
5/2/07 

Math 124 Lecture notes 

 

Announcements & Reminders: 

Work on Week 6 Hwk pbls. Bring questions to quiz section Thursday 

Final exam: Saturday, June 2nd, 1:30-4:20 in KNE 210. More info: link on website.  

Deadline for petition: May 11th. 

Section 3.6: Implicit differentiation 

Preparation: 

1) Suppose ώ= ὼ3 + 5ὼ. Then  ώȭ= 3ὼ2 + 5.  

Note: Here, by ώȭ I mean the derivative of y with respect to x, i.e. 
Ὠώ

Ὠὼ
. The latter notation would 

be better than the prime notation, because it makes it clearer which letter is the variable. 

However, it is more cumbersome. 

Consider the derivative of y^7. 

¶ In terms of x, this is ώ7 ȭ= ὼ3 + 5ὼ7 ȭ= 7 ὼ3 + 5ὼ6(3ὼ2 + 5)   

¶ In terms of y, this is ώ7 ȭ= 7ώ6ώᴂ (or, in the other notation: 
Ὠ

Ὠὼ
ώ7 = 7ώ6 Ὠώ

Ὠὼ
) 

In both, we use Chain Rule. 

2) bƻǿ ǎǳǇǇƻǎŜ ȅƻǳ ŘƻƴΩǘ ƪƴƻǿ ǘƘŜ ǇǊŜŎƛǎŜ ŜȄǇǊŜǎǎƛƻƴ ŦƻǊ ȅ ƛƴ ǘŜǊƳǎ ƻŦ ȄΣ ōǳǘ ȅƻǳ Řƻ ƪƴƻǿ ǘƘŀǘ ȅ 

depends on x via some relationship. 

You do: 

¶ ώ2 ȭ= ?         Answer: нȅȅΩ 

ό/ŀƴΩǘ ǿǊƛǘŜ ƛǘ ƛƴ ǘŜǊƳǎ ƻŦ Ȅ ōŜŎŀǳǎŜ ǿŜ ŘƻƴΩǘ ƪƴƻǿ ǿƘŀǘ ŜƛǘƘŜǊ ȅ ƻǊ ȅΩ ŀre in terms of x) 

¶ ώ3 ȭ= ?        Answer: 3ώ2ώᴂ 

¶ 
1

ώ
ȭ= ?        Answer:  

1

ώ2ώᴂ 

¶ Ὡώᴂ= ?        Answer: Ὡώώᴂ 

bƻǘŜΥ ƛƴ ŜŀŎƘ ƻŦ ǘƘŜǎŜΣ ǎƛƴŎŜ ǿŜΩǊŜ ǘŀƪƛƴƎ ǘƘŜ ŘŜǊƛǾŀǘƛǾŜ ǿƛǘƘ ǊŜǎǇŜŎǘ ǘƻ Ȅ ƴƻǘ ǘƻ ȅΣ ǿŜ Ƴǳǎǘ 

use Chain Rule, hence ƳǳƭǘƛǇƭȅ ōȅ ȅΩ. 

 IŜǊŜΩǎ ŀ ǘƻǳƎƘŜǊ ƻƴŜΥ 

¶ ὼὩώȭ= ? 

Since we have a product of two functions of x, namely x and ey, we must use the Product Rule: 

ὼὩώȭ= ὼᴂὩώ+ ὼὩώᴂ= 1Ὡώ+ ὼὩώώᴂ= Ὡώ+ ὼὩώώᴂ 

 



When is all this useful? 

Suppose you have a curve given by some equation in x and y and you cannot solve for y in terms of x (or 

ƛǎ ŘƛŦŦƛŎǳƭǘ ǘƻ Řƻ ǎƻύΣ ōǳǘ ȅƻǳΩŘ ǎǘƛƭƭ ƭƛƪŜ ǘƻ ƪƴƻǿ ǘƘŜ ǊŀǘŜ ƻŦ ŎƘŀƴƎŜ όŘŜǊƛǾŀǘƛǾŜύ ƻŦ ǘƘŀǘ ŎǳǊǾŜ ŀǘ ǎƻƳŜ 

point.  

What to do? 

METHOD of Implicit Differentiation: 

We cannot write y as a function of x explicitly, but we can think of it as an implicit function of x, via the 

given equation.   

Further, if two things are equal, then so are their derivatives. So: 

STEP 1: Take the derivative of both sides of the equation with respect to x, treating any part containing y 

as practiced above (using Chain Rule). 

You get an equation involving x, y ŀƴŘ ȅΩ. 

STEP 2: {ƻƭǾŜ ǘƘŜ ǊŜǎǳƭǘƛƴƎ Ŝǉǳŀǘƛƻƴ ŦƻǊ ȅΩ ƛƴ ǘŜǊƳǎ ƻŦ Ȅ ŀƴŘ ȅ.  

If y is actually a function of x and you can actually determine the formula for y in terms of x, replace it in 

ǘƘŜ ǊŜǎǳƭǘ ǎƻ ȅƻǳΩŘ ƎŜǘ ȅΩ ƛƴ ǘŜǊƳǎ ƻŦ Ȅ ƻƴƭȅΦ hǘƘŜǊǿƛǎŜΣ ȅƻǳ ƘŀǾŜ ǘƻ ōŜ ŎƻƴǘŜƴǘ ǿƛǘƘ ŀƴ ŜȄǇǊŜǎǎƛƻƴ 

depending both on the variable x and on the implicit function y. 

STEP 3: If you need to evaluate the derivative at an actual point (a,b), then replace x=a, y=b into the 

ŦƻǊƳǳƭŀ ȅƻǳ Ǝƻǘ ŦƻǊ ȅΩΣ ǘƘŜƴ ŎƻƳǇǳǘŜΦ  

EXAMPLES: 

9Ȅ мΥ [ŜǘΩǎ ŎƻƳǇǳǘŜ ǘƘŜ ŘŜǊƛǾŀǘƛǾŜ ȅΩ ŦƻǊ ǘƘŜ ŜƭƭƛǇǎŜ ƛƴ ǘƘŜ ǿŜŜƪ р ǎǳǇǇƭŜƳŜƴǘŀǊȅ ǇǊƻōƭŜƳΣ namely: 

●
+ ◐ =  

Here, the variable is x and we consider y as an implicit function of x. 

Step 1:  Apply derivatives to both sides : 

ὼ2

4
+ ώ2

ᴂ

= [1ϐΩ 

Then evaluate them: 

1

4
2ὼ+ 2ώώᴂ= 0 

{ǘŜǇ нΥ {ƻƭǾŜ ǘƘƛǎ Ŝǉǳŀǘƛƻƴ ŦƻǊ ȅΩΥ  



2ώώᴂ=
ὼ

2
 

ώᴂ=
ὼ

4ώ
 

We can express y in terms of x from the original equation: y= ± 1
ὼ2

4
, so, replacing, we get: 

ώᴂ= ±
ὼ

4 1
ὼ2

4

. 

Example 2: Find the eq. of the tangent line to the curve: ▼░▪(●+ ◐) = ◐╬▫▼(●)  at the point Ⱬ,  

(if curious, you can see a graph of a portion of this curve in the hwk problems from section 3.6) 

Here, there is no way to solve for y in terms of x (or even vice versa), so we have no choice but to use 

implicit differentiation to compute yΩ. 

Apply derivative (with respect to x) to both sides of the equation: 

Ὠ

Ὠὼ
ίὭὲὼ+ ώ =

Ὠ

Ὠὼ
(ώ2ὧέίὼ)  

To evaluate these derivatives, we need Chain Rule on the left hand-side and Product Rule on the right: 

cos ὼ+ ώ
Ὠ

Ὠὼ
ὼ+ ώ =

Ὠ

Ὠὼ
ώ2 ὧέίὼ+ ώ2

Ὠ

Ὠὼ
cos(ὼ)  

cos ὼ+ ώ 1 + ώᴂ= 2ώώᴂὧέίὼ+ ώ2 sin (ὼ)  

Now solve for yΩ: 

cos ὼ+ ώ + ώ2 sin ὼ = 2ώώᴂὧέίὼ cos ὼ+ ώώᴂ 

cos ὼ+ ώ + ώ2 sin ὼ = 2ώὧέίὼ cos ὼ+ ώ ώᴂ 

yᴂ=
cos x + y + ώ2 sin ὼ

2ώὧέίὼ cos ὼ+ ώ
 

Plug in x=  ̄and y=0 to calculate yΩ at the given point: 
cos ʌ+ 0 + 0 sin ʌ

2(0)ὧέίʌ cos ʌ+ 0
=

cos (ʌ)

cos (ʌ)
= 1 

Using: point (ʌ,0)  and slope -1: the equation of the desired tangent line is: ώ= ὼ+  ʌ 

 

Reading: Look in text at other examples, especially the end of this section at how to use Implicit Diff to 

compute derivatives of inverse trig fcts.  


