LAYERED NETWORKS, THE DISCRETE LAPLACIAN, AND A CONTINUED
FRACTION IDENTITY

OWEN D. BIESEL, DAVID V. INGERMAN, JAMES A. MORROW, AND WILLIAM T. SHORE

ABSTRACT. We find explicit formulas for the conductivities of the layers in a layered
electrical network so that the square of its response map is the negative of the discrete
Laplacian.
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1. INTRODUCTION

In [3] it was proved that for any N there are layered electrical networks with N bound-
ary nodes with such that the square of the response map A (Dirichlet-to-Neumann map)
satisfies the equation

A2 = A,

where A is the (discrete) Laplacian on the discrete circle with NV nodes. However the prob-
lem of explicitly giving the conductivities on the layers was left open. This problem was
solved in the University of Washington NSF REU program in the summer of 2008. In this
paper we prove a continued fraction identity which yields formulas for the conductivities
of the layers. For example if the network has N = 4p + 1 degree one boundary nodes
(spikes) and 2p layers, the conductivities, of the alternating segments of radii and arcs of
circles, starting from the outer edges are

2pm 2p— )7 (2p—2)w T
tan<4p+1>,cot< prl ,tan ptl y...,COt pri)
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- . L 4
For example in Figure 1 the outer spikes have conductivity tan (g) the outer arcs

- . . 2
have conductivity cot (%) the inner ray segments have conductivity tan (g) and

the inner arcs have conductivity cot (g) It is sometimes convenient to represent the

Laplacian on the circle as 20 and then our main theorem is an explicit formula for A so
that
0
1.1 A2 =__~ .
(1.1) 502

We will refer to [1] and [3] for notation, definitions, and basic results.

FIGURE 1. Four Layers, Nine Rays, No Central Vertex

2. FORMULATION OF THE PROBLEM

Let (V, E) be the vertices and edges of a graph (usually assumed connected) with a des-
ignated partition of vertices into interior vertices (int(V")) and boundary vertices (0(V)).
The boundary is always assumed to be non-empty and we will assume no loops or multi-
edges. Each edge e € E will have an assigned positive conductivity. It is convenient to
associate a matrix, the Kirchhoff matrix K, to this network. We will index the vertices of G
so that the boundary vertices are listed first. This indexing induces a block decomposition
of K,

A B
- [T,

All of the information about the network is stored in K. The matrices K, A, C are
symmetric and C'is positive definite. Kirchhoff’s current law for this network is expressed
as (Kz); = 0,7 € intV where z is a function defined on V. In [1] it is proved that for an
arbitrary function ¢ defined on (V') there is a unique extension to a function « defined on



LAYERED NETWORKS, THE DISCRETE LAPLACIAN, AND A CONTINUED FRACTION IDENTITY 3

all of V' so that (Ku); = 0,4 € intV. The current flow ¢ into the network at the boundary
can be represented as a Schur complement,

Y =(A-BC'BT)¢ = Ag.

The matrix A is the response or Dirichlet-to-Neumann map of the network.

The graph of a layered network is a graph conveniently represented in the unit disk in
the plane by edges which are segments of radii and arcs of concentric circles (Figure 1).
The boundary vertices are the vertices on the unit circle. It is convenient to coordinatize the
vertices so that the arguments of the rays are located at angles 8 = %, k=0,...,N—1.
A layer is the set of segments of rays between successive concentric circles or the set
of arcs on a circle. In a layered network conductivities are assumed constant on layers
(conductivities depend only on the “radius”). We will express boundary values as a finite
Fourier series. The function e**? will symbolize the discrete function that assumes the

values e~ at the boundary vertices indexedby j =0...N — 1.

For the rest of the paper we will assume that the number of boundary vertices N =
2n 4+ 1is odd.

Let D? = A be the second difference operator (discrete Laplacian) on the discrete circle
and let L = —D?. The size of L will be implied by the context.

2 -1 0 0 ... 0 -1
-1 2 -1 0 ... 0 0
o O L e BT A
o 0 0 0 .. 2 -1
-1 0 0 0 .. -1 2]
+ik0

The eigenvectors of L are e

(w*))? = 4sin? (2k11> k=0,...n,

and the eigenvalues are

where we define w(¥) = |e3#7 — 1| = 2sin ( — )

In [3] it is proved that the functions e*®*% k = 0,...,n are an also eigenbasis for

the response matrix A of a layered network with 2n + 1 boundary vertices. The non-zero
eigenvalues are double eigenvalues. In [3] it is proved that the non-zero eigenvalues )\,(f) of
A are the values of the function 13() at the numbers w(*), which are the positive square
roots of the eigenvalues L and where 3(y) is the continued fraction

1
Bw) = 1 ,
Cnapb+
© +m
and the ¢; are the conductivities on the layers, with ¢, the conductivity on the innermost

layer.
Since A and L have the same eigenvectors, to prove that A2 = L it will suffice to find
conductivities ¢; so that A* and L have the same eigenvalues. Hence we want to find ¢; so

that
Wi = wB BWF).
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This is equivalent to finding c; so that ﬂ(wﬁf“)) = 1. Taking reciprocals, we have an
interpolation problem: Find positive numbers ¢; so that

foru:wslk),k': 1,...,n.

This is the correct formula for an even number of layers, with boundary spikes. It must
be modified appropriately if the outer edges are arcs of circles and/or the number of layers
is odd.

From now on we will use the notation [a;]7_, for the continued fraction

1

an +

Qp—1 + ) 1

+
az + =

al

In this way, we can write:

. 1
.2) (0 = s+ —h
[aj]j:1

The identity we will prove is:

21y " _
(2.3) [cot <2n n 1) p] - =1,

for p = w®) k= 1,...,n. We introduce the following notation:

w = 6_%,
and notice that

211 —J J
cot (ﬁ) o) = Wk

w—I — wi
w +w™I _
= — (wk —w™F),
w) —w I
since
—k k _ o . _ (k)
w— " —w" = 2¢sin = w
(2n 1) "
and

wd +w 1 21y
—_— = - cot .
w—I — wi i 2n +1

Theorem 2.1. Letn >1andw = e&5T. Forallk =1...,n,

This is our theorem:

(2.4) [M(wk - w_k)]n =1.
j=1

u)j — w7
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3. OUR GOAL AND ITS REFORMULATION

Our goal is to show the following identity:

Main Theorem. For integers k& and n, with n > k& > 1 we have:

wl + w7
3.1) WAW ok —wky| =1,
w) —w™J j=1
where w = e~ 7i/2n+1,
We can write w = e™e™i2n/2n+1) — _¢ where ¢ = e~ ™i(27/2n+1) s 3 primitive

(2n + 1)st root of unity. Letting = be formally indeterminate, we would like to find a
general formula for the above continued fraction, with w replaced by —z, so that the entire
expression may eventually be evaluated at 2 = (. First, note that

n S
) +x7
2i — 2

(1t - o)

zl +x7I _
=(-D* [m(xk -z k)] ;
7j=1

.. 2l 4z
so our task becomes finding a general way to compute [ﬁ(wk — w_k)] , then
T —x
J

evaluating at z = ¢ to prove the following version of (3.1):

n

(¢t - c’“)] = (~1)*.

Jj=1

¢+

(3.2) =

4, A FEw SMALL CASES

The above is not difficult to accomplish for a few small values of &, as we demonstrate
below.

Lemma4.1. For all integers n > 1, we have

y —_ n —_n—
|:$J 4+ 1 1):| 1’"+1 —x " 1
Jj=1

. (x" —x~
) —xI T —x "

Proof. We proceed by induction on n. For the base case n = 1, we have

, ‘ 1
)+ x4zt
= (z—az7") = 7,1(37—37_1)
x) —x—J j=1 r—x

22—z 2

z—x !



6 OWEN D. BIESEL, DAVID V. INGERMAN, JAMESA. MORROW, AND WILLIAM T. SHORE

For the inductive step, we assume the formula is true for n and derive that it holds for
n + 1. Then we have

R ) . n+1 gntl 4 p—(nt1) ., 1
—— (@ —z7) :ﬁ(x -7 )+ = 7
) — I _— gntl — p—(n+1) ) + 7 1 1

= ——(z' -2z
x) — =7 j=1
_ (xn-i—l 4 xf(n+1))($ _ :1:71) " — T
- 1l — p—(n+1) g+l — p—(n+1)
_ pnt2 _ g 4+ — $7(n+2) 4t g™
- g+l — p—(n+1)
$n+2 _ m—(n+2)
T gt _ p—(nt1)’

as desired, completing the induction step. O
A similar re-expression is possible for k£ = 2:

Lemma4.2. For all integers n > 1, we have

.Z"] + .Z'ij 9 s n $2(n+1) —9 + $72(n+1)
e )| =
xd — g3 =1 " -2+

Proof. Again we use a proof by induction. For the base case n. = 1, we have

o'+ 27t (2 — 22) = B4+r—z7t—273

gl — g1 o z—z1
@ tr—z -z (-2t
R RCEE)
- 422 —1—a2—-22—-14+2 2424
B 22— 24 x72
ozt =242
22 —2+432

as desired.
For the inductive step, we have

iE‘j + m_j , L n+1 xn-l—l + x—(n-l—l) Ly 1
o — _j(x —z77) T @ )+ r = .
x x 1 x x ) +x 9 2

= —— (" —27)
! —xd j=1
B xn-{—l + m—(n—i—l) (xQ B m_2) N 1.27; -2+ 1.—2n
- g+l _ p—(n+1) x2(n+l) _ 9 + x—2(n+1)
(xn+1 + x—(n—i—l))(mn—i-l _ w—(n+1))($2 _ $—2) 2n _9 + r—2n
= (zn 1 — m—(n+1))(xn+1 _ w—(n+1)) g2(n+1) _ 9 1 p—2(n+1)

x2n+4 —x2n _ 20 + .,L.—(Zn+4) + z2n _9 + r2n
22(nt1) _ 9 1 g 2(ntl)
Z,Z(n—i—2) —24 $—2(n+2)
T 2t g 4 g2t

|

We can use these two results to demonstrate that the main theorem holds for £ = 1, 2.
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Proposition 4.3. The main theorem (3.2) holds for £ = 1. In other words, for all n > 1,
we have

¢+ ¢ S
C‘] C J(C C ) =1 - 17

where ( is a primitive 2n + 1st root of unity.
Proof. By Lemma 4.1, it suffices to show that
it — ¢t
=
We can remove a common factor of ¢ — ¢~' from both the numerator and denominator,
finding
it ¢ TP M
N e R S
B G S S S0 s o S s o SN o S
o (n=l 4 (n=3 4 . 4 (3 4 (—ntl ’

where we have used the fact that ¢ # 1isaroot of (227! —1) = (z — 1)(z?" + 2271 +

4.2) —1=

..4+1),sothat ¢ + ¢4 +1=0and(" =" ("2 (T
_Cn—l _ Cn—3 - = C—n—i—l
- Cnfl + Cn73 + ...+ C*TL+1
=-1. O

Similarly, we have the following result corresponding to & = 2:
Proposition 4.4. The main theorem (3.2) holds for & = 2; i.e. for all n > 2, we have
¢+
Ci— (i

where ( is a primitive 2n + 1st root of unity.

n

@-cn| -1

Jj=1

Proof. By Lemma 4.2 and Equation (4.1), we can immediately write:

[Cj + C_j n C2(n+1) —24 C—2(n+1)

2 —2 _
(C - C )] i1 - CZ” — 24+ C72n
_ (Cn—i-l _ C_(n+1))2
Cn — C—n

(-] )

=(-1)?=1 O

Gi—(i

At this point, it may seem obvious to attempt to prove some general identity of the form
w4z, wl” gl (k)
——(z" —z7") ={—
x) —x~I j=1 " —x "

Unfortunately, while this expression would quickly imply the main theorem, it is not valid
for k > 2. Hence we must find a more accurate way to generalize Lemmas 4.1 and 4.2.
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5. A GENERAL COMPUTATION

Consider rewriting the rational functions from Lemmas 4.1 and 4.2 in the following
way:

Porad " gt o g s -z
zi — g7 (" =27 T T gn_gn T (@) —z-L(zn1)!
j=1
2 + zd ) , n $2(n+1) —24 $72(n+1) $2($n)2 — 24+ 2 (Z.n) 2
——(z* —z7?) = = .
) — a7 i1 2 — 2+ =20 x2(zn~1)2 =24 5= 2(gn1) 2

So it is conceivable that for arbitrary k, the continued fraction of level n should be
expressible as a ratio of identical (Laurent) polynomials, with coefficients that are rational
functions of z, and evaluated in the numerator at ™ and in the denominator at 2”~*. More
precisely, for each n, let x,, : Q(z)[y,y~] — Q(x) be the homomorphism fixing Q(x)
and sending y to z™. For each k we would like there to be a P, € Q(x)[y,y "] so that for
all n,

(5.2) Xn(Pr) = il zk — 27k '
anl(Pk) .Z'j — .Z'ij j=1
We can instead use Equation (2.2) to give a “recursive” requirement on Py, using:
x4z " "+ " _ 1
J — 7j(.’L'k—.’L' k):| = 771(1']6_1' k)+ ) i n—1
) —x j=1 Z T ol I k_m—k)
zi — g7 i1
We will require,
Xn(Pk) z"+a" —k Xn—Q(Pk) .
5.2 = z® —x7") + =————C or, alternatively,
CA L) e e Y Y
"+ " _
(5.3) Xn(Pr) = (W(xk -z k)) Xn—1(Pk) + Xn—2(Pr),

together with a “base case”:

xi(Pr)  [a7+27 ' T4zt o
Xo(Po) o =i 77 ) S

S r—z!
As an alternative base case, we can extend the recurrence relation (5.2) throughn = 1, so
that comparing with (5.4) gives the simpler condition

(5.5) X-1(Fx) = 0.

In order to guarantee that the recurrence relation (5.3) holds, we will impose a similar
condition on the P, themselves. To wit, let o : Q(z)[y,y '] — Q(x)[y,y '] be defined
by fixing Q(z) and sending y to 21y, so that x,,_m = Xn © ™. Then we can impose a
condition on Py, namely:

(5.4)

(5.6) P, = ( (z* — wk)> o(Py) + 02(Py),

so that when we evaluate with a x,, homomorphism, we obtain equation (5.3). It will be our
goal to find polynomials Py in Q(z)[y,y~'] that satisfy both (5.6) and (5.5). (In fact, we
shall see that (5.6) actually implies (5.5).) By inspecting the forms of P, = zy — 2z~ 'y~ !
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and P, = x%y? — 2+ x~2y~2 from the beginning of this section, we can guess as an ansatz
that the general form of P, will be

k
(5.7) Py(z) = Z a;y’,

j=—k

where for each j, a; € Q(z), i.e is a rational function of z. (Note that each a; depends on
k, which we suppress in the following for clarity.) Equation (5.6) becomes

+y! _
a;y’ = (zF —z=* E ajz 7y E a;x
E y! (y Y (z ) I+ 2yl

j=—k U j=—k j=—k

Manipulating yields

k L +qy~ 1
Zaj(l—x_zg)gﬂ:(y_y (zF — 2= )Zax y’

j=—k y—y j=—k
Y ail—zP)yy—y =D @ -z FapIyy+y )
j=—k j=—k
k+1
(5.8) Z (am_l(l — :L'_2(m_1)) _ am+1(1 _ m—Z(m-ﬁ-l)))ym
m=—k—1
k+1
(5.9) = Z (@ — & ") (@m_12~ ™V gz (MDD )y™
m=—k—1

where we define a; = 0 for |j| > k and re-index. Comparing the coefficients of y™ in 5.8
and 5.9, we have

(am,l(l _ x—2(m—1)) _ am+1(1 _ w—2(m+1))) — (xk _ x—k)(amilx—(m—l) + am+1$—(m+1))

am—l(l _ x—Z(m—l) _ xk—m—i—l + z.—k—m—i—l) — am+1(1 _ $—2(m+1) + mk:—m—l _ w—k—m—l)

(am_l)(a:_m_kﬂ)(l _ wk—m+1)(mk+m—1 + 1) — (am+1)(m—m—k—1)(1 + wk—m—l)(wm-i-k-i-l _ 1).

The above coefficient of a,,,_1 is nonzero iff k —m + 1 # 0, i.e. m — 1 # k. Hence
we cannot escape setting ax—; proportional to ax+; = 0, and hence also setting ax—s
proportional to ax—; = 0, and so on; thus a,,, = 0 unless k — m is a multiple of 2. On the
other hand, a;, need not be zero though ay > is, and the above relation fixes the ratio of
ama1 10 a1 forall —k < m < k. Thus we have proved:

Lemma5.1. Suppose Py is a polynomial in Q(z)[y,y 1] with coefficients a,, as in (5.7).
Then P, satisfies the relation (5.6) iff the coefficients a,,, = 0 whenever m is not congruent
to k£ modulo 2, and if |m| < k the coefficients also satisfy:

Qi1 ( 2) (',L.kfm+1 _ 1)(xk+m71 + 1)
—_— = | —Z -
Am—1 (14 gh—m-1)(ghtm+l 1)

We also have a simple relation between a,,, and a_,,, as shown below:

Lemmab5.2. Suppose Py and a,, are as in Lemma 5.1, and that a,, is nonzero (and hence
necessarily a_, is as well). Then a,, /a_n, = (—22)™.
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Proof. We use induction on m, but there are two base cases: m = 0 or m = 1, depending
on whether & is even or odd. If k is even and m = 0, then we have

) 210
—=1=(- .
W =1=(=2"
If £ is odd and m = 1, then
a kT — 1) (kT 41
1 — (_$2)( k_l)( T ) — (_1_2)1
a1 (1 +zh=1)(zh+! - 1)

Now suppose we know that a,, 1/a 1 = (—22)™~1; we will showthat a,,, 1 1/a m_1 =
(—z?)™*L, In particular:

Gm+1  Gm41 AGm—1 A—m+1

a_m-—1 m—10-m+4+1 AG-—m—1

9 (xk—m—l—l _ 1)(xk+m—1 + 1) ) (xk:—i-m—l—l _ 1)($k—m—1 + 1)

— (_ _2ym—1/__
= CO) g @rrmrt ) 0" ) R (g — 1
— (_$2)m+1‘

Hence a,, /a_m = (—z*)™ for any such m. O

Lemmab5.3. Let k& be odd, and suppose P, satisfies the recurrence relation (5.6). Then Py,
also satisfies the base case condition (5.5):

x-1(Px) = 0.

Proof. We have

Xx-1(P) = > az?

—k<j<k
— = .
= Z a;z 7 +a_;T
0<j<k
= > a;z77 +a;(—2”) 772/ by Lemma5.2.
0<j<k
— I _g.p—d =
= Z a;x ajz™’ =0,
0<j<k
since if j is even, we have a; = 0, and if j is odd, we have (—z?) 9z = —z=7. O

The implication in Lemma 5.3 holds for even k as well, but the proof is much more
involved.

Lemma 5.4. Let k be even, and suppose Py, satisfies the recurrence relation (5.6). Then
Py, also satisfies the base case condition (5.5):

X-1 (Pk) = 0

Proof. Let k¥ = 2¢. Now the condition (5.6) on P, only fixes the coefficients a,, up to
an overall factor from Q(z), so we can, without loss of generality, set ag = 1 for ease of
computation. Then employing similar manipulations to those in the proof of Lemma 5.3
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k
X-1(Pr) = Z a;xz”"

1=—k
= Z a;z " since a; = 0 if 4 is odd

—k<i<k

= Z a2j$_2j
—£<j<t
£
=1+ Z (lgz'ib'_2j + (l_gj.’lﬁzj
Jj=1
4

=14 agz % + ag;(—2?) 2% by Lemma5.2
j=1

4
=1+ Z 2a2ja:_21.
j=1
So our problem reduces to showing
£
—1=2 Z a2j$_2].
j=1

By the recurrence relation in Lemma 5.1 for the a;, we have

Qimﬂjazj — Qéw—% H A(2r41)+1
j=1 j=1

a -
0<rej G@r+1)-1

¥ @22 1) (g2 — 1)

l . .
o (37213—27‘ _ 1)(3;213—1-27‘ + 1)
=23 I
i=1

0<r<j

(1‘24727‘ _ 1)($2l+2r + 1)
H (:L.2€—2’I"—2 + 1)($2€+27‘+2 _ 1)

£
=2 Z x 2 (—x?)!
=1

0<r<j

£ 20—2r 20427
:22(_1)]- H (226727 — 1) (222 + 1)

0<re (x2£72r72 + 1)($2l+2r+2 _ 1) :

In order to evaluate this, we will prove the following identity for arbitrary 0 < s < ¢:
(5.10)
[

m2€—2r—2 + 1)(x2€+27'+2 — 1) 2($4Z — 1)

Z(_l)];s H : (22720 —1)(22¢H27 4+ 1) (22625 4 1)(226425 — 1)
Jj=s s<r<j

or, for the sake of brevity:
LHS(s) = RHS(s).

11

We will induct on s, but in reverse: the base case will be s = £, and for the induction step
we will assume that the identity holds at s + 1 and show it holds for s. The base case is
simple: when s = £, the sum on the left-hand side of (5.10) consists of only one term,
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namely an empty product, so LHS(¢) = 1. The right-hand side, in turn, evaluates to
(x2£—2£ 4 1)($2£+2£ _ 1) _ (1 + 1)(1.412 _ 1)

2(z1t — 1) 2z —-)
so the identity (5.10) holds when s = £.

For the induction step, we now assume that the identity (5.10) holds at s + 1. Then we
can write:

¢ . (.,L.2£72r _ 1)($2f+27" + 1)

LHS(s) = Z(—I)st H (226272 4 1) (g26+2r+2 — 1)

j=s s<r<j

B . (m2€—2r _ 1)(:1:2[—}-27' + 1)
=1+ Z (=17~ H (z26-2r=2 1 1) (g2042r 42 — 1)

j=s+1 s<r<j

since the j = s term is still just an empty product. Now we can factor out a (—1) and the
r = s factor from each term in the sum to obtain:

(mze—zs _ 1)(:(:2“23 +1) 4 o Ni—(e4D) (m2ﬂ—2r _ 1)(m2€+2r +1)
y 2 Y Il

LHS(S) =1- ($2€—2s—2 + 1)(:L.2€+2s+2 —1 .,L.2€—2r—2 + 1)(x2€+2r+2 — ]_) ’

Jj=s+1 s+1<r<j
But this sum of products is now just LHS(s+ 1), so we can apply the induction hypothesis:
(1.21725 -1 ( 26+2s + 1)

)
LHS(s) =1— (220=25=2 4 1) (g2l+2s+2 )LHS(S +1)
1 (m26—2s _ 1)( 20+2s + 1) (x2£—2(s+1) + 1)($2€+2(s+1) _ 1)
= (226252  1)(g26+25+2 _ 1) 2zt — 1)
1 (_,L.2£72s _ 1)(1.2[-{-23 + 1) _ 2(1.4[ _ 1) _ (1.2Z72s _ 1)(m2Z+23 + 1)

2(zt —1) B 2(z4 —1)
We can simplify the numerator, obtaining:

2$4£ —_92_ .7344 _ $2£—25 + 3:24—}-25 +1

LHS(s) =

2(z* - 1)
i — 2025 4 g20425

- 2zt — 1)

B (x2£—2s + 1)($2Z+23 _ 1)

B 2(ztt — 1)

= RHS(s).

Hence (5.10) holds for all s, and in particular at s = 1, so we find:

i(_l)j—l H (x2€—2r _ 1)(m2€+27‘ + 1) _ (3:2(—2 + 1)(:172“'2 _ 1)
= e (£26-2r=2 4 1)(226+2r42 — 1) 2(z4 — 1)

Now we are in a position to evaluate our original sum:

¢ ¢ 20—2p 20427
L - (2 = 1)@ 4+ 1)
22 azjz~ 7 = 22(_1)] H (220272 4 1)(226027+2 — 1)
j=1 j=1

0<r<;

(xze 1)( xze +1) X‘Z: H (xze—w _ 1)(x2€+27‘ +1)
(

o (226-2 + 1) (22642 — 1) (226202 4 1) (226422 — 1)
]:1 1<r<j
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where we have factored out the » = 0 term common to all summands,
(.Z'% _ 1)(1,2[ + 1) (m2£72 + 1)(x2€+2 _ 1)
(226-2 4 1)(226+2 — 1) 2(ztt — 1)
= —1.

Hence x 1(P;) =1+2 Zﬁzl az;jz~ % =0 as we desired. a

Lemma 5.5. For all &, if k is even, then setting ag = 1 and if k is odd, setting a; = =
yields
XO(Pk) 75 O.

Proof. Suppose for contradiction that xo(P) = 0. Then since x_1(P) = 0 as well, and
since the x,, (P, ) satisfy relation (5.3), we have x,,(P;) = 0 for all n. Then we have y* - Py,
is a polynomial in Q(z)[y] which has roots z™ for all n. Since y* Py has infinitely many
roots, y* P, = 0. But since ag # 0 for k even and a; # 0 for k odd, we have y* P, # 0.
This is a contradiction. Hence xo(P) # 0. O

Now we know that all that is necessary for Pj, to satisfy both the recurrence relation
(5.6) and the base case (5.5) is for the a,, to satisfy the relations found in Lemma 5.1.
Next we have a pair of lemmas to show that we don’t accidentally divide by zero when
evaluating with the ,, homomorphisms.

Lemma 5.6. Suppose P, # 0 satisfies the recurrence relation (5.6). Then for n > 0, we
have xn(Px) # 0,andforn > 1

Xn (L) _ al + a7 _
(B [xf e k)]

Proof. The proof proceeds by induction. For the base case n = 0, we know from Lemma
5.5 that xo(Px) # 0. Also, we use the fact that x_1 (Px) = 0, so that by 5.3

Jj=1

Xl(Pk) — z+ z ! (wk _ .’E_k) + X—l(Pk)
xo(Pe) z—az7! Xo(Pr)
. . 1
z+27! _ ) + 3 _
= — _l(xk—:c k):[ﬁ(mk—m k)] .
r—x - j=1
For the inductive step, we assume that x,,—1 (Px) # 0 and that
Xn—1(P%) _ o+ R o
Xn—2(Pk) xd — =7 =1
Then we have:
"+ ™" _
Xn(Pr) = (m(xk - k)) Xn—1(Pr) + Xn—2(FPr)
Xn(Pr) _+ m_n(wk Ry 1
Xn-1(Px) 2" —a2" Xn—1(Px)
Xn—2(Pr)
n —n 1
_ AT ke k.

zitz—i (mk _ m,k)]n—l

zi—g—3J j=1

= [M(xk — m—k)L
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Note that if we evaluate the continued fraction, setting x to be a real number greater than
1, all the partial quotients, Z+2=% (¢* — z~*), are positive. Consequently the whole con-

xi—x—7J
tinued fraction is positive. Hence the expression with unevaluated x is a nonzero element
of Q(z), so xn»(Px) cannot be zero either. O

Now we have almost reached our goal. Next is a lemma which shows how nicely our
polynomials behave when we evaluate them at ¢:

Lemma 5.7. Let ¢ be a (2n + 1)st root of unity, and P, satisfy the recurrence relation
(5.6). Then we have
Xn(Pe)(Q) = (=1) xn—1(Px)(Q)-

Proof. We have

XaB)(©) = Y 4O

j=k mod 2

= Y a;(Q)¢ " since ¢ = ¢~
j=k mod 2
= 3 a;(Q)(=¢3¢ I by Lemma 5.2
j=k mod 2
(=DF D0 ey
j=k mod 2

=(=DF Y a(¢¢t

j=k mod 2
= (1) xn-1(Pr)(Q)- O
Main Theorem. Letn > k > 1, and let ¢ be a primitive (2n + 1)st root of unity. Then we

have . _

S S S ]" k

SES k-t =
Proof. Define the Laurent polynomial P, € Q(z)[y,y~] as above, by stipulating that its
coefficients satisfy the relation in Lemma 5.1, and for definiteness fixingag = 10ra; =z
if k£ is even or odd, respectively. We have x,(P) # 0 by Lemma 5.6, but it could still
transpire that x,, (P )(¢) = 0 or co. In other words ¢ might be a zero of the numerator or
denominator of x,,(Py). In this case, (see, for example, [2]), we know that the minimal
polynomial of ¢, which is the cyclotomic polynomial

(I)2n+1 (IL') = H (:1: - Cl)a

¢’ aprimitive (2n + 1)st root of unity

divides the numerator or denominator of x,,(P), so for example if ¢ is a zero of the
numerator, we can replace P, with P, = Py /®s,41(x)t, where ¢ is the multiplicity of
®,,,41 as a factor of the numerator of x,, (P), and preserve all of the crucial properties of
P, such as the relations in Lemma 5.1. Then P, satisfies (5.6) and x»(P;)(¢) # 0,00
and by Lemma 5.7, xn_1(P:)(¢) # 0, 00. Thus we have:

g;cj((k —¢h = Xn(P)(©) by Lemma 5.6

¢ —=¢ j=1  Xn-1(P)(C)

= (—1)* by Lemma5.7. O
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6. THE NETWORK AND ITS KIRCHHOFF MATRIX

In this section we display an example network and its Kirchhoff matrix. Our exam-
ple is a six-layer network with central vertex and nine boundary to boundary edges. The
conductivities, beginning at the boundary-to-boundary edges are,

67 om 4

cg = cot (1—3> , C5 = tan (E) , C4 = cot <E) y
3 2n ™

Cc3 = tan (1—3) , Co = cot (E) , C1 = tan (E) .

FIGURE 2. Six Layers, Thirteen Rays, Central Vertex

The Kirchhoff matrix in block form is

ceL +c51 —csI 0 0
K= —csl csI + caL + c31 —c3l 0
0 —C3I C3I + 02L + Cl.[ —ClE
OT OT —ClET 1301

In this formula, I is the 13 x 13 identity matrix; in column three, 0 is the 13 x 13 matrix
of all 0’s; in column four, 0 is the 13 x 1 column matrix of all 0’s; in column four, E is the
13 x 1 column matrix of all 1’s; and L is the 13 x 13 matrix defined in equation 2.1.
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