements, there is a general result that holds for a much larger class of irrationals.

This is Theorem 32 from [4] (p. 69).

Theorem 8.8 Suppose that f(x) is a positive continuous function of a positive variable x
and that x f(x) is a non-increasing function. Then for almost all o € [0, 1) (i.e.,except for
a set of measure 0), the inequality

<= (117)

2] < L2
q

has only a finite number of solutions in integers p and q (with ¢ > 0) if, for some ¢ > 0,

the integral

/OO f(z)dz (118)
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converges. On the other hand, for almost all o € [0, 1), inequality (117) has an infinite set
of solutions in integers p and q (with q > 0) if the integral (118) diverges.

The first half of Theorem 8.8 implies the following result.

Corollary 8.9 For almost all o € [0, 1), there is a positive constant ¢ depending on o such

that the inequality
c

‘a-— P (119)

— < e —
q‘ ¢*1n*(1 +q)

has no solution in integers p and q. Thus, the set S has measure 1.

Proof. By the first part of Theorem 8.8, for almost all irrational numbers «, the inequality

-2«
o Pl 1
q| " q*In*(1+q)

has only a finite number of solutions in integers p and ¢q. Let « be such an irrational number,
and choose any c such that
1

a— —| |« < —F
QI ¢ In*(1 + q)

,anZ}-
q

0<c<min{

p“ P

For such a ¢, inequality (119) clearly has no solution in integers p and ¢, which shows that

« 1s in S and hence that S has measure 1. [

8.2 Approximating I, = (¥, ¢*™(®™/"] with a Nearby Interval

Suppose that a = [ag; a1, ag, ...] is an irrational number, and let (pg/qx) be the sequence

of convergents for a. For any positive integer n, choose k(n) to be the integer satisfying

T(n)+110° (Ge(ny+1) > 1 = Gy 107 (Gr(n)) (120)

and let 7, = py(n) and s, = gi(n). Obviously, both k(n) and gy, increase without bound
as n — oo. Our goal is to approximate the random variable X,, , with X, r»; thus we want

to compare the number of eigenvalues in the interval
I, = <627m'a7€27ri(a+£)} (121)

with the number of eigenvalues in

Ir = <62m(22) ezﬂi<::+ﬁ)] . (122)



When we shift the interval I,, to the nearby interval I}, any eigenvalues that occur
at rational points between the left or right endpoints of the intervals will be included in
one interval but not the other. Hence, the difference between X, , and X,, n will be the
difference between the number of eigenvalues in these “gaps” between the twc; ?ntervals. To

make this precise, define intervals

Jl,n _ <627ria, eQM(ZZ)] (123)
and
Jyn = <e2m(a+ﬁ),62“(22+fl>] (124)
if /sy, > a, or

Jl,n _ (62772‘(22) 7 e2m’a] (125)

and
S Tn £ .
Jon = <62m(m+n),e2m(a+fl)] (126)

if rp/sn < a. Let Y7, and Y, be random variables which count the number of eigenvalues
in Ji, and Ja,, respectively. Then we have X, — X, o = £ (Y1, — Y2,,) (where, for a

fixed n, the sign is the same for all o € S,,), and so

E[Xna] = B [ Xy m ]

= |EY1n] — E[Ya,]| < max(E[Y1 ], E[Y2,]). (127)

We will show that if a is in the set S defined at the beginning of Section 8, then E[Y] ;]
and E[Y3,] both approach 0 as n — oo, and hence the mean of X, , approaches that
of X, o . We proceed by proving several fairly straightforward facts which will allow us
to bour?d E[Y1,] and E[Y3,]. The first of these is a bound on the growth rate of the

denominators of the convergents for an irrational number in S.

Lemma 8.10 Suppose that a € S. Then there exists a positive constant M depending on
a such that for all k > 0,
Qi1 < MapIn®(1 + g).

Proof. From the definition of S, there exists ¢ > 0 such that

C
T @ In*(1+q)

Pk
a— =

qk
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for all £ > 0, and from Theorem 8.6, we have

Pk
a/_i

qdk

<

for all £ > 0. Therefore,
c

1

qrqk+1

1

<
q,% ln2(1 + qx)

or )
gk In* (1 + qx)

<
qk+1 B

where M =1/c. O

Qo1

Mg, In*(1 + g1,

Now we show that for a € S, the distance from a to the approximating rational r, /s,

is eventually shorter than the length of the interval I,,.

Lemma 8.11 Let a € §. There exists a positive integer N1 depending on a such that for

all n > N,
Y4
I
Sn, n
Proof. It will suffice to show that
lim |a — Inp 1 0.
n—00 Sn V4

Using Theorem 8.6 and Lemma 8.10,

k(n)| T 1

Ak (n)

=

C Q)T (n)+1 ¢

Qe+ 107 (k1) _ I0? [M gy In? (1 + g )|

(128)

Cqrn)

The numerator in (128) increases as a polynomial in In(gy(y)), while the denominator in-

creases linearly with gy,

approaches co. [

Clearly, this expression approaches 0 as n (and hence gj(y))

Next we obtain lower bounds on the denominators of the rational numbers that lie in

the intervals Jy ,, and Ja .
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Lemma 8.12 Let a € S. Define Ny = max{N1, ¢z In%(q2)}, where Ny is the constant from
Lemma 8.11, and suppose that n > Ns.

1. If u/v is a rational number satisfying

u
a——|<|la——
v

then v > sp.

2. Let M be the constant from Lemma 8.10. If u/v is a rational number satisfying

then

Remark. Note that the hypotheses in part 1 and part 2 were chosen so that the resulting
bounds on v apply to all rational numbers in Ji ,, and Ja,,, respectively.
Proof.

(Part 1). This follows directly from the fact that convergents of order greater than 0
are best approximations of the first kind.

(Part 2). Since n > Ny, it follows that

U {  wu 4 Tn £ 2
‘a——‘g at—-———+-—<la——|+—-<—,
v n vl n Sn| Mmoo m
and since a € S, there is a constant ¢ > 0 such that
‘ u‘ S c S5 €
a——|>—5—>—.
vl T 2In?(14v) = 03

Therefore,
c 27£ < 20

— . 129
v3 n = s,In%s, (129)
The requirement n > g2 In?(g) ensures that s, > g» > 1 so that In(s,) > 0. Inequality

(129) leads directly to

v > (CQSEL)US /% s,

and using Lemma 8.10, we may substitute 1/M for ¢. O
Finally we place a bound on the expected number of eigenvalues in any interval that

only contains rational points with denominators larger than some known minimum value.
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Lemma 8.13 Let J = (62””, egm(ﬁy)] be any interval on the unit circle (with 0 <y < 1).
1. There are at most [ny] rational numbers u/v with v < n such that e*™/ ¢ J.

2. Let'Y,, be the number of eigenvalues lying in J for a random n xn permutation matriz,

and define
m = min{v : ¥™" € Ju € Z,v € N}.
Then
1
ElY,] < {nQyW : %(lnn +1).
Proof.

(Part 1). For any two distinct rational numbers, both of which have denominators no
bigger than n, the distance between them is at least 1/n(n — 1) (and is therefore greater
than 1/n?). The bound follows immediately.

(Part 2). Define J' to be the interval (z, x +y|. Then for an n x n permutation matrix
M,

Yu(Mg) =Y > Cilo). (130)

ved kwlk
Thus

EY,] = > > E[Ci(o)] (131)

Leg kwlk

= > Z% (132)

LeJ kwlk
v<n

= > > % (133)

(134)

(]
™
3| -

(135)

IA
By
[N}
=,
|
E
S
_|._
=
O

The above lemmas lead directly to the following upper bounds for E[Y] ,] and E[Y3,].
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Lemma 8.14 Let Ny be as defined in Lemma 8.12. If n > N, then

n?7| (Inn+1)
EVip| < || ———
Vil < L%-‘ Sn

and
Bl¥a,] < eenry [ 2] Spe )

2| "1/3 :
Sh Sn/ In?/3 Sn

Proof. First consider Yj ,,. The length of J; 5, is |a — 7, /sy,|, and from (115) we have

<L (136)

2
Sn

Tn
a— -2
Sn

From the first part of Lemma 8.12, we know that if u/v € J;,, then v > s,, so by Lemma

8.13,
Bv) < W 1) (137)

The second equation has essentially the same proof, using the second part of Lemma 8.12

combined with Lemma 8.13. [
At last we are ready to prove the main result.

Theorem 8.15 Let a be an element of the set S, and for any integer n, let r,, and s, be
as defined above. Then

— 0

E[Xpa) = B [X, 2]

sn

as n — oQ.

Proof. Based on (127) and the bounds in Lemma 8.14, proving the theorem amounts to

2 1 1
lim H<+> 0. (139)
n—00 Sn sn/ In2/3 Sn

From the way k(n) and s, were defined, we have

proving that

n < Q)11 107 (Gny+1)

and



Thus,

2
Fﬂ, (nn+1) _ (Qk<n>+11n2 (qk(n>+1)> 10 [gr(y 41107 (Ggy1)] +1 (139)

F P (s, ) By 077 (a1)

Now, using Lemma 8.10,

Ak(n)+1 In® (Qk
Ak(n)

2
<”>+1)> < [MPIn* (14 gny) | - In* [M gy In® (1+ gyy)] + 1 (140)

and

I gy 1 0% (@) ] 1 In [[Myn I0° (14 Gyny)] - 0% [Mapny I0® (1 + g ] +1

qli{i) n?/? (ax(n)) - qi{i) In*/? (ar(m))

(141)
When the right-hand sides of (140) and (141) are multiplied, the resulting expression

has a numerator that is bounded above by some polynomial in ln(qk(n)) and a denominator

that grows faster than qi{f;). Therefore the whole expression goes to zero as n — co. U

8.3 The Convergence of F[X, ] for a € S
Finally we prove the other two limits needed to complete the proof of Theorem 8.1.

Theorem 8.16 For any irrational number a, let r, and s, be defined as in the previous

section, and let A, rn be defined as in Section 7. Then
lim A, = = 0.
n—oo Sn
Proof. Choose an integer N large enough so that
In? (qk(N)) > max{2, 4/}, (142)
and let n > N. Then since n > gy (p) In? (qk(n)) , we have

n > 2Gk(n) (143)

and

n > 4lqymy > 20 (qegny + 1) - (144)
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Therefore, for n > N, we may apply Theorem 7.4 to the error term A, r (recall that
Tn/sn = pk(n)/Qk(n))

14 8,1
A,m| < 16(1 +£2)+87;n(3”) (145)
1+ g 10 (G
< 16(1 4 £2)— K )QH(Q’“( ) (146)
Qi) 10 (G
1 1
= 16(1+¢%) - : (147)
@) 107 (Gh(ny) I (qmn))]

The two terms in (147) approach 0 as gy(,) — 00, S0

=0. O

lim ‘An T
n— o0 Tsn

Theorem 8.17 For any positive real number ¢,

Tim [i In <(f’ﬁ);@ )] "y (148)

Proof. In order to prove the limit (148), we make use of the following version of Stirling’s

formula (see p. 52 of [2]):

am ok (149)

NNe=Ny2aN
‘ =
In particular, we have
L=¢] [=¢]
1 In (z0) = 1 In 7 (z0)
z [zt]! x |zt | e=Lot) | S22l

( LQ:EJ x| e—LmZJ /27 Lng > (150)

|zl ]!

1
+—1In
T

and (149) implies that the second term in (150) goes to 0 as x — oo. Therefore,

lz£) lz¢]
lim lln (0) = lim lln 7 (0)
200 T EAl 2—00 T |t | e=Lat] | f2r[2l]

_ JEEO[LZKJ ln<LzZ>+LZ£J—iln( 2@:1;@)}
= 00+0-0
= ¢ O

Since all three terms in equation (114) converge to 0 as n — oo, we have proved Theorem

8.1 (which implies part 2 of Theorem 1.1).
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9 Conclusion

There are a few generalizations of Theorem 1.1 which are easy to explain. First, the results
derived in this paper are for half-open intervals, rather than for more standard open or
closed intervals. This was done mainly to simplify notation as much as possible. In fact,
the limit for an open interval of the form (62”‘1, e2mi(att/ ”)) is the same as the limit for the
half-open interval studied here. When a is irrational, the limit will be the same for closed
intervals as well. However, it is easy to see that for rational a, including the lower endpoint
will have a huge effect—the mean no longer would stay bounded because the number of
eigenvalues at the endpoint a grows as %ln n.

The set S can also be modified somewhat. For any real number w > 1, define S, to be

the set of all numbers a for which there exists a constant ¢ (depending on a) such that

‘a P ¢ (151)

New =
q‘ ~ @2In¥(1+9q)
has no solutions in integers p and ¢q. If w > 2, then § C &,,; the proof of Theorem 8.1 can
be modified to include irrational numbers a € S, for any w.

)

However, it is worth noting that the phrase “almost every” in Theorem 1.1 is necessary.
Any irrational number which is not of finite type will not lie in any of the sets S,,. In fact,
it can be shown that if @ is an irrational number that can be approximated extremely well,
then E[X,, o] has an unbounded subsequence, so the mean cannot possibly converge to ¢ (or
any other finite value). Thus there exist irrationals to which Theorem 1.1 does not apply.
There are other questions about X, , which are still unanswered. Using the results of
section 2.2, a formula can be derived for Var[X, ] in a way similar to what was done for
the mean, although the sum is more complicated. Some work with this sum has shown that
the variance is bounded for a = 0, and we suspect that it will be bounded for other values

of a as well. It would be interesting to try to derive a formula for the limit of the variance,

and more generally, to better understand the distribution of X, ,.
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