
Math 310 Collected Homework #3: due Wed 4/23/2008 

(Sets -- plus a little induction and a few quantifiers) 

 

 

1. Does the Trichotomy law hold for sets? In other words, given two sets A and B, is it true that 

one of: A B, AB, or A=B must be true?  If yes, give a proof; if no, give a counterexample. 

 

2. Let A={1, 2, 3, 4}  

a) List all elements of the power set of A, 𝒫(𝐴).  

b) List all elements of AA. 

 

3. Suppose AB. Is it true that 𝒫 𝐴 ⊆ 𝒫 𝐵 ? If yes, prove it; if no, give a counterexample. 

 

4. Using truth tables, prove the following De Morgan Law for sets:  𝐴 ∩ 𝐵 𝑐 = 𝐴𝑐 ∪ 𝐵𝑐   

 

5. Using logical arguments from definitions, prove that 𝐴  (𝐴   𝐵)  =  𝐴 

 

6. Suppose A, B, C are sets and 𝐴 ≠ 𝜙. Prove that if AB=AC then B = C.  

(hint: what is the contrapositive of this implication?) 

 

7. Page 117 problem 11 parts i, iv, and vi.      (do this question after Mondayôs lecture) 

 
8. What is wrong with the following proof? 
  
 ñTheoremò: All cows must have the same color. 
 ñProof:ò 

Let the predicate 𝑃(𝑛) be ñall the cows in any set of n cows have the same colorò. 

Weôll use induction on n to prove 𝑃(𝑛) is true for any positive integer n. Since there 

are finitely many cows on Earth, this proves the stated theorem.  
  
Base case 𝑛 = 1: Clearly if one considers any set with only one cow in it, it is true that 

all the cows in that set have the same color.  
  
Inductive step: Suppose now that the result is true for some n>0. That is, our induction 

hypothesis is that in any set of n cows, all the cows within that set have the same color. 

We need to show the result then follows for all sets of n+1 cows.  

Let {C1 , C2 , é, Cn, Cn+1} be any set of n+1 cows.  

The subset {C1 , C2 , é, Cn} has n cows, so, by induction hypothesis, all the cows in 

this subset have the same color.  

On the other hand, all the cows in the subset {C2 , é, Cn+1} must also have the same 

color, again by induction hypothesis, because this is also a set of n cows. From this, it 

follows that cows Cn and Cn+1 must have the same color. Combining this with the 

previous observation that all the cows in {C1 , C2 , é, Cn} have the same color, if 

follows that all of {C1 , C2 , é, Cn, Cn+1} must have the same color. We have proved the 

inductive step, so the proof is complete. 
  
Hence all the cows have the same color. QED. 

 


