Math 462 Homework #3 January 20, 2017 1

This week we will discuss the Sperner theorem (see §7.2) and the Erdés-Ko-Rado theorem. Please read
the lecture notes as well as take a look at §7.2 in the book.

Written Assignments Due Friday, 1/27/17.

1. Let k,l be natural numbers. Prove that every sequence of real numbers of length kl + 1 contains
a nondecreasing subsequence of length k + 1 or a decreasing subsequence of length [ + 1. (This is
#4 from §2.4. Hint: mimic the proof of the Erdés-Szekers theorem.)

2. Let aq,aq,...,a, be real numbers satisfying a; > 1 (for ¢ = 1,2,...,n). We want to choose as
many partial sums of a;’s, i.e., expressions of the form a;, +--- 4+ a;,, where 1 <i4; < iy < --- <
ir, < n as possible so that the values of every two of chosen sums differ from each other by less
than 1. Show that we cannot choose more than ( Ln72 J) such partial sums.

Hint: if a;, +---+a;, and aj, +---+a;, are among the chosen sums, can {iy,...,ir} be a subset
of {jl, . 7jp}?

3. Let 1 <k < n/2 and let F be an independent family of subsets of [n] all of whose elements have
size at most k (i.e., |F| <k for all F € F). Show that |F| < (7).
Hint: the LYM inequality might be helpful.

4. Prove the following extensions of the LYM inequality.

(a) Let F be a family of subsets of [n] not containing any k + 1 nested sets: F; C Fy... C Fjy;.

Show that .
>y <k
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Hint: note that every maximal chain in B,, contains at most k elements of F.

(b) Let F be a family of subsets of [n] that contains no two elements A O B with |[A — B| > k.

Prove that )
— < k.
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