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Abstract. Here the solution to a Dirichlet boundary value problem on a
specific finite circular planar network is given. The methods involved use

the formulation for the Green’s function on a path [1], and eigenvalues and

associated eigenfunctions on the cycles [2]. We also give an expression for
the normal derivative of the Green’s function, which may be used to form

the Poisson kernel, and with the Poisson kernel one can form the Dirichlet-

Nuemann kernel.
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1. The expression for the Green’s function

We use the same graph as in “The Dirichlet boundary value problem on a finite
circular network using equilibrium measure”, except we remove the center node and
all the edges that touch the center node. Agian we assume unit conductace. From
[1] we have that the expression for the Green’s function:

G((x, y), (z, t)) =
n∑
l=0

Gλl
(y, t)ul(z)ul(x)

where ul is the eigenfunction associated with the cycles, and Gλl
is the Green’s

function on a path (one sided boundary). The Green’s function on a path is given
by the expression (which can be found in [1]):

Gλl
(yk, ys) =

1
vn+1(q)

{
vk(q)un−s(q) if k < s

vs(q)un−k(q) if s ≤ k
where q = λj/2 + 1, v is the 3rd order Chebyshev polynomial, and u is the 2nd
order Chebyshev polynomial.

The eigenvalues associated with a cycle with V = {x1, . . . xn}, 0 = λ0 ≤ λ1 . . . ≤ λn
are given by:

λl = 4 sin2

(
πl

n

)
, l = 1, . . . , n− 1

The orthonormal eigenfunctions corresponding to these eigenvalues are:

ul(xi) =
a

n
cos
(

2πl(i− 1)
n

)
, l = 1, . . . ,

⌊
n

2

⌋
ul(xi) =

2
n

sin
(

2πl(i− 1)
n

)
,

⌊
n

2

⌋
+ 1, . . . , n− 1

where a = 1 if n is even and a = 2 otherwise. We also state that λ0 = 0 is the
smallest eigen value, and u0 = 1√

n
is it’s associated eigenfunction.

2. The expression for the normal derivative of the Green’s function

We compute the normal derivative:

∂G

∂η

(
(x, y), ·

)(
(n, j)

)
= G

(
(x, y), (n, j)

)
−G

(
(x, y), (n− 1, j)

)
.

It has been shown ([1]) that the Green’s function takes the following form:

n−1∑
l=1

Ḡl(y, t)uj(z)ui(x).

When l = 1, . . . , bn2 c, evaluating the Green’s function at (n, j) we arrive at:
bn

2 c∑
l=1

Ḡl(y, j)
a

n
cos
(

2πl(i− 1)
n

)
cos
(

2πl(n− 1)
n

)
.
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Then considering when l = bn2 c + 1, . . . , n − 1, evaluating the Green’s function at
(n, j) yields:

n−1∑
l=bn

2 c+1

Ḡl(y, j)
2
n

sin
(

2πl(i− 1)
n

)
sin
(

2πl(n− 1)
n

)
.

Now what we have found is that G((x, y), (n, j)) is the following expression:
bn

2 c∑
l=1

Ḡl(y, j)
a

n
cos
(

2πl(i− 1)
n

)
cos
(

2πl(n− 1)
n

)
+

n−1∑
bn

2 c+1

Ḡl(y, j)
2
n

sin
(

2πl(i− 1)
n

)
sin
(

2πl(n− 1)
n

)
.

We are required to evaulate G((x, y), (n− 1, j)), and then subtract the two expres-
sions to obtain the normal derivative of the Green’s function.

For G((x, y), (n− 1, j)) we have the expression:

bn
2 c∑
l=1

Ḡl(y, j)
a

n
cos
(

2πl(i− 1)
n

)
cos
(

2πl(n− 2)
n

)
+

n−1∑
bn

2 c+1

Ḡl(y, j)
2
n

sin
(

2πl(i− 1)
n

)
sin
(

2πl(n− 2)
n

)
.

The final expression for the normal derivative of the Green’s function then becomes
the differene of equations (1) and (2) respectively:

−2a
bn

2 c∑
l=1

Ḡl(y, j)
n

cos
(

2πl(i− 1)
n

)
sin
(
πl(2n− 3)

n

)
sin
(
πl

n

)
+

4
n−1∑
bn

2 c+1

Ḡl(y, j)
n

sin
(

2πl(i− 1)
n

)
cos
(
πl(2n− 3)

n

)
sin
(
πl

n

)
.

�

Encinas [3] and Carmona [4] give a simplification of this expression that we will
use. The simplification for the eigenfunctions is as follows:

For n odd we have:

u0(xi) =

√
1
n

ul(xi) =

√
2
n

cos
[

2π(n− l)(i− 1)
n

]
; l = 2, . . . ,

⌊
n

2

⌋
ul(xi) =

√
2
n

sin
[

2π(n− l)(i− 1)
n

]
; l = 2, . . . ,

⌊
n

2

⌋
=

√
2
n

sin
[

(2πl)(i− 1)
n

]
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For n even we have:

u0(xi) =

√
1
n

ul(xi) =

√
2
n

cos
[

2πl(i− 1)
n

]
; l = 2, . . . ,

⌊
n

2

⌋
− 1

ubn
2 c(xi) =

√
1
n

cos
[
π(i− 1)

n

]
= (−1)i−1

√
1
n

ul(xi) =

√
2
n

sin
[

2π(n− l)(i− 1)
n

]
= −

√
2
n

sin
[

2πl(i− 1)
n

]
; l = 2, . . . ,

⌊
n

2

⌋
− 1

Now we simplify the eigenvalues for n odd we have:

λl = 4 sin2

(
lπ

n

)
; l = 2, . . . ,

⌊
n

2

⌋
λn−l = 4 sin2

(
π(n− l)

n

)
= 4 sin2

(
π − πl

n

)
= 4 sin2

(
πl

n

)
; l = 2, . . . ,

⌊
n

2

⌋

And for n even we have:

λl = λn−l = 4 sin2

(
lπ

n

)
; l = 2, . . . ,

⌊
n

2

⌋
λn

2
= 4

Next using these simplifications for the eigenfunctions and eigenvalues we may
rewrite the Green’s function in terms of these simplifications. For n odd the Green’s
function becomes:

G((xi, yh), (xj , yk)) =
1
n
G(yh, yk) +

2
n

bn
2 c∑
l=1

Gλl
(yh, yk) cos

(
2πl(i− j)

n

)

For n even we have:

G((xi, yh), (xj , yk)) =
1
n
G(yh, yk)+

(−1)i−j

n
G4(yh, yk)+

2
n

bn
2 c−1∑
l=1

Gλl
(yh, yk) cos

(
2πl(i− j)

n

)
Now we write the Green’s function for every n:

G((xi, yh), (xj , yk)) =
1
n
G(yh, yk) +

2
n

bn
2 c∑
l=1

Gλl
(yh, yk) cos

(
2πl(i− j)

n

)
+

(−1)i−j+1[1 + (−1)n]G4(yh, yk)
2n

�
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Now that we have the simplified form of the Green’s function we may obtain the
normal derivative of said function:
∂

∂η
G(xi, yh)(xn, yk) = G((xi, yh), (xj , yk))−G((xi, yh), (xn−1, yk))

=
2
n

bn
2 c∑
l=1

Gλl
(yh, yk)

[
cos
(

2πl(i− n)
n

)
− cos

(
2πl(i+ 1− n)

n

)]
+

[1 + (−1)n]
n

(−1)i−n+1G4(yh, yk)

If we use the trigonometric identity cos a − cos b = 2 sin ((a+ b)/2) sin ((a− b)/2)
we arrive at the final expression for the normal derivative is:

∂

∂η
G(xi, yh)(xn, yk) = G((xi, yh), (xj , yk))−G((xi, yh), (xn−1, yk))

=
4
n

bn
2 c∑
l=1

Gλl
(yh, yk) sin

(
πl

n

)
sin
(
πl(2i+ 1)

n

)
= (−1)i−1 [1 + (−1)n]

n
G4(yh, yk)

Thus we have obtained the normal derivative of the Green’s function.
�
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