Ordinary Differential Equations on Networks

1: THE DIRICHLET PROBLEM.

Definition: An nth order network Nisatriple (V, Vg, E) together with an n+1-tuple of
functions {hy,h,,...,h} satisfying: For all edges ein E, there exists an i such that

hi(e) > 0. Thei-Kirchhoff matrix of an nth-order network is:
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Since K' is always symmetric, it can be represented in block-matrix form:
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A C" function u = (Ugoundary, Uinterior) : R — R*") isapotential if it satisfies:
d'u
Z K W = XBoundary
where Xg,, 4, CaN be any vector whose interior values are aways zero. A network of
resistorsand capacitorsis a 1st-order network. (This can aso be generalized to directed
graphs, where the K"s may not be symmetric: thisis useful when converting higher-order
networks to simpler 1st-order ones.)
The notation for first-order networks will be ssmplified as follows:
AA=AB=BC°=>CA=DB=EC=F
Therefore, the equation for Kirchhoff's law can be written as:
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The second equation yields: U’ + F "CU i = —F "B Ugggary = F B U'ggngary 1T F

isinvertible. Uniqueness of the Dirichlet problem can be considered by looking at the
initial value problem u', ...+ F 'Cu =-F7'B'u F'E'u' with

Uinterior(0) being the he-harmonic extension of Ugoundary. The solution will be unique if Fic
is a diagonalizable matrix.

1) Networkswith Only Capacitorsin the Interior

F isnonsingular if at least one node is connected by a capacitor to a boundary node. Cis
nonsingular if all interior nodes are connected by at least one resistor to a boundary node.
See the special case in section 2.

2) Networkswith Some Resistors and Some Capacitors

Case |: Suppose that the boundary nodes of the graphs are connected by resistors aloneto
the interior nodes, and the boundary nodes are not connected to other boundary nodes.
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Definitions: 1) V,, E, arethe vertices that are connected to aresistor, and the edges that
have zero h, vaue. (V,, E, are defined similarly). The associated graphs are called
G,,G,. By definition of network of resistors and capacitors, G, UG, = N . However,

G, NG, does not have to be the null set, since an edge can be aresistor parallel to a

capacitor.
2) The adjoint network of (V,Vg, E, hy,h) is N, =(V,V;,Eh,h).

Note that Gy does not have to be a connected graph. Let n denote the number of

connected components of G, ordering them 4, ..., 1,. Order the vertices of N as follows:
Ve AV (1), Vg OV (1,), Vg OV AV, Vi AV (1), Vi OV (1), Vi NV,

Thisis called the standard order. If V,, "V \V, =, then dl the diagonal termsin C are

nonzero. Also note that the matrix C can be written in block matrix form:
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where each X, is orthogonal and each A_i isareal diagonal matrix. Notethat if a z, is
purely inside a network, then the associated matrix M, issingular becauseit isa
Kirchhoff matrix. Also note that o(C) = UU(Mi) . Therefore, if itisimpossibleto find a

A, A; withi =] that have common eigenva ues, then C is diagonalizable (the spectral

theorem). Since there are no capacitors connecting the interior vertices with the boundary
vertices, F is aKirchhoff matrix and therefore singular. There may or may not be time
dependence in the solution. However, if al interior nodes are connected to the boundary
by at least one resistor and one capacitor, then F*C will be nonsingular. (This only
supposes that there are no zero eigenval ues and doesn't take diagonalization into account
- the product of two diagonalizable matrices does not have to be diagonalizable.)

In the special case of a network with only resistors on the inside and a fixed number of
capacitors connected from all interior vertices to a boundary vertex, C is diagonalizable
(sinceit is symmetric) and F is amultiple of the identity matrix, so F'Cis
diagonalizable. The same istrue for a network with only capacitors on the inside and a
fixed number of resistors connected from all interior vertices to aboundary vertex. (What
if Fisdiagonal?)



