The Bishop—Phelps Theorem
Robert R. Phelps

The theorem of the title is an elementary but fundamental result about convex sets
and continuous linear functionals on real Banach spaces. I will test the reader’s patience
by starting with a personal narrative, giving some historical background before describing
various extensions and applications, including two open questions. The ideas underlying
the proof of the original result will be presented, but most of this article will be descriptive,
with appropriate references.

To start, suppose that E is a Banach space and that B = {z € E: ||z|| < 1} is its unit
ball. A corollary to the Hahn—Banach theorem states that to each z € E with ||z|| = 1
there corresponds at least one continuous linear functional z* € E* of norm one which
attains its supremum on the unit ball B at x. That is, x* satisfies

(z%,z) = 1 =sup{(z”,y): [lyll <1} = l="]].

Since B lies in the closed half-space {y € E: (z*,y) < 1} defined by the closed hyperplane
H={yec E: (z*,y) =1} and since z € H N B, we also say that H (or, equivalently, 2*)
supports B at x. Since there are many points of norm one in F, there should be “many”
such support functionals of B in the unit sphere S* of E*. Another corollary of the Hahn—
Banach theorem (the separation theorem) is that every closed convex set is the intersection
of all the closed half-spaces which contain it and — for reasons which are a bit obscure to
me now, some 43 years later, but which arose out of a question in best approximation — it
seemed desirable to know that, for bounded closed convex sets, it would suffice to use only
those half-spaces defined by functionals which attain their norm. Here is the connection
with best approximation: Suppose that C is closed and convex and that a point z ¢ C
has y € C as a nearest point; that is y satisfies

|z —y|| =inf ||z — z||: z€ C} =d(z,C)

For simplicity, assume that d(z,C) = 1, say, so that (z +intB) N C = (). Any functional of
norm one which separates C from z + int B (there is at least one) simultaneously attains
its supremum on C' at y and its supremum on B at z — y and, of course, separates x from
C. It is not hard to show that if every bounded closed conver set is the intersection of
“norm—attaining” half-spaces, then the support functionals of B must be norm dense in
S* (and conversely).

Now, Robert James’ deep theorem states that if every functional in S* supports the
unit ball B, then the space is necessarily reflexive. Thus, it seemed reasonable to give
the name “subreflexive” to the larger class of normed linear spaces for which the support
functionals are merely dense in S*. I proceeded to investigate the subreflexive spaces
for my thesis ([Phs, Phy4]), showing, among other things, that there exists an incomplete
normed linear space which is not subreflexive. Of course, I looked at examples, namely,
the classical non-reflexive Banach spaces, finding that indeed, spaces such as c¢g, £1, C(X),
...are all subreflexive. In each case, it was an enjoyable exercise to characterize the norm—
attaining functionals and show that they were dense in S*, but unfortunately there was
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no general pattern to the proofs. After getting my Ph.D. and moving to the Institute for
Advanced Study in Princeton for two years, I worked on other questions. I kept returning,
however, to the intriguing problem as to whether every Banach space must necessarily be
subreflexive. When I moved to Berkeley in 1960, I thought of a function-space approach
(start by embedding E isometrically in a C'(X)) and it seemed to me that Errett Bishop
would be the ideal person to ask about it. He was. Although the embedding approach
was a dead end, Bishop came up with an original idea which, combined with a result I had
proved earlier in a different context [Phs], led us to an affirmative answer [B-Pq].

Theorem (Bishop—Phelps) In any real Banach space E, the linear functionals in E* which
attain their supremum on the unit ball of E are norm—dense in E*.

After submitting our paper, we realized that the same technique proved the density
of support functionals for an arbitrary bounded closed convex subset of a Banach space.
That result solved in the affirmative a question that Victor Klee [K] had posed three years
earlier: Must a bounded closed convex subset C' of a Banach space necessarily have any
support points? That is, points where a nontrivial continuous linear functional attains its
supremum on the set. This having been settled, it seemed time to drop the subject and
move on. Nevertheless, I couldn’t stop thinking about the proof. Getting up much too
sleepily one morning, it seemed likely that my habitual morning work period would be
a waste of time, but I sat out on our deck in the California sunshine anyway, with the
usual cup of coffee and pad of paper. I can still remember the “Eureka! moment” when
I realized what should have been obvious all along: The partial ordering we had used
could be defined by means of a convex cone. This geometric viewpoint turned out to be
illuminating and fruitful, leading in [B-P3] to both a simpler exposition and substantial
generalizations of the original result, including a proof that the support points of C' are, in
fact, always dense in the boundary of C. A number of expositions of these matters have
since appeared (see, e.g. [RB], [JD], [Phi3]); the density of support points has even showed
up as an exercise in Bourbaki [Bo, p.138].

The cone referred to above is defined as follows: If z* € §* and 0 < k < 1, define
K(z*;k) ={x € E: k||z| < (z*,x)}.

Since the function f = k|| - || — * is continuous, convex and positive-homogeneous and
K = {f < 0}, the latter is closed, convex and preserved under multiplication by positive
scalars. To visualize it, sketch the slice of the unit ball B defined by A = {z € B: (z*,z) >
k}. Since 0 < k < 1, this is nonempty — in fact, has nonempty interior — and misses the
origin. It is easy to show that the cone RtYA = {ra: r > 0, a € K} that it generates is
precisely K (z*; k). Here is a rough description of the way to use such cones to produce
support points and support functionals for any proper closed convex set C.

Given a point z in the boundary of C, choose a nearby point z outside of C' and separate
z from C by a linear functional z* of norm one. Choosing 0 < k¥ < 1, form the cone
K = K(z*;k). Using induction (or Zorn’s lemma) and completeness, produce a point y
in (z + K) N C which is a maximal point in this set with respect to the partial ordering
defined by K, that is, which satisfies y € (x + K)NC and C N (y + K) = {y}. (One says

2



that the cone y + K supports C at y.) The interior of the cone y + K necessarily misses C
and hence can be separated from C by a norm—one functional y*. The latter must support
C at y. If k is sufficiently close to 1 (so that the cone K is rather narrow), then y will be
close to z. If k is close to 0, (so that K is rather wide) then y* will be close to z*, this can
be used to prove the density of support functionals.

Once the density of the sets of support points and support functionals had been
established, it was natural to look at related questions: Are there density theorems for
linear operators which attain their norms? Is the Bishop—Phelps theorem valid in complez
Banach spaces? What is the topological or set-theoretic nature of the sets of support
points or functionals? Is the method of proof of the Bishop—Phelps theorems useful in
other contexts? Are any of the results valid in locally convex spaces? We’ll give a brief
survey of these matters below.

Complex Bishop—Phelps theorem

At a 1985 conference at Kent State University, Gilles Godefroy raised the question
as to whether there is a valid version of the Bishop—Phelps theorem in complex Banach
spaces. The answer is trivially “yes” if one restricts oneself to the real scalars and the real
parts of linear functionals; the precise question was this:

Suppose that C is a bounded closed convex subset of the complex Banach space . Must
the functionals z* € E* which satisfy sup{|(z*,y)|:y € C} = |(z*, z)| for some z € C be
dense in E*?

This is easily seen to be true if C' is the unit ball or, more generally, if C is closed under
multiplication by complex scalars of modulus 1, or is a translate of such a set. It is also true
for arbitrary bounded closed convex sets in any Banach space having the Radon—Nikodym
property (RNP) [Phjs]. (Spaces with the RNP have been discussed at length in [Bou], [Di]
and [D-U]J; in addition to all reflexive space, they contain, e.g. all separable dual spaces.)
The question remained open until 1999, when Victor Lomonosov [Lom; o] constructed an
ingenious counter—example, using spaces of analytic functions in the unit disk.

Operators which attain their norm

The question was raised in [B-P;] whether linear operators T which attain their norms
are necessarily dense in the space of all bounded operators from one Banach space to
another. That is, one seeks the density of those T for which ||T'|| = ||Tz| for some z
of norm 1. Joram Lindenstrauss [Li] showed that while this is not true in general, it is
true if the domain space is reflexive. He obtained a number of results showing that the
question has an affirmative answer in other special cases, and he went on to show intimate
connections between such questions and the notion of strongly exposed points of the unit
ball. Jean Bourgain [Bo| carried this work further. He started by defining a bounded
absolutely convex set C' C E (that is, A\C' C C for all |\| < 1) to have the Bishop—Phelps
property if every bounded operator from F into another Banach space can be approximated
in norm by operators T for which sup{||Tz||: € C} is attained at some point of C. He
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then defined a Banach space F to have the Bishop—Phelps property if this was the case for
each of its bounded closed absolutely convex subsets. This led to the beautiful theorem
that a space E has the Bishop—Phelps property if and only if it has the Radon—Nikodym

property.
Topological and set—theoretic properties of support points

The topological nature of support points was first considered in [Phg]. It was shown
that the support points of a closed convex subset of a metrizable locally convex space FE is
always an F,—set (and nonempty, if E' a Banach space) and, under additional hypotheses,
the set of support points was shown to have certain connectedness properties. For instance,
in a weakly compact convex set, the support points are weakly connected, or in a reflexive
Banach space, the support points of any closed convex set which contains no hyperplane
are arcwise connected. George Luna [Luna, 2] has improved upon these results in several
directions. The question of connectedness of the normalized (to have supremum 1) support
Junctionals of a closed convex set was also considered in [Phg]; it was shown that if C' has
nonempty interior and contains no hyperplane, then the normalized support functionals
are weak* connected. In particular, the functionals in S* which attain their norm are
weak* connected, but the following question remains open. (It has an affirmative answer
in all the concrete examples we have examined.)

Problem. Are the norm—attaining functionals in S* arcwise connected in the norm topol-
ogy?

A set—theoretic question is the following: Can the (normalized) support functionals
of a bounded closed convex set be a countable subset of $*7 Surprisingly, this natural
question was only raised relatively recently, by Ludek Zajicek in January, 1999, and is still
open.

Problem. Suppose that C' is a bounded nonempty closed conver subset of the Banach
space E, with dim E > 1. Must the set (C) of normalized support functionals of C' be an
uncountable subset of S*?

Suppose that the answer is “No”, that is, suppose that there exists such a set C' for which
Y(C) is countable. Since, by the Bishop—Phelps theorem, 3(C) is dense in S*, it follows
that E* must be separable, while if E were reflexive, then Y(C) would coincide with
the uncountable set S*. Thus, E must be a nonreflexive Banach space with separable
dual. Also, the interior of C must be empty: Indeed, assume without loss of generality
that 0 € intC. Choose a two-dimensional subspace M of E (any reflexive subspace will
suffice). The functionals f € Sy~ which support M N C form an uncountable set, and the
Hahn-Banach theorem yields an extension of each one of them to an element f € X(C).
Moreover, the map X(M NC) 3> f — f € X(C) is one—one, so X(C) would be uncountable.

These two problems are slightly related, since any nontrivial arcwise connected set is
necessarily uncountable.



Non-support points

If a closed convex set C' has interior points, then the support points coincide with
its boundary, so the set N(C) of all points of C' which are not support points is the
same as intC, the interior of C'. Now, there are a number of theorems dealing with the
differentiability of a real-valued convex continuous function f defined on the interior of a
convex set. For instance, in a reflexive space (or, more generally, in an Asplund space),
the set of points of Fréchet differentiability of f form a dense Gy subset of intC. (See,
e.g., [Phys].) If C has empty interior, then it is still the case (as noted above) that S(C)
is an F, set and hence N(C) is a G5 subset of C. It is easily seen to be convex and either
empty (e.g., if C lies in a closed hyperplane) or dense in C. It is always nonempty in a
separable Banach space. Maria Elena Verona [V] was the first to show that N(C) could be
a substitute for the interior of C' when considering differentiability questions, proving that
in a separable Banach space, a locally Lipschitzian convex function on N(C) is Gateaux
differentiable at the points of a dense G subset of N(C). This generalizes Mazur’s classical
theorem on Gateaux differentiability of continuous convex functions on separable Banach
spaces. (Note that while continuous convex functions on intC are automatically locally
Lipschitzian (see e.g., [Phys]), simple examples show that this need not be true for N(C)
[Rain].) Verona’s theorem was subsequently extended in several ways by John Rainwater
[Rain].

Generalizations of the Bishop—Phelps proof

Suppose that f is a proper convex lower semicontinuous extended real—valued function
on a Banach space E. By proper we mean that —oo < f < oo and that f(z) < oo for at
least one point x. The epigraph of f is the set epi(f) = {(z,7) € E x R: f(z) < r} of
all points in £ x R lying above or on the graph of f. This a closed and convex subset of
E x R. By the Bishop—Phelps theorem, epi(f) will have “many” supporting hyperplanes.
Of course, these are necessarily defined by elements (z*,s) € E* x R = (E x R)*. If one
of these hyperplanes is “non—vertical”, that is, if s # 0, and if (z*, s) attains its supremum
on epif at (z, f(x)), say, then — setting y* = s~lz* — it follows that the affine function
y* + a (where a = f(z) — (y*,x)) is dominated by f and equals it at . This fact can be
written as

(W 5y—z) < f(y) — f(z) forally e E.

Any such functional y* is said to be a subdifferential of f at x. Prior to the Bishop—Phelps
theorem, it was not known whether subdifferentials necessarily existed for arbitrary proper
lower semicontinuous convex functions. On the other hand, the argument described above
had a qualifier; note that it assumed that s # 0. It is somewhat complicated to produce
subdifferentials using this approach; the original — and better — approach was developed
by Arne Brgndsted and Terry Rockafellar [B-R], who modified the Bishop—Phelps proof to
show that, given ¢ with f(x() < co and a functional z§ which is almost a subdifferential
of f at xg, that is, which for some € > 0 satisfies

<$8,y—$0> Sf(y)—f($0)+€ for a‘llyEEa
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there exists a subdifferential * of f at a point = for which z* is near zj and z is near x.
“Near” in this context can be taken to be within y/e. Ivar Ekeland [Ek] generalized the
Bishop—Phelps argument even further, proving a wvariational principle for arbitrary proper
lower semicontinuous functions on a complete metric space. This led him to unified proofs
of not only the Brgndsted—Rockafellar and Bishop—Phelps theorems but of a number of
other results in nonlinear analysis. In addition to [Ek], an exposition of all the above may
be found in [Phyg].

A different modification of the Bishop—Phelps proof was used by Felix Browder [Br; 3.
Recall that the cones K(z*,k) can be written in the form R+ A, where A is a certain
bounded closed convex set having nonempty interior and missing the origin. He showed
that locally, at least, one can obtain maximal points for an arbitrary closed set (not nec-
essarily convex) with respect to the ordering defined by any cone of the form K = R*B
where B has the same properties as A (above). Specifically, he proved the following. (Here,
Bjs(z) is the ball of radius ¢ centered at z.)

Lemma (F. E. Browder [Bry]) Suppose that S is a proper closed subset of E, that z is a
point in the boundary of S and that ¢ > 0. Then there exists 6 > 0, a cone K as above
and a point x € S such that |z — z|| < € and SN (K + z) N Bs(z) = {x}.

This was used by Browder to obtain theorems about “normal solvability” of certain
nonlinear operators connected with partial differential equations. One takes S = f(F)
where f is a certain nonlinear mapping from another Banach space F' into E. In addition
to [Bry o] , see [Phg] for an exposition and additional references.

Locally convex spaces

Tenney Peck [Peck| dashed any hopes for finding support points without the hypothesis
that E' be a Banach space by proving the following result.

Theorem If E is the product space of an infinite sequence of non-reflexive Banach spaces,
then E contains a bounded closed convex nonempty subset which has no support points.

Such a product space is, of course, a locally convex Fréchet space. For the special
locally convex space consisting of the dual space E* of a Banach space E, provided with
its weak™® topology, it is possible to obtain some norm-density theorems; see e.g., [Luns]
and [Phg].

Miscellany

As noted in the introductory section, a closed convex subset C' of a Banach space
can always be represented as the intersection of the closed half-spaces which support it.
The question as to which sets S of support points can be removed from C' and still have
C represented by the half spaces supporting it at C' \ S has been investigated in [Phyg].
The question as to whether wvector-valued lower semicontinuous convex functions need
have subdifferentials was answered in the negative in [Phy;]; this is a consequence of an
example of two proper lower semicontinuous functions on ¢5 with no common point of
subdifferentiability.
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