HARMONIC EXTENSION ON NETWORKS

MING X. LI

ABSTRACT. We study the implication of geometric properties of the graph of a network in the
extendibility of all y-harmonic germs at an interior node. We prove that all y-harmonic germs at
an interior node of a circular planar graph is extendible if the graph is critical (Theorem 4.7). It
served as a motivation for many results in this paper. A more general geometric property ensuring
~-harmonic extendibility is given as (Theorem 4.3). Finally, we point out a connection between -
harmonic extension and the recoverability of a random walk network as Theorem 5.2. A discussion
for possible futher research is given in Question 4.8.

1. INTRODUCTION

Let G = (9V,int V| E) be a graph with boundary and I" = (G, ) a resistor network. Let f : W —
R be a function defined on a subset W C V of its vertices. Then for each vertex v € W such that
its neighbors N (v) € W, we define the germ of f at v to be the equivalence class of all functions
equal to f at v UN(v) [7]. We would like to decide when all y-harmonic germs can be extended to
a y-harmonic function on the whole graph. An algebraic criterion can be easily given (see Section
2) using the solution to Dirichlet problem. Here, we are concerned with associating the geometry of
a graph with the extendibility of all y-harmonic germs at an interior node.

Most of the results in this paper are for general graphs, but the motivation was the followings.
For a circular planar graph G, let p be a strongly interior node, meaning A (p) C int V(G) and
let M be the minimum cutset between N (p) and 9V (G). Justin Robertson [7] proved that if
IN'(p)| > |M]|, then there exists at least one y-harmonic germ at p that cannot be globally extended;
a counterexample to the converse is given in [7] as the Chinese Star graph (Interestingly, the same
graph served as a counterexample to Card Conjecture [5]). Moreover, if [N (p)| > |M|, G will not be
critical. But whether criticality is a sufficient condition for global extension was a conjecture, and
we give a proof of it, formally stated as Theorem 4.7.

2. EXTENSION USING KIRCHHOFF’S MATRIX

Definition 2.1. A graph G’ is a subgraph ([2]) of a graph G if the following conditions are met:
i) V' CV with a chosen decomposition into 9V (G’) U int V(G’) such that int V(G’) C int V(G); ii)
E(G') C E(G); iii) each edge in E(G) that has at least one endpoint as a vertex in int V/(G’) must
be in E(G’). A strongly interior subgraph G’ of G is a subgraph of G with V’ Cint V. A subgraph
G’ of G is a weakly interior subgraph if it is not strongly interior.

In this section, Lemma 2.2 gives a necessary and sufficient algebraic condition for the extendibility
of all y-harmonic functions on a strongly interior subgraph G’ to the graph G (similar to Section
3.1 of [7]). Remark 2.3 shows a trick for weakly interior subgraphs.

As a note on notation, given a matrix M, we denote M(I;J) as the submatrix of rows I and
columns J. Write Kirchhoff’s matrix for a resistor network I' = (G, ) as

oV imtV
K= oV A B
intV BT C
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Then the interior potential is #(int V) = —C~'BT4(dV) where @(0V) is the boundary potential [3].
We are immediately lead to Lemma 2.2.

Lemma 2.2. Let T' = (G,7) be a resistor network and G’ a strongly interior subgraph of G. Let
f:+ V(G) — R be a y-harmonic function on the set V(G'), then there exist a global vy-harmonic
function g : V(G) — R such that gy = flvar if and only if the matriz

D:=—-C 1 oV(G");intV(G))BT
has full rank.

Lemma 2.2 can be applied to decide the extendibility y-harmonic germs at a strongly interior node
p of G by taking G' = pUN(p).

Remark 2.3. To extend ~-harmonic germs at a weakly interior node p, we can adjoin two boundary
spikes (with adjustment to the Kirchhoff’s matrix) to each v € N (p) N AV and thus making p to
be a strongly interior node. It is important to note that adjoining boundary spikes has no effect on
harmonic extendibility. Also, if the graph is critical circular planar, then adjoining two boundary
spikes to one node will preserve criticality, and this can be easily seen from the medial graph and
we will use this fact later.

3. A LAYERED STRUCTURE

Let p be an interior node of a graph G, we can construct a layered graph O,(G) with center p. We
Moreover, if @ = N~ (p) N oV # 0 and N (p) # 0, then for all v € Q, we interiorize v by ad-
joining to it two boundary spikes. The resulting graph will be Op,(G). Referring to Remark 2.3, we
know that all y-harmonic germs at p is extendible to G if and only if they are extendible to O,(G).
If G is circular planar, we have O,(G) is critical if G is critical and we can embed O,(G) in the
layered plane with p as the center and N (p) on the i-th layer (Figure 1).

o)

Layers Graph G Graph OfG)

FI1GURE 1. Layered Embedding

4. GEOMETRY OF 7-HARMOMIC EXTENDIBLE NETWORKS
Lemma 4.1. For a resistor network I' = (G, ), let p be an interior node of G. Define J := Op(G)
and suppose OV (J) = N (p) with m > 2, then the matriz D := —C~ YN~V (p);int V(J))BT
has full rank if and only if the matriz E := BT (N ™= (p); 0V (J)) has full rank.
Proof. Denote ® = N~V (p) and ¥ = Uje(o,...m—2) NG (p), and define C' := —C~1(®; ®). Be-
cause all nodes in U are strongly interior, the submatrix BT (¥;0V(J)) of BT is a zero matrix.
Hence,
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ov
—1(p.: T ® ~1 v @ E A
—-CH(@;itV)B =—| & | C I E - 0 =CE.

Because C' is positive definite ([3]), so is C~'; we have C is invertible. Thus, rank(D) =
rank(CE) = rank(E).
O

Lemma 4.2. LetT' = (G, ) be a resistor network and p an interior node. Define J := Op(G) and
suppose OV (J) = N (p). If there are no disjoint sets A, B € N~V (p) such that N(A)NOV (J) =
N(B) NV (J), then the matriz

E:= BTN Y (p);0V(J))
has full rank.

Proof. All arguments below are with respect to the graph J. If E does not have full rank, then
there are rows P;,,..., P ; Pj,, ..., Pj,, corresponding to disjoint sets of nodes A = {p;,,...,p;, } and
B ={pj,,...,p;, } such that (¢;, P, +---+¢; Pi,) — (cjy Py, + -+ -+ ¢;, P;,) = 0 with ¢, > 0. We can
also write it in the form

(1) CiyPiy + -4, Py, = ¢j, Pjy -+ ¢5, Py,
Equation 1 says that A and B share a common set of boundary nodes, that is N'(4) N9V (J) =

N(B) NV (J). Tt is because all entries in BT have the same sign, so nothing will cancel off. This

completes the proof.
O

The following theorem gives a sufficient condition for determining y-harmonic extendibility from
the geometry of the graph.

Theorem 4.3. Let ' = (G,) be a resistor network and let p be an interior node. Define H :=
O,(G). If for all layers N9 (p) of H with j > 2, there are no disjoint sets of A, B € NU~Y(p) such
that N(A) NN (p) = N(B) N NU)(p), then all v-harmonic germs at p can be globally extended.

Proof. First consider the case when j = 2. By Lemma 4.2 with J = Ui:{0,1,2} N (p) and thus
NU=D(p) = N(p), we can conclude that the matrix E = BT (N (p); N (p)) has full rank. Thus
D = —C YN (p);int V(J))B'" has full rank by Lemma 4.1. Then by Lemma 2.2, we know all
v-harmonic germs can be extended to J. Hence we can determine the values on A/ (2) (p).

Proving by induction, we assume that all 4v-harmonic germs can be extended to the m-th layer,
that is we know the values of the extended potential function on A/ (p) and note that the values
on the set of nodes Uyeqo, -1} N (k) (p) are uniquely determined as the solution to the Dirichlet
problem with boundary nodes N'™ (p). By Lemma 4.2 with J = UiE{O,...,m+1}N(i) (p), we have
that the matrix £ = BT (N (p); N+ (p)) has full rank, and so by Lemma 4.1, the matrix
D = —C~ Y (N (p);int V/(J))BT has full rank. By Lemma 2.2, all y-harmonic germs at p can be
extended to the (m+1)-th layer. Therefore, all v-harmonic germs at p can be extended to the entire
graph H, and so to the entire graph G. O

Corollary 4.4. If [NY) (p)| = k for all j > 1 and k a constant, then the statement of Theorem 4.3
is a if and only if statement.

Proof. Tn this case, D; = —C~Y (N (p);int V(H))B" is always a square matrix. Since all -
harmonic germs can be globally extended, by Lemma 2.2, Dy = —C~Y(N(p);int V(J))BT has full
rank, meaning D is invertible. Define the graph J := Ui:{o)m} NG (p), we have for 4 a potential
function, @(N? (p)) = Di(N(p)) and @(N(p)) = D~ @GN (p)). Thus, let U; be the subspace
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spanned by all vectors @(N V) (p)), then dim(Usz) = dim(U;) = k. Continue inductively, we see that
dim(U;) = k for all j > 1, which requires D; to have full rank for all j > 1, not just for j = 1.
Thus, it is necessary that for all layers ') (p)) of H with j > 2, sets A, B € NU=Y(p) described
in Theorem 4.3 not exist.

0

It is a natural to ask when a germ has an unique global y-harmonic continuation.

Theorem 4.5. Let T' = (G,v) be a resistor network and p be a strongly interior node. If all
~-harmonic germs at p are extendible, then the extension is unique if and only if [N (p)| = |0V].

Proof. Referring to Lemma 2.2 and the discussion before it. Let D := —(C~'BT)(N(p); dV), then
we have 4(N(p)) = Du(dV). By the hypothesis of the theorem, all germs are extendible, and
so D has full rank. Hence, the continuation is unique if and only if D is a square matrix (i.e.

N ()l = [oV]). O

All contents above have no assumption about G being circular planar. We now show a result,
Theorem 4.7, that links criticality of cirular planar graphs to y-harmonic extendibility.

A flower is a circular planar graph with at least one edge but no 0 — 9 edges or J spikes.

Lemma 4.6. Given G a flower, and let v be an interior node of G. Let G,, be the graph with n
boundary spikes added to v and still be circular planar. Then G, is not critical for any n.

Proof. By Lemma 8.6 of [3], every critical circular planar graph must have at least three 9 — 0 edges
or 0 spikes. Thus G is not critical and so are G; and G5. Now consider G2 and name the two new
0 nodes v; and ve and the two O spikes e(v1v) and e(vav). we can recover one of the spikes by
contracting it to v, without loss of generality, we contract e(v1v). We can do so because contracting
e(v1v) will break the connection between vy and other 9 nodes except for the node v since v is the
only 0 node connected to vy after contracting e(viv). Now, we can recover the e(vev) because it is
a 0 — 0 edge. Since G is not recoverable, there is some other edge e(ij) € E(G2) such that deleting
or contracting e(ij) does not break any connection in Ga.

Now consider G,,, we want to show that deleting or contracting edge e(ij) does not break any
connection in G,,. Certainly, it does not break any connection which existed in G2. Now let (P; Q)
be any connection on G, which does not exist on Gs. If this connection exists, there can be at most
one node v, € {vs,...,v,} have v, € P and at most one node vy € {vs,...,v,} have v, € Q. Since
all of the O spikes are attached to the node v, they are connected to the rest of the graph in the
same way. Without loss of generality, we may replace v, and v, with v; and vo. The result is that
(P; @) is a connection existing in G5, which will not break by deleting or contracting e(ij). Hence,
no connection will break by deleting or contracting e(ij), and this shows that G,, is not critical. O

Theorem 4.7. Let G be a critical circular planar graph and T' = (G,~) a resistor network. Let p
be an interior node. Then all y-harmonic germs at p can be globally extended.

Proof. Define H := O,(G), and by Remark 2.3, H is critical. If there is at least one layer A'Y) (p) of
H with j > 2 such that there are disjoint sets of A, B € NV~ (p) with N (A) NN (p) = N(B) N
So, OV (J) = N'W(p). The graph J is critical since it is a subgraph (Definition 2.1) of a critical
graph H [2].

If AUB = NU)(p), then J does not have any 0 spikes since every 0 nodes is shared by at least
one node in A and one node in B. Note that deleting  — 9 edges or contracting 0 spikes does not
affect criticality. After deleting all 0 — 0 edges, J is reduced to a flower and so it is not critical,
which is a contradiction. Otherwise, let L := N (p)\(A U B), we use the following algorithm to
reduce J to a simpler form while preserving criticality (note that the graph J changes constantly
with the algorithm):
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1. Delete all 0 — O edges.
2. Contract all 0 spikes, but do not contract a boundary spike to the node p.
3. Repeat steps 1 and 2 until they can no longer be performed.

Let J be reduced graph of J by the algorithm above. The graph J is a flower with the addition
of n boundary spikes to the interior (may not be strongly interior after the algorithm) node p for
some n > 0. By Lemma 4.6, J is not critical, and this is a contradiction. So, sets A4, B € J\/(j_l)(p)
described earlier cannot exist for any j > 2. Therefore, by Theorem 4.3, all v-harmonic germs at p
can be globally extended if G is critical.

O

Question 4.8. What are some other geometric criterions that ensures all y-harmonic germs at an
interior node p have global «-harmonic continuation? We gave a sufficient condition in Theorem
4.3. But, it is not good enough because, given a graph, it is hard to check whether the hypotheses
of the theorem are met. Also, it maybe too sufficient since it excludes a class of extendible graphs
such as the one in Figure 2. It may be worth to look at what graphs are in that class. The
necessary and sufficient condition given in Corollary 4.4 is too restrictive. Another way to work
on this problem may be to study what will amalgamating networks do to y-harmonic extendibility.
There are some obvious amalgamations, but whether we can use this technique to extract more
information is unclear to me. It is also to note that all the results above was discovered in trying
to proof Theorem 4.7. However, we don’t have a nice geometric concept like criticality handy for
non-planar graphs, so it is hard to formulate a conjecture. We can only look for things that stand
out amongst others. Furthermore, Lemma 2.2 gives a necessary and sufficient algebraic condition for
y-harmonic extendibility. T avoided handling the matrix D := —C~1(0V(G’);int V(G))BT by using
Lemma 4.1. In doing so, I was restricted to consider the geometry of the graph in layers. I have
not been able to find more interesting properties by only considering each layer at a time, hence I
think in order to obtain a better geometric condition, we may need to look at a bigger part of the
matrix D. Or, it maybe possible that one can find some other algebraic criterions involved, but I do
not have an idea about this. Finally, we may be able to use some results from the inverse problem
for random walk networks. A small connection between random walk networks and ~y-harmonic
extendibility is established in the next section.

O,
N

O

O

FIGURE 2. An extendible graph not predicted by Theorem 4.3 (cf. Question 4.8).

5. LINK TO RANDOM WALK NETWORKS

5.1. Background.
The background information discussed here is more or less taken from [4], [5], and [6]; more detailed
discussions can be found in them.

Definition 5.1. (Random Walk Network) Let G = (int V, 9V, E) be a directed edge graph-with-
boundary which satisfy the following properties:

1) If two nodes Vi,V € int V N ) .7 are connected in G, they are connected l)y exactly two
J J
edges (one for each direction).
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(2) If two nodes v; € int V', v; € IV are connected in G, they are connected by exactly one edge
ei; € E (the edge directed from node v; to node vj).

(3) For all v; € 9V, the only edge from node v; is e;; (a loop from node v; back to itself).

(4) For all v; € int V, there exists a set of directed edges linking node v; to the boundary.

We assign for each directed edge e;; a transition probability p;; and form a transition matriz, P,
with p;; being an entry of the i-th row and j-th column. So,

aV intV
P= 0V 1 0 .
int V R Q
Then the absorbing matriz, A, is given by
. no I 0 | _ 1 ol | I O
a=tm =t | oo, gonn o |=[umgrm o=~ 0]

A proof of the convergence of Y7 ; Q™ can be found in [4]. Note that an entry n;; of the matrix
N represents the probability of a random walk starting from the interior node i and ending (or
absorbed) by the boundary node j. The inverse problem for a random walk network would be to
recover the transition matrix P given the absorbing matrix A.

5.2. An Equivalence.
Let Kirchhoff’s matrix for a possibly non-symmetric electrical network be

oV intV
K= oV A B .
intV L C

A relation between conductance, v;;, of an electrical network and transition probability, p;;, of a
random walk network is given by

@ =1

Pij =
Y EiNk Vik Yi

Suppose int V' = {iy, ..., i,}, we define

Yir 0
Q= .
0 Yin
Then, using the same notation as those in Kirchoff’s matrix and the transition matrix, we have by
equation 2
(3) I-Q=97'C, I-Q)'=C""Q, and R=Q7'L.

Theorem 5.2. Let I' = (G, ) be a directed electrical network and I1 = (G, p) be the corresponding
random walk network. Let i be a strongly interior node of G, then all v-harmonic germs at i are
extendible if and only if probabilities p;, can be recovered for all k € N(4).

Proof. For a strongly interior node 4, denote M := A(N(3); 0V), we have
(4) A(#0V) =P(i; NG@)M = A@0VIM* = P(;; N (i) MM,

where M™ is the conjugate of M. We now show M M™ is invertible if and only if M has full rank.
There is a singular value decomposition of M as M = UXV™* where U and V are unitary matrices.
The matrix ¥ has the same size as M, and it consists of non-negative numbers on the diagonal and
zeros off diagonal. We also have

MM* = (USV*)(VE*U*) = USS*U*
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and note that the size of M M* is the same as the size of XX*. Since |N(i)| < |0V, the matrix LX*
is invertible if and only if ¥ has full rank. Because U and V are invertible, rank(X) = rank(M)
and rank(MM*) = rank(XX*). Hence, M M* is invertible if and only if M has rull rank.

We then have by Equation 4

P(i;N'(i)) = [A(;; V)M [MM*] ™!
is recoverable if and only if M has full rank. Then applying Equations 3 gives,
M = AN(i);0V) = (I — Q) *(N(i);int V)R = [C~H(N(d);int V)QJIQ ' L]. = C~(N(i);int V) L.

Hence rank[A(N(i); 0V)] = rank[C~1(N(i);int V) L]. Since Lemma 2.2 applies to directed network
as well, we have proved the theorem. ([l
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