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ABSTRACT. The discrete inverse boundary problem is the problem of recover-
ing the values of the conductors of a resistor network from voltages and cur-
rents measured at the boundary vertices of the network. The inverse boundary
problem for most networks has either one solution or infinitely many solutions.
Some networks had also been known to have 2™ solutions for some n.

We study the question of whether these are the only possible values. To
this end, we develop various methods of constructing resistor networks with
specific relationships between the boundary information and the conductances.
Using these methods, we construct a resistor network that has exactly three
solutions to the inverse boundary problem, providing a counterexample and
resolving the question.

The methods developed are also used to resolve another question: if nega-
tive values are allowed for the (formal) conductances, then how many solutions
are possible? We show how to construct a resistor network for any given num-
ber of such solutions. Finally, we indicate how the solution of this problem
might lead to additional insights on what other numbers of non-negative so-
lutions might be admitted by networks, and discuss several open questions in
the area.

1. INTRODUCTION
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The discrete inverse boundary problem is the problem of recovering the values

of the conductors of a resistor network from voltages and currents measured at
the boundary vertices of the network. Whether the problem has a general solution
depends on the graph that represents the way conductors are linked together in
the network. Curtis and Morrow [I] heave solved the problem for a large class of

“circular planar” graphs. They found, that for a circular planar graph, a geomet-

1

ric property of “criticality” determines whether the inverse problem has a unique
solution for a set of boundary data or if the problem has infinitely many solutions.
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The problem becomes far more difficult for graphs that are not circular planar.
For instance, there is an example of a graph for which a set of boundary data
determines exactly 2 possible solutions for the conductances of the edges. There are
similar examples of graphs that have exactly 2" solutions to the inverse boundary
problem for any natural number n. If a general method of solving the inverse
boundary problem for any graph exists, it must account for such graphs.

Rather than attempting to solve the difficult problem for an arbitrary graph, we
have considered when it is possible to construct a graph such that its solution to the
inverse boundary problem would have some properties we desire. A question that
motivated this investigation was whether there is a graph with exactly 3 solutions to
the inverse boundary problem. We developed methods that allowed us to construct
such a graph. We have also made an attempt to construct a graph with n solutions
to the inverse boundary problem, for any natural n.

2. CONDUCTANCES AND RESPONSES

This will take two-three pages. I'll probably follow Russel’s paper more or less.

Here will be the description of graphs, conductances, responses, Schur comple-
ments, the ugly eqautions that come from them.

Also, just enough of K-star stuff to make the next section understandable.

3. ERNIE’S TRIANGLE-IN-TRIANGLE GRAPH

I am not sure how much detail goes into here. This probably should follow
Ernie’s paper, or maybe Jenny’s. I'd use the simplest explanation possible that
convinces people that this is, in fact, a 2-1 graph and, ideally, that its solutions are
nice and positive for reasonable boundary data.

4. HOwW TO CONSTRUCT A 3-1 GRAPH

I think this can be pretty much the first four pages of my final REU paper (fi-
nal.pdf) with minor modification. It explains how we can try to understand the
triangle-in-triangle graph through multiplexers, and how we can use the multiplex-
ers to construct a potential 3-1 graph. It would end at the cubic equation we have
for the 3-1 graph and avoid discussion of what responses are valid, whether the
conductances are real or complex, etc.

5. HOW TO TRANSLATE THE SOLUTION OF THE EQUATION TO CONDUCTANCES

Here, I would discuss how to make precise what we somewhat hand-wavy did in
the previous section. I am not sure whether this section should go here or a couple
sections down (so that a reader does not have to be bogged down in details unless
he wants to).

We have not checked that a solution to the equation for any particular set of
boundary data actually corresponds to a valid conductance. So, some of the “solu-
tions” we found may be fake. However, any actual conductances must correspond
to a solution of the equation.

For “reasonable” sets of boundary data, we can make any solution of the equation
all correspond to some conductances if we allow the conductances to be negative,
complex, or infinite. We can call such weird conductances “generalized solutions to
the inverse boundary problem”.
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All sets of boundary data obtained from conductances are “reasonable”. T am not
sure whether we want to go into more detail - this is possible but messy. Perhaps
there can be an appendix about how to construct “reasonable” sets of boundary
values from scratch.

6. WORKING WITH GENERALIZED SOLUTION TO THE INVERSE BOUNDARY
PROBLEM

This would cover the same things as the second half of my REU final paper, but
rewritten. It would talk about considering the equation we have as a function and
using analysis to show that my first graph always has three real solutions.

I am still not quite sure whether I can prove that my first graph never has more
than one positive solution. However, when I finally do that, it should go here.

I would say how to use inversions to construct graphs that could possibly have
three real positive solutions. I'd say how the methods we have so far are not enough
to conclude whether or not they actually do have three real, positive solutions.

7. THE REGION OF ALL-POSITIVENESS

This section would contain the gist of my second paper. We have an actual set
of real, positive conductances, and we write our function f(a) from the previous
section. Let’s say that the value a = ag corresponds to the conductances we started
with. That is, ag is the solution to the equation f(a) = A.

There must be a neighborhood U of a such that any a € U corresponds to a set
of real, positive conductances. If we make sure that the three solutions to f(a) = A
are all in U, we have our three-to-one graph.

Then, T'll discuss the tricks to change the responses in such a way that they
don’t affect either ag or U, but nevertheless change f(a) enough to make it have
solutions to f(a) = A where we want.

So far, I do not know if there are always such tricks, I only know how to do this
for the graph I was dealing with.

8. CONCLUSION

Here, it would be amazing to put something about how the methods of the paper
are useful for something.

9. CREDITS

I’'m not at all sure how the credits should work - there are just way too many
people I'm relying on, and it’s very difficult to separate what comes from whom.
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