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1. Show that any finite abelian group is isomorphic to the direct product of its Sylow subgroups
(without using the fundamental theorem of finitely generated abelian groups).

Comments | have three comments about this problem. First, if you want to proceed by induction
(which | think is a natural choice), then you need to justify whyGihas orderp'l1 ... pln, there is

a subgroup of ordep'l1 . p'r?:ll. | gave one explanation in the solutions; a variant on that approach
would be to let? be the Sylowp;-subgroup ofG, and letH = P1P,...Py_1. Then you have to say
why H is a subgroup, and you have to compute its order.

Second, | think any solution to this problem will use the “recognition theorem?” for direct prod-
ucts. There was a little confusion about the statement of this theorem, probably because of how it’s
stated in the book. Given subgrougsandK of G, if you can show thaH andK are each normal,
and thatH N K = {1}, then you can only conclude thktk = H x K. If you want to show that
G = H x K, then you also need to show that= HK.

Finally, several people were tempted to try to use the obvious generalization of this recognition
theorem with more than two factors. Unfortunately, the “obvious” generalization is false: suppose
you have a groufs and subgroupsly, Ho, ..., H,. Suppose also that

e Hi is normal inG for eachi,
e HiNH; = {1} for all distincti andj.
e HiH>...H,=G.
ThenG need not be isomorphic td; x --- x Hy. For example, le6 is the Klein 4-group:
G={1,ab,ab:a>=b?>=1, ab=ba}.

LetH; = {1,a}, Ho = {1,b}, H3 = {1,ab}. Then these subgroups satisfy the above conditions, but
G is not isomorphic tdH1 x Hy x H3 =2 C, x Cy x Co.
| think that a recognition theorem for products of more than two factors would require that

e Hi is normal inG for eachi,
e HiNnH;i...Hi_1Hi11...Hy = {1} for all i,
e HiH,... H,=G.

It's probably easier to use induction in any specific case; showing the second condition will require
induction anyway, | would think.

2. If K/F is an abelian Galois extension of degree 540 x 3% x 5, what are the possible
Galois groups? Among all such extensions, what is the maximum number of intermediat& fields
such thatfK : E] = 2? What is the minimum number?

Comments| just want to emphasize the statement of the fundamental theorem of Galois theory: in
the bijection between intermediate fieldsand subgroupsi of the Galois group, therder of H
equals the degref : E]. (You may be able to remember this by considering the cBse<, in

which cas€K : E] is clearly 1, andE = F, in which casgK : E| = |G|.)



3. Assume tha6 is a group of order 23% 3 x 7 x 11. Show that contains a normal Sylow
7-subgroup and a central Sylow 11-subgroup.

Comments A few people ignored the word “central” and just showed that there is a normal Sylow
11-subgroup. (More people got stuck on the centrality part — see the solutions for one approach.)

4. Letp be a prime ana a positive integer. Use the fundamental theorem of Galois theory and
facts about the extensidfy /Fp to classify the subfields dfgn.

Comments Since the problem asks you to classify the subfieldS,afand since Galois theory lets

you classify the field$ with F, C F C Fyn, you should explain why these are the same problem —

why every subfield ofy containsH,. | don’t think anyone did this (except me, in the solutions).
Also, some of you only did half of the problem: you showed thé&t Was a subfield oFpy, then

F = F, for somed dividing n. You also need to do the conversedin, thenFq is in fact a subfield

of Fyn. (The fundamental theorem of Galois theory allows you to do the whole thing all at once.)
Finally, the Galois correspondence threw some of you off: a subgroup of drdéthe Ga-

lois group corresponds to a fiek with [Fy : F] = d, and so with[F : Fy] = n/d. So the field

corresponding to the cyclic grogy is the fieIden/d.

5. LetF be a field and lep(x) be an irreducible polynomial iR[x]. LetK be the splitting field
of p(x). Show that the Galois group = Gal(K/F) acts transitively on the roots @fx). (For full
credit, do this without using the fundamental theorem of Galois theory.)

CommentsThe word “transitively” was misunderstood by some of you. If you show that, whenever
a is aroot and € G, theno(a) is a root, you have showed th@tpermutes the roots. This is part
of the problem. The rest is to show that the actiotramsitive for any two rootsa andf3, there is
an element of G so thato(a) = B.
One possible approach to this problem is to use the theorem about extending isomorphisms:
given two rootsa andf3 of p(x), the fieldsF (a) andF () are isomorphic: there is an isomorphism
¢ :F(a) — F(B). So by some theorem, you can extend this isomorphism: there is &fialdd an
isomorphismy : K — K/ like this:

To finish the problem, you then have to show tKat= K (not just that they’re isomorphic, but
actually equal).



If you want to use an extension theorem, you can proceed as follows: one extension theorem
says this: givenf(x) € F[x], and given an isomorphisif LR F’, let K be the splitting field of
f(x), and letK’ be the splitting field ofp(f(x)). Then there is an extension of the isomorphism
¢ to Y : K — K’. To apply this to our problem, let and be roots ofp(x). Then there is an

isomorphismF (a) 9, F(B) which fixesF, and hence fixep(x). Now note thaK is the splitting
field of p(x) € F(a)[x], and it is also the splitting field gb(x) € F(B)[x]; therefore by the theorem,

there is an isomorphisi YK extending the isomorphisig

6. LetK/F be a field extension, and fexe K. Show thatF (a) is algebraic oveF if and only
if [F(a) : F] is finite. Use this to prove that sums, differences, products, and quotients of algebraic
elements are algebraic.

Comments Note that part of what you should show is thafffa) : F] is finite, then thdield F(a)
is algebraic oveF: every element of (a) is algebraic oveF. | didn't take off any points if you just
showed thaa is algebraic. (It’s true that the fiel(a) is algebraic oveF if and only if the element
ais algebraic oveF, but that needs to be proved.)

7. Suppose that(x) is a degree 4 polynomial with coefficients in a fi¢id and letK be the
splitting field of f (x). What are the possible values fét: F|? Give examples for as many of those
values as you can. (You should be able to do more than half of the possibilities; | will be impressed
if you can find examples for all of them.)

CommentsNone for this problem.



