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Abstra ct. Fix aprime p, and let A be the polynomial part of the dual Steen-
rod algebra. The Frobenius map on A induces the Steenrod operation B 0 on
cohomology, and in this paper, we investigate this operation. We point out
that if p = 2, then for any element in the cohomology of A, if one applies B o
enough times, the resulting elemert is nilp otent. We conjecture that the same
is true at odd primes, and that \enough times" should be \once."

The bulk of the paper is a study of some quotients of A in which the
Frobenius is an isomorphism of order n. We show that these quotients are
dual to group algebras, the resulting groups are torsion-free, and hence every
element in Ext over these quotients is nilp otent. We also try to relate these
results to the questions about B °. The dual complete Steenrod algebra makes
an appearance.

1. Intr oduction

Fix a prime number p, and let A be the following familiar Hopf algebra: as an

algebra,
A=Fpl1; 25 3:0];

and the coproduct is determined by

X
(L1) (w=" i

i=0
where o = 1. There is also an antip ode { seeLemma 3.6 { but it doesnot play a
certral role here. A is graded by putting , in degree2” 1whenp= 2, andin
degree2p” 2 whenpisodd. This makesA into a graded connectedcommutativ e
Hopf algebra.

When p = 2, the graded dual of A is the mod 2 Steenrad algebra; when p is
odd, the graded dual of A is the algebra of reduced power operations, which is a
quotient of the mod p Steenrad algebra. We will occasionally abusethe language
and refer to A asthe dual Steenrod algebi, regardlessof the prime. We write A
for its graded dual.

Homotopy theorists would like to understand the cohomolayy of A, which can
be de ned asExt, (Fp;Fp), where Ext is computed in the category of graded A -
modules, or equivalertly as ExtA; (Fp; Fp), where Ext is computed in the category
of graded A-comadules. (In placeswhere it makes a di erence, we will use the
comodule de nition). Note that in this setting, Ext is bigraded: the rst grading
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is the usual homological one, and the secondis induced by the grading on the
(co)module category The Frobeniusmap a 7! aP on A is a Hopf algebramap, and

soit inducesan algebramap on cohomology We denote this map by B ° when pis
0

unspeci ed or odd, and by éq when p = 2 (seeProposition 5.1 for an explanation

of this notation). Sincethe Frobenius does not presene the grading, neither does

B © { it works like this:

B O ExtS (FpiFp) ! ExtSP (Fp; Fp):

We would like to understand how the map B O interacts with the multiplicativ e
structure of Ext, (Fp; Fp). This paper has two goals: to advertise some questions
and conjecturesrelated to this interaction, and to study someHopf algebrasrelated
to A that arise when studying B © and the Frobenius.

We start by pointing out that

B O ExtQOFpiFo) ! ExtYO(Fp; Fp)

is the identity map. Regarding Ext in positive dimensions, one can deduce the
following from the main result in [Pal99].

Theorem 1.2. Letp=2and x z2 Eth;t(Fg; F,). If s is positive, then there is
an n so that (éqo)”(z) is nilpotent.

This fails if A is replaced by the sub-Hopf algebra F;[ 1] { the cohomology of
this is Fo[hig; h11; hio; i 1], with éqo(hl;n) = hin+1 { but holdsif A is replacedby
any quotient Hopf algebra. Seethe appendix for the theorem's proof. One might
ask whether there is a simpler proof of this, one which would hold at any prime.

Question 1.3. (a) Is the analogousresult true when p is odd?
(b) Can one prove Theorem 1.2 without appealing to the F-isomorphism of
[Pal99, Theorem 1.2]?

It is alsonatural to ask, givenz asin Theorem 1.2, how large must n be to make
0 0 0
(éq )"(z) nilpotent? Eq is an algebramap, soif z is nilpotent, then sois éq (2).

0
For every known non-nilpotent elemen z (exceptfor z = 1), éq (z) is nilpotent as
well. This leadsus to make the following conjecture. All of our evidenceis valid
only for the prime 2, but we brashly state it for all primes.

Conjecture 1.4, Fix a prime p and an elementz 2 Eth;‘(Fp;Fp) with s > 0.
Then B 9(z) is nilpotent.

This is rather specic to A: Theorem 1.2 fails for Fy[ 1], and the conjecture
implies the theorem. Thus the conjecture does not hold for sub-Hopf algebras of
A. It also fails for quotient Hopf algebrasof A: for example, the cohomology of
Fo[ 2]=( 3) is isomorphic to F[hyo; h21], with éqo(hzo) = hy;. (Note, though, that
a modi ed conjecture may hold for quotients of A: given a quotient Hopf algebra
B of A, there exists an n sothat for all z 2 Ext$' (Fp; Fp) with s> 0, (B °)"(2) is
nilp otent.)

One caninterpret many of thesequestionsin terms of the \double” A of A: let

A be the sub-Hopf algebra of A generatedby the pth powers of the generators:

A=F[ 0 5 Bl
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Then A and A are isomorphic via the Frobenius map x 7! xP, and so their Ext
algebrasare isomorphic. We write  for the isomorphism:

CEXtR (FpsFp) T Ext®R (Foi Fp):
Since A is a sub-Hopf algebraof A, there is also an induced map which presenes
the grading:

CExt (FpiFp) ! ExtY (Fos Fy):
It is not hard to seethat for any z 2 Ext}" (Fp; Fp),

( (2) =P %2):
So, for example, Conjecture 1.4 is equivalent to the statemert that every positive-
dimensional elemer in the image of is nilpotent.
One can also reformulate these questions, conjectures, and results as follows.
Let R be the dual complete Steenrod algeba: R is the Z[%]—graded Hopf algebra
obtained from A by adjoining all p¥th roots of eat indeterminate ,:

R=lim Fla:n 20 RIE in 20 RLE in 1!

(In the languageof [Arn94], [Arn00], and [LH96], R is the \ro ot algebra” assaiated
to A.) The coproduct on A inducesone on A:
(=T
i=0
foralln 21andall k2 Z, where o = 1asusual. The antip ode for A alsoinduces
one for R, which we will not need. The dual R of R is the complete Steenrod
algebmr, which was introduced by Arnon [Arn94, Arn00] and has also beenstudied
by Llerena and Hu'ng [LH96]. (Note that R isnot a graded algebra, sinceit is
larger than the direct sum of its graded pieces{ see[LH96, Remark 1.5]. Risa
graded algebra, though; the di erence is that R is de ned as a direct limit, while
is an inverselimit.)

In other words, one obtains & from A by inverting the Frobenius map. As a
result, onecan show { seeProposition 5.3{ that the cohomologyof Ris isomorphic
to the cohomologyof A with the operation B © inverted.

Thus Theorem 1.2 sgys that every positive dimensional elemert in Ext ,(F2; F2)
is nilpotent, and Question 1.3(a) askswhether this is true at odd primes. AR seems
asthough it should be easierto understand than A. Hencewe have the following
natural question.

Question 1.5. What is the cohomologyof R?

In order to approac all of these questions, we try something simpler: rather
than constructing R by formally inverting the Frobenius and p O thus making
them isomorphismswith in nite order, we will construct Hopf algebrasin which
they are invertible with nite order.

Thus we study the following quotient Hopf algebrasof A: x n 1 and de ne
H" by

HY = A=( P 00 1)
This is a version of A in which the Frobenius has order n. In this paper, we shov
that the topological linear dual of H" is a group algebraand we identify the group.
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We use this obsenation to show that Ext,,. (Fp;Fp) consistsentirely of nilp otent
elemens. We also try to relate these Ext calculations to the cohomology of the
complete Steenral algebra.

A few words of warning may be warranted for any topologists who may be
reading this. First, H" doesnot inherit the grading from A, sincethe ideal is not
homogeneous. Many topologists are usedto dualizing quotient Hopf algebras of
A to get sub-Hopf algebrasof the Steenrad algebra, but sinceH" is not graded,
its dual sits inside the ungraded dual of A, which is distinctly dierent from the
usual Steenrad algebra. After all, sinceA is nite-dimensional in ead grading, it
is isomorphic to its double graded dual; sinceit is in nite-dimensional asa whole,
it is not isomorphic to its double ungraded dual.

For example,let p= 2 and n = 1. If one dualizeswith respect to the monomial
basisof A, then | is dual to an elemeri called S¢. Hencewhen one dualizesH?,
since pisidentied with | for all i, the element dualto ; in (H!) desenesto be
called i1 Sd . This elemern is non-nilpotent { comparethis to the graded dual
of A, in which sud in nite sumsdo not occur and in which gvery elemert in the
augmertation ideal is nilpotent. The non-nilpotenceof x = 1 Sd is re ected
by the coproduct in HY: ( ;) contains aterm 2 ;= ; 1, andhencex?6 0
{ it is detectedby ,. ( 4) hasaterm , 2, Sothe iterated coproduct of 4
hasa term 1 1 1, and hencex* 6 0. For eah n, ( ) hasa term

on 1 » 1, and henceinductively x2* 6 0 for all n.

In other words, the Hopf algebrasH" and their duals may challengethe intuition
of any readers(or authors) who are usedto working with the Steenrad algebra.

Here is an outline of the paper: in Section 2, we show that H" is dual to a
group algebra, and we identify the group { it is the group of strict automorphisms
of the additive formal group law over Fpn . We accomplishthis by imitating work
of Ravenel and others on the Morava stabilizer groups. We also note that this
automorphism group is a torsion-free pro-p group. In Section 3, we collect some
obsenations about H" and the assaiated automorphism group; for example, we
point out that the group is not p-adic analytic. In Section 4, we usethe fact that
the group is torsion-free to show that its cohomologyconsistsentirely of nilp otent
elemerts. In Section5, we Il in someof the details of the ideasin this intro duction:
the relationship betweenthe Frobeniuson A and the Steenrad operation B ©, and
alsothe completed Steenrad algebraand its cohomology There is alsoan appendix
which cortains the proof of Theorem 1.2.

Convention. Throughout, an unadornedtensor product = meanstensor product
over Fp.

Ackno wledgments. Much of the work on the Hopf algebrasH" was inspired by
a brief corversation with Mik e Hopkins. | have had many helpful discussionswith
Ethan Devinatz and Hal Sadofsky Also, sewral of the results and proofs owe an
obvious debt to Section 6.2 of Ravenel's greenbook [Rav86].

2. H" is dual to a gr oup algebra

Let H" be as above. Let B be the sub-Hopf algebra of H" generatedby |
with 1 i . Let H" bethe quotient of H" by Bj'. Let F = Fy. That is, for
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xed n landj O,

H" = Fo[ 15 25:::]= ipn it 1)
HP' = Rl jors je2scc]H( P ici j+ 1),
B'=Fpl 1; 20115 = S B

F = Fp

Note that H = H".

In this section, we show that after tensoring with F, ead of these Hopf algebras
is dual to a group algebra, we identify the groups, and we obsene that the group
asseiated to H" is torsion-free for each n and j .

First we should verify that H" is a quotient Hopf algebra of A for ea n and
j. Given this, it is clear from the formula for the coproduct (1.1) that BJ-n is a
sub-Hopf algebraof H".

Lemma 2.1. Fix n 1landj 0. Then

n

"= (g P it j+D
is a Hopf ideal of A. Thus H{" is a quotient Hopf algeba of A.

Proof. We have dened | = I{" asan ideal in the algebra A, sowe needto show
that it interacts well with the coproduct. That is, for eadh x 2 |, we needto show
that ( x)21 A+ A . It suces to che this for the generatorsof the ideal; it
is clearwhenx = ,, with m j, solet x = ,E: m, Wherem > j. We compute:

" p P .
(mh m moii moi

Thus ( P m)isinl A+ A |, asdesired.

As in [Rav86, Section 6.2], we can discussthe \top ological linear dual" of the
Hopf algebrasH|": sinceH", for instance, is the direct limit ofthe nite-dimensional
sub-Hopf algebras B, then the topological linear dual (H") is de ned to be
H") = Iimj (B") , with the topology induced by the inverselimit.

The rst part of the proof of [Rav86, Theorem 6.2.3] appliesin our setting to
give the following.

Prop osition 2.2. Fixn 1,j 0,and 2 f1;2;:::g[ flg , and let H be the
following sub-Hopfalgeba of H* F:

H=Flai o 5P s 0+
Then the topological linear dual H of H is a group algebag.

For example, this applieswhenH = B' ForH = H{" F. By \the topological
linear dual" of a nite-dimensional Hopf algebra like B, we mean its ordinary
vector spacedual with the discrete topology.
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We would liketo identify the groupsinvolved. Let G", GJ', and P;" be the groups
so that

FIG"= (H" F);
FIG = (H] F);
FIP'1= (B F):

Of course,Gj = G" sinceHg = H". Also, note that P," isa nite p-group and G}’
is a pro-p group: H;" is the direct limit of the nite-dimensional sub-Hopf algebras

Foljensins jo 1200 0
and this direct systembecomesan inversesystem of group algebras,induced by an
inversesystem of groups, after tensoring up with F and dualizing.

Prop osition 2.3. Fix n l1andj O

(@) G" is the group of strict automorphisms of the additive formaIPgroup law
over F. That is, G" is the group of power series of the form x+ 1aixp'
with g 2 F, under composition.

(b) G is the sulgroup of G" consisting of such power series with a; = 0 for
1 i j.

(c) P is thJe quotient group G"=G/'. That is, P" is the group of power series
of the form in (a), with xP ™ = 0.

Proof. This follows from the well-known obsenation that A corepresets the strict
automorphisms of the additive formal group law for F,-algebras{ see [Rav86,
p. 378], for example. That is, A is the mod p group scheme for this strict au-
tomorphism group.

In more detail: we prove (c) rst. B is dual to the group algebra of a nite
group, and the group is precisely the group of points in the group schemede ned
by B F,, whereF, is the algebraic closure of F:

/' = Homg 4 (B} Foi Fp):

By imitating the analysisfor A, one can seethat this is the group of power series
of the form

2 j
X+ aixP + axP + + g xP

under composition, subject to xP " = 0, wherea 2 ﬁp and aipn = a;. In particular,
a 2 fp is the image of ;. The elemers a of fp satisfying a®" = a form a sub eld
isomorphic to F, and this completesthe proof of part (c).

To prove (a), take limits: sinceH" is the direct limit of the nite-dimensional
sub-Hopf algebrasB", H" represerlts the group scheme

) = limHome o (B Fy; ):
i

Home o4 (im B Fy;
]

G" is the group of fp—points in this group scheme, which is asdescribed in (a).
The proof of part (b) is similar.

We end this sectionwith the following result.
Prop osition 2.4. Fixn landj 0. Then G} is torsion-free.
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Proof. Fix 2 GJ-n dierent from the identity elemen, so = x + i>] aixP with
at least one a; nonzero. Indeed, supposethat an, is the rst nonzero coe cien t.
Then we claim that in P, the coe cien t of xP™" is the rst nonzeroterm. This
implies that the elemens f P'ji  Ogaredistinct, and so is not atorsion elemert.

To verify the claim, we needto know the coecient of x? in P. Since the
product in GJ' is determined by the coproduct in H", to nd any coecientin P,
we usethe pth iterated coproduct in H{*, which is de ned in Notation 2.5 and a
formula for which is givenin Lemma 2.6. The pth iterated coproduct on pn hasa
term

p(p 1)m 2m m

m r% rE\ n};
I {z

p factors

which producesthe nonzeroterm

p(p 1)m+p(p 2m 4 +p2m+pm+l

in the coe cien t of xP" . Sincean is the rst nonzerocoecient in , then only
terms in the iterated coproduct having no ; factors with 0 < i < m are relevant.
So all of the other relevant terms in the pth iterated coproduct of ,n, and all of
the relevant terms in the pth iterated coproduct of  for k < pm, will have at least
onetensor factor equalto 1, and hencewill occur with somemultiplicit y. It is easy
to ched that the multiplicit y is divisible by p { seeLemma 2.7 { and henceis zero
in F.

Notation 2.5. Given a coassaiative coalgebraC with coproduct , welet 2=
, and ™ = ( 1m 2 m lform 3;wecal ™ the\mth iterated
coproduct”. This is indexedsothat ™(x) liesin C ™.

The following is immediate from the formula for the coproduct in H{".

Lemma 2.6. For any m 1, the mth iterated coproduct in Hjn of - is
m( ‘): P\1+ +im o1 Pil+i2 Pil i i
Im 13 12 1
i1+ +ip="
ix=0 or ik>j
Lemma 2.7. Given an ordered list (by;:::;by) and a number p m, then the
number of waysof addingp m 1's to the list, while preservingthe ordering of the
b's,is b .
The proof is a simple combinatorial argumert.
Thus given a pth iterated coproduct with at p m 1'sin it, it occurs with
multiplicit y " . If pis prime and 0 < m < p, this multiplicit y is congruert to zero
mod p.

3. Examples and obser vations

In this section, we collect somemiscellaneousobsenations about the Hopf alge-
bras H" and the corresponding groups G;'.

Example 3.1 (HY). Let n = 1. In this case,the Hopf algebraH ! is bicommuta-
tive. Avinoam Mann pointed out (private communication) that the corres;gnding
abelian group G? is isomorphic to the group of power seriesof the form 1+  a;x’
with multiplication as the group operation. According to [CamO00, p. 218], this
group is a free abelian pro-p group of in nite rank. In particular, it is not p-adic
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analytic, sincesud groups must have nite rank. SinceG? is a subgroup of G" for
ewvery n, no G" is p-adic analytic.

Onemight alsonote that for any n, the group G" isasublgroupof the Nottingham

group N = N (F), which consistsof all power seriesx + j B x with g 2 F,
under composition. Such an obsenation is almost a trivialit y, since every nite
p-group, and every countably-based pro p-group, can be embedded as a subgroup
of N ; the group G" is embeddedin a particularly nice way, though { it is an\index
subgroup”. See[Cam00, Theorems 10 and 11, and pp. 217-8] for more on the
Nottingham group.
Example 3.2 (le and G1). The group Pj“ corresponding to the Hopf algebra Bjn
isa nite p-group of order p” . P is abelian for all n; indeed, P{ is isomorphic to
the additive group of F = Fpn: P! = (Cp)". (We write Cq for the cyclic group of
order d.) Foread j, le is abelian of order p', and one can show that

LY
P = C oy
i p-
where p(r) is the smallest power of p greater than or equalto r:
o(r) = minfp :p' rg= pfogs(Me;
|

In this decomposition, the cyclic summand of order p("+i—1) is generatedby the
power seriesl+ x'. Thusin the inversesystem

1 1 1
I Pl ! PLy ! P

de ning G!, the cyclic summandsat the jth stage are the imagesfrom the later
stagesof cyclic summandsof larger and larger orders. Of coursethis must happen,
since G! is torsion-free; in this particular case,though, we can obsene it directly.

Example 3.3 (A ltration) . Note that B/ is a sub-Hopf algebra of B}, , and
the (conormal) quotient is Fp[ j]=( jpn i) with j primitiv e. This quotient is
isomorphicto BY. Dually, for eadrj 1 there is a group extension

1r(C)"! PL L P

G" is the inverselimit of the groups P;" with respect to these surjections. So the

assaiated graded consistsof a copy of P{' = (C,)" = F in ead degree.
Equivalertly, sinceG' is the kernel of the map G" ! P/, G}! is normal in G".

Indeed, eah G' is normal in Gy whenewerj k. This givesa ltration of G":

G"=G) G} G}
Again, the assaiated graded is isomorphicto F in ead degree.
We also point out that whenewer n divides m, Fp is a sub eld of Fpn, SOG" is
a subgroup of G™. For the samereason,the colimit of the groups G" is the group
of strict automorphisms of the additiv e formal group over fp, which we denote by
G' . Onecandene G' analogouslyto G: G! consistsof power seriesin G*
with the rst j coe cien ts equalto zero. Summarizing, we have the following.
Prop osition 3.4. (@ Fixj Oandk;n 1. Then G} is a sutgroup of G}‘”.
Dually, H is a quotient of H/": the map sending ; 2 H/" to ; 2 H" is
a surjective Hopf algeba map.
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(b) Fix j 0. Then with respect to the inclusions in part (a),
im Gf' = G :

n

As far as dualizing part (b), seeProposition 5.4 for a partial result.

Note that it is not necessaryto tensor up to Fyn coe cien ts to get the quotient
map ij" H'. We alsopoint out that these subgroupsare not normal:

Prop ositon 3.5. Fix n 1. G" is not normal in GX" if k 2. Thus H" is
not a conormal quotient of HX" if k  2; thatis, HX" ynFy and F, poHK" are
di er ent as sub-vetor spaces of H*",

In order to prove this, we needto know how to invert elemens of GK". We
recall the formula for the antip ode in A from [Mil58]. Let Part(n) denote the set
of ordered partitions of n (so, for example, (3; 1) and (1; 3) are distinct elemens of
Part(4)). Given an ordered partition 2 Part(n), write “( ) for the length of ;
fori (), let (i) betheith term of ,andlet (i) bethe sumofthe rst i 1
terms of

Lemma 3.6 (Lemma 10in [Mil58]). The conjugate of  in A is equal to

X . Y) (i)
(n)= (1)() p(i):
2Part(n) i=1
The sameformula appliesin H* and B{® for all n andj.
In particular, the summand corresponding to the partition (1;1;:::;1) is
n 1

( l)n ]]:+p+p2+ +p

Proof of Proposition 3.5. Fix n land k 2. To seethat G" is not normal in
GX", conjugate = x+ xP2 G! G" by = x+ byxP for someb; 2 Foxn NFpn .
Using Lemma 3.6 and the obsenation following it, one can seethat
1:X+ ( 1)ib11+p+ +p' 1Xpi:
i=1

So
1_ l+( l)p

i1 i1

b3 . 2

=x+( b+ xP+ ()P P REPTT TP )P
i=2

So one can compute L.

= Hem( Y
=x+xP+( B+b) x*° bx? + bFPxP PxPT +

We are assumingthat by 62Fy, sob 6 by. If the coecient B + by of xP” is in

Fon , then the coe cien t (] + by)by of xP* is not. So Lisnot in G", although
is.
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4. The cohomological variety of H" is trivial

Let H" be as above. In this section, we examine the cohomologyof H". By
\cohomology," we mean Ext, . (Fp; Fp), where Ext is computed in the category of
H"-comadules. The main result is that every positive dimensional cohomology
classis nilp otent.

Sinceafter tensoring up with Fyn, the topological linear dual of H" is the group
algebraof the pro nite group G", we have the following result, which is analogous
to [Rav86, Corollary 6.2.4]. First note that any H"-comadule M may be viewed as
an (H") -module via the composite

(H) M! (H") H" M! M:
This makesM  Fp into a discrete G"-module.
Prop osition 4.1. There is an isomorphism
Extyn (Fp;Fp)  Fon = H(G"; Fon);
where H. denotescontinuous group cohomolayy.

(There should be a similar result for cohomologywith coe cien ts in any H"-
comadule M, but we are only interestedin the casewhenM isthe trivial comaodule.)

Proof. SinceG" is the inverselimit of the nite groupsP", H.(G";Fy) may be
de ned asfollows { see[Ser02,1.2.2, Proposition 8]:

He (G Fpr) = limH (P Fpr):
I

Since P" is nite and its group algebrais dual to B', we have an isomorphism
H (P"; ) = ExtBjn Fon (For; ). The result follows from the obsenation that
"= limB.
We also needthe following. Here, means .
Lemma 4.2. Let C be a coaugmentel coalgeba over a eld k, and let F be a

eld extension of k. Then there is an isomorphism of algebas Ext. ((F;F) =
Exto(k; k) F.

Proof. Take an injective resolution of k asa C-comadule, and tensor with F. The
result is an injective resolutionof k F = F asaC F-comadule.

Here is the main result of this section.
Theorem 4.3. Every positive-dimensional elementin Ext . (Fy; Fp) is nilpotent.

Proof. As above,let F = Fpn. H" F isdual to the group algebraF[G"], whereG"
is the group de ned before Proposition 2.3. By Proposition 4.1, Ext,y» ¢(F;F) =
H.(G";F). Proposition 2.4 saysthat G" is torsion-free, and so[Qui71, Proposition
13.4] applies, to sa that every positive-dimensionalelement in Extyn g (F;F) is
nilpotent. Henceby Lemma 4.2, the sameis true for Ext, . (Fp; Fp).

Given the description of the group G! in Example 3.1, we expect these Ext
algebrasto be in nitely generated. This cortrasts with the situation for Morava
stablizer groups, someof which are Poincare duality groups, and all of which have
reasonablywell-behaved cohomology: [Rav86, Theorem 6.2.10]says that the coho-
mology of S" is always nitely generated,and either satis es Poincare duality or is
periodic.



QUOTIENTS OF THE DUAL STEENR OD ALGEBRA 11

Question 4.4. When n = 1, the corresponding group is a free abelian pro-p group,
and so every elemert in its cohomologyhas nilp otence height p. Is there a uniform
nilp otence height for the cohomologyof H" whenn 2?

5. On the cohomology of the complete Steenr od algebra

As we discussedin the introduction, the results in this paper arosein part asan
attempt to study the cohomologyof the complete Steenrad algebra. In this section,
we explore this algebra, its cohomology and the relationship to H".

We start by recalling from [May70Q] the relationship betweenthe Frobenius map
on a commutativ e Hopf algebraand the Steenrad operation B © on Ext. As usual,
Ext is computed in the category of comadules.

Let B be a graded commutativ e Hopf algebra over F,. By May's work [May70],
one has Steenrad operations acting on Extg (Fp; Fp). In this paper, we are only

interested in the operation called po (also called ‘Sq when p = 2), which is an
operation

B O Exty (FpiFp) ! ExtE™ (Fpi Fp):
Prop osition 5.1 (Proposition 11.10in [May70Q]). Let B be a graded connected
commutative Hopf algeba over the eld F,. The Frokeniusmap : b 7! P is
a Hopf algeba map, and the induced map on Ext is the Steenrod operation

po

We de ned the dual complete Steenrad algebra/b in the introduction:
R=1lm Flo:n 10! FR[P:n 11 F[R in 1! :

with the coproduct inherited from A. Arnon [Arn94, Arn00] de ned the complete

Steenrod algebr, and we note that it is dual to A. (This is also the assertionin
[LH96, De nition 3.6].)

Prop osition 5.2. The dual R of AR is the complete Steenrod algeba.

Proof. The dual complete Steenrad algebrafb is de ned as a direct limit. The
complete Steenrad aIgebraA’ is de ned in [Arn00, p. 185] as the dual inverse
limit.

AR inherits a grading from A: ,Ek isin degree2p(p” 1) whenpisodd, 22" 1)
whenp= 2. Thus Risa Z[%]-graded Hopf algebra. It is not nite-dimensional in
ead grading, though, so while the monomial basisis a pleasan one for R, there
is no nice basisfor its dual. Furthermore, the dual is not graded anymore, strictly
speaking. In the languageof [LH96, De nition 1.1], R is a \large” Z[%]-graded
algebra { additively, it is not isomorphic to the direct sum of its homogeneous
pieces,but rather is a (proper) subgroup of the product of those pieces.

As far aswe can tell, the cohomologyof the complete Steenrad algebra has not
beenstudied in any published paper.

Prop osition 5.3. The cohomolayy of Ris isomorphic to the cohomolay of A with
the operation B © inverted:

Ext o(Fp; Fp) = (B ©) *Ext, (Fp; Fp):
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Proof. We may rewrite the direct limit de ning R asfollows:

A= limA1 Al ):

Coalgebra cohomology commutes with direct limits, so take Ext of this directed
system:

Ext o (FoiFp) = lim Exta(FoiFp) ! Exta(FpiFp) !
Proposition 5.1 says that = P 9, and this nishes the proof.

As mertioned in the intro duction, much of the work in this paper was motivated,
directly or indirectly, by Conjecture 1.4, which is equivalent to the statemert that
every positive degreeelemert in Ext ,(Fy; Fp) is nilpotent. Theorem 1.2 says that
this is true whenp = 2.

For example,let p = 2. There is a family of cohomologyclassesfhiy : k 2 Zg

in the cohomology of A, represenied in the cobar complex by [ fk]. The classes
with k  Olift to classesf the samenamein Ext, (F2; F2), and in the cohomology
of A, hy.¢ is non-nilpotent { its powers produce the spike in the zero stem at the
E,-term of the Adams spectral sequence{ while hy is nilpotent whenk 1. In
particular, h‘ll;k = Ofor all k 1. Theseclassesare connectedby the algebra map

éqo: éqo(hl;k) = hyyer, SOIf hyy is nilpotent, sois hyys . In Ext o(F2; F2), éqo
has beeninverted, sothe relation hf.; = 0 implies that h, = 0for all k 2 Z.

The multiplicativ e structure in the cohomologyof the polynomial part of the odd
primary Steenrad algebrais lesswell-understood. For example, there are classes

hix 2 Ext,ﬁ(Fp; Fp), for k0, represened in the cobar complex by [ fk]. These
classesare odd-dimensional, so by graded-comnutativit y of Ext, they squareto
zero. There are related classesb;x 2 Ext?, though, which can be obtained by
applying the Bockstein operation to hiy; equivalerntly, by is represerted in the
cobar complex by

X1 1 p

=g P!
One can show that by.o is non-nilpotent, in analogy with hi.o at the prime 2. The
nilp otence (or lack thereof) of by« for k > 0 has not beendetermined in general;
a result of Nakamura [Nak75, Proposition 1.1(c)] shows that these classesare all
nilpotent when p = 3, and this is the best known result in this direction.

Given Conjecture 1.4, one could concludethat by is nilpotent in Ext ,(Fy; Fp),
and hencebyy is nilpotent in Ext, (Fp; Fp) for sucien tly large k. Then [Pal01,
Lemma B.3.3] would imply that b is nilpotent for all k 1. In general, a
positive solution to Conjecture 1.4 would be a helpful step in trying to prove odd
primary analoguesof the nilpotence and F -isomorphism results in [Pal99]. See
[Pal0l, Conjecture 5.4.1] and the surrounding discussion.

We end this section by exploring the connection between the dual complete
Steenra algebra/b and the Hopf algebrasH ", with an eye toward Conjecture 1.4.
The philosophy is that, while R is de ned by formally inverting the Frobenius

, H" is de ned by forcing " to be the identity. At the level of cohomology
B 0 is invertible of in nite order in Ext 4, (Fp; Fp), and it is invertible of order n
in Exty. (Fp; Fp). Soone can hope that knowing that every positive-dimensional

[fif "7



QUOTIENTS OF THE DUAL STEENR OD ALGEBRA 13

element in Exty. (Fp; Fp) is nilpotent would be relevant to studying nilp otence of
classesin Ext ,(Fp; Fp).
More formally, we start by noting that one can generalizethe de nition of R in

keepingwith the de nition and notation for Hjn from Section2, for any j 0 we
let

Ro=lim Foln:n j+110 FR[Pin j+11 F[Rin j+1]1

Thus Ry = R, and &, is a conormal quotient Hopf algebra of & whenewerj k.
Note that for ead n and j, onecan view H{" asbeing a quotient of A’j :
n+k k .
Hjn:/bj:(ip IP ol 1 k2 2Z):

Also, as noted in Proposition 3.4, H" is a quotient of H™ whenewer n divides m.
Thus for xed j, the Hopf algebrasH|" form an inversesystem.

Prop osition 5.4. Fixj O. /5?] emixds in the inverse limit of the Hopf algebas
H'. This emkedding is not an isomorphism.

Proof. The quotient maps A’j H" induce a map from /bj to the inverselimit,
and one can seethat the kernel of the map to the limit is zero.

Let H} be the inverselimit. To seethat A)i is not isomorphic to H' , we
note that there are elemers in Hj1 of unipotence height p: elemers x dierent
from 1 satisfying x? = x. To construct these elemerts, it suces to construct a

family of such elemerts, one in eah H", mapping to ead other in the inverse
system. The relevant elemeris are ,p ! for eadhi > j { computations show that
p" 1, n
i in H".

n n nd
(P Y= P 1 andthat P 'in H"™ mapsto |

Question 5.5. (a) What doesthis imply about the cohomology of R
(b) What is the cokernel of the map & | lim H['?

(c) HowareH! and G} (from Proposition 3.4) related? How are R, and G}
related?

Appendix A. Proof of Theorem 1.2
We restate the theorem.
Theorem 1.2. Letp=2and x z2 Extit(Fz; F>). If sis positive, then there is
an n sothat (éqo)”(z) is nilp otent.
Proof. This follows from the main result of [Pal99].

In detail, for ead pair of integers (S;T) with 0 S < T, let Rr.s be the
polynomial algebra

Let R bethe inverselimit of the Rt.s under the apparert maps (map ead polyno-
mial generatorto the generator of the samenameif presen, and to zerootherwise).
Then

R = Flhis @ s< t]J=(hhyy U t):
Also, Rn.n 1 is the cohomologyof this quotient Hopf algebra of A:

E(N)= A=( 1;::; n 13 £ c1 n);
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with the polynomial generator his corresponding to the cobar elemen [ tzs]. So
there is a restriction map

"Exta(F;F) ! Rpn 1
Thesecan be assenbled to give a map
CExta(FoiF) ! R;

and Theorems1.3 and 1.4 of [Pal99] say that up to nilpotence, is anisomorphism
betweenthe cohomologyof A and a certain subring of the codomain. In particular,
is @ monomorphism mod nilp otence.
Since s the inverselimit of the maps ", and sinceeath " is a restriction

map, commutes with the action of éqo. Hencethere is an induced map
0 0
1(8q) *Exta(FzF) ! (8d) 'R;

which is a monomorphism mod nilp otence. But the codomain is zero{ the Frobe-
nius map acts nilpotently on ead elemen of the Hopf algebraE (n). Equivalently,

at the level of cohnomology there is a multiplicativ e action of éqo on R, de ned by
0 0

éq (h) = hes4p if s+ 1< t, but Sq (htt 1) = 0. Thus for ead element y 2 R,

(éqo)“(y) = 0 for n sucien tly large.
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