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Abstract. Proofs that the Race Track graph in [1] is 2 to 1, the Pseudo 2 to
1 graph is 1 to 1, and the (3,3)-torus in [1] is 64 to 1 are provided so as to
demonstrate the procedure of showing that a graph’s response matrix can have
a certain number of sets of postivie conductivities.
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1 Preliminaries

Definition 1. When referring to a graph, G, we mean a connected, undirected,
finite graph with no loops along with a vertex set V that can be partitioned into
two disjoint subsets, V;,; and 9V, where vertices in V;,; are represented by
an open dot and vertices in 9V are represented by a black dot. JV is always
nonempty.

Definition 2. Suppose F is the set of edges in a graph. A conductivity on a
graph G is a function v: E—R™T that assigns to each edge, e, in a graph to a
positive real number, v(e).

Definition 3. A resistor network, I' = (G,7), is a graph, G, with a conduc-
tivity function, ~.
Definition 4. Suppose I' = (G, ) is a resistor network with n vertices (v, va, ...vy,).

Then the Kirchhoff Matriz of T = (G,~) is an n x n matrix, K, with entries
defined as

K__{%ij if i # 7,
" =iz Vi ii=,



where

Yij = Z (e)
all edges e joining v; to v;

Note that if there doesn’t exist a direct edge between v; and v; in G, then
vi; = 0.
Here are some notable characteristics of the Kirchhoff Matrix.
1. vi; >0, Vi # j (ie. off-diagonal entries are always positive or 0)
2. Row sums are 0.
3. K is symmetric.

Definition 5. Suppose I' = (G, ) is a resistor network with n vertices (v, va, ...v5,)
where m of them are boundary vertices. The response matriz of ' = (G, ) is
an m x m matrix, A, defined as

A=A—-BC'BT

where A, B, and C are submatrices obtained from the Kirchhoff Matrix in the
following fashion.

Submatrices of the Kirchhoff Matrix used in obtaining the Response Matrix

A is an m x m submatrix, and C'is an (n —m) x (n—m) submatrix. C' is shown
to be invertible in [3]. Entries of A are designated as A;;.

Here are some notable characteristics of the Response Matrix. Note how they
are identical to the characteristics of the Kirchhoff Matrix.

1. Aij >0, Vi # j (i.e. off-diagonal entries are always positive or 0)

2. Row sums are 0.

3. A is symmetric.



Given a response matrix, A, and a graph, G, is it possible to recover all the
conductivities of the edges, «, in the graph, G, that created the response ma-
trix? This is known as the inverse problem for resistor networks.

Definition 6. Let n > 1. A graph is n to 1 if there are n unique sets of positive
conductivities for the edges that correspond to its response matrix. Note that if
G is 1 to 1, then G is uniquely recoverable (i.e. there is only one set of positive
conductivities for the edges that corresponds to the response matrix).

In this paper, we will specifically focus on graphs built out of 4-stars and a tech-
nique for determining whether or not a graph built out of 4-stars is uniquely
recoverable. If it is not uniquely recoverable, we will be able to tell how many
sets of positive conductivities for the edges are valid for its response matrix.

Definition 7. An n— star is a graph with n boundary vertices and one interior
vertex, where each boundary vertex is connected by a single edge to the interior
vertex and there are no other edges.

A 4-star

Definition 8. A complete graph on n vertices, denoted K, (so as to distinguish
it from the Kirchhoff Matrix, K), is a graph with n boundary vertices, no interior
vertices, and a single edge connecting every pair of vertices.

A complete graph on 5 vertices, K5

Definition 9. A Star — K Transformation (also known as ”interiorizing”)
takes a n-star and creates a complete graph from it with the interior vertex
removed.



Example 1. Here is an example of a 4-star going through a Star-K Transfor-
mation to form a complete graph.

A 4-star undergoes a Star-K Transformation to form the complete graph, Kjy.

How would we apply a Star-K Transformation to a graph composed of multiple
n-stars? Perform a Star-K Transformation on each n-star in the graph and then
connect the results.

Example 2. Here is an example of two 4-stars going through a Star-K Trans-
formation.

A double edge is formed by connecting two 4-stars that have undergone Star-K
Transformations.

Definition 10. The R — Multigraph is the complete graph formed after per-
forming a Star-K Transformation on a graph composed of n-stars. Edges in the
R-Multigraph also have their own conductivities labeled as fi;;.



Definition 11. The R — Matriz is a matrix that stores the values of the j;;’s
on the R-Multigraph. If a multiple edge occurs in the R-Multigraph, the R-
Matrix separates the multiple edges by storing both values in a set as the entry
in the matrix. This differs from the response matrix since a multiple edge in
the R-Multigraph results in a sum of their conductivities as the entry in the
response matrix. When there is only a single edge in the R-Multigraph, the
response matrix and the R-Matrix will share the same entry. See [2] for an
example.

Definition 12. Given the following 4-star with its conductivities, we perform
a Star-K Transformation on it.

0 1
0 1
Ro,1
Yo T v
Mo M3
T2 73
2 3 2 a3 3

v; is the conductivitiy of the edge connecting ¢ to the interior vertex in the
4-star. p;; is the conductivity of the edge connecting ¢ and j in the
R-Multigraph.

The Quadrilateral Rule states that

Mo, 12,3 = [H0,2M1,3 = H0,3/1,2

According to [3], pi; = 222 where o is the sum of all conductivities of edges in
the 4-star. Thus, the quadrilateral rule holds since

(00 3208y (D002 TSy g g = (205 (L2

g g (2 g g g

) = Ho0,311,2

Ho,1H12,3 = =
According to [4], if the resistor network T is already its own complete graph,
then the response matrix of I' is easily calculated. An entry \;; of the response
matrix is directly equal to the conductivity of the edge connecting vertices v;
and v; in the resistor network.

If the resistor network is not a complete graph, then there exists some com-
plete graph, say K,, whose edge conductivities, p;;’s, can be used to calculate
the entries, \;; of the response matrix of the resistor network. We say that the
resistor network is response equivalent to the complete graph K.



Theorem 1. Suppose that the resistor network I' is a graph composed of n-
stars. Let K, be the complete graph obtained by performing a Star-K transfor-
mation on I'. Then T is response equivalent to the complete graph K, iff the
conductivities on K, satisfy the quadrilateral rule.

Proof. See [4]. O

Suppose we are given a resistor network composed of n-star(s) and wish to find
the conductivities of its edges. We apply a Star-K transformation to obtain
the complete graph. If we can parametrize our response matrix (choosing cer-
tain values for some \;;’s) such that the conductivities in the complete graph
satisfy the quadrilateral rule, then, by Theorem 1, our resistor network would
be response equivalent to the complete graph. By [2], this means that if there
only exists one edge between two vertices 7 and j in the complete graph, the \;;
entry in the response matrix is directly equal to the conductivity of the edge
joining ¢ and j in the complete graph. However, we must exercise caution in the
cases where are multiple edges between two vertices. Suppose there are multi-
ple edges joining the vertices ¢ and j in the complete graph. In this case, the
Aij entry in the reponse matrix is the sum of the conductivities of all multiples
edges connecting ¢ and j in the complete graph.

Knowing only the sum of edges in the complete graph is not enough to recover
conductivities of the edges of the resistor network. It is necessary to obtain the
conductivities of each separate edge in the complete graph. See equation 2 in
[2] for a formula that acquires the conductivities of the edges in the graph of
the resistor network from the conductivities of edges on the complete graph.
However, this equation is more difficult to use if the edges of the complete
graph have negative conductivities. Thus, we will use the general formula in
[5] in these instances. If our response matrix can only recover 1 set of positive
conductivities for the resistor network, our resistor network graph is said to be
uniquely recoverable (1 to 1). However, if our response matrix can recover mu-
tiple working sets of positive conductivities, the resistor network is not uniquely
recoverable. We say that a graph for a resistor network is n to 1 if there are n
sets of positive conductivities valid for a single response matrix.



2 The Race Track graph

Example 3. Consider the Race Track graph in [1].

We shall prove that it is is 2 to 1. In other words, we want to show that there
exists two sets of positive conductivities that are valid for its response matrix.

Proof. We begin by labeling the graph’s vertices.

A redrawing of the Race Track graph by careful examination of the hidden stars
might be beneficial before a Star-K Tranformation. For example, there is a 4-
star on the left formed by the interior vertex 10 and the boundary vertices 0, 2,
6, and 8.



The Race Track graph Redrawn



We perform a Star-K transformation on the redrawn Race Track graph.

The R-Multigraph of the Race Track graph

We will assume that the conductivities of the edges in the R-Multigraph satsify
the quadrilateral rule. By Theorem 1, the resistor network is response equivalent
to the R-Multigraph. By the definition of response equivalent, this would mean
that the \;; entry in the response matrix is directly equal to the conductivity
of the edge joining 7 and j in the complete graph if there only exists one edge
between two vertices ¢ and j. If there exists two edges connecting ¢ and 7, the
Aij entry in the reponse matrix is the sum of the conductivities of the two edges
connecting i and j in the complete graph. This is what the author of [2] refers
to as the ”"response matrix condition.”

To find the conducitivities of edges in the resistor network, we need the con-
ductivities of each edge in the R-Multigraph. We shall label the edges in the
double edges with f;’s.



R-Multigraph

To start, assume fo(2) = x. From there, one can determine equations for all the
fj(z)’s knowing that the response matrix condition and quadrilateral rule must
be satisfied by our assumption. We obtain the following system of equations

fo(iU) =T

fi(z) = ’\}’02(;”)’3 by quadrilateral rule (Ao3A12 = fo(z)f1(z))

fz(‘r) = Al}?o),\lod

fa(z) = Aa3— fa(2) by response matrix condition (A2 3 = f3(x)+ fa(x))
fa(z) = /\?;(/f\ra)ys

fs(z) = §4,5A— fa(x)

B =

fr(z) = Aoz — fo(z) = 7552

At this point, it is realized that fo(z) is completely determined by our choices
for A1.2, Xo,3, and Ag 1 . Similarly, f7(x) is completely determined by our choices
for A7,s, A¢,9, and Ag 9. However, once f7(x) is known, it is easy to obtain fg(z)
by using the response matrix condition f7(z) = X¢7 — fe(x). Once fs(z) is
known, it is easy to obtain f5(z) using the quadrilateral rule fg(x) = ’\‘;;56();5)’7
and our choices for Ay ¢ and X5 7. We continue this process to obtain f4(z)
and f3(x). Thus, fo(z) to f7(x) can be easily determined after certain \;;’s
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are chosen. These edges will be relabeled in blue. f;’s will also be completely
relabeled.

Relabeled R-Multigraph

Assume fo(xz) = = and determine equations for all the f;(x)’s knowing that
the response matrix condition and quadrilateral rule must be satisfied. Note
that although it may not be clear from the picture, there are 2 edges between
vertices 0 and 2. We will also include the sign of the derivative for each f;(x).
The purpose of this will be made clear later.

Sign of Derivative Equation

+ folz) = A \

- Nl@) = TFay

+ fa(x) = Aoz — fi(z)
- fs(x) = A(};(/}tlf

+ fa(z) = A3 — fa(z)
_ f5(l‘) A}7()\3 9

+ fo(z) = A9 — f5()
- o) = s

Suppose x is a value such that f;(x) is non-positive. Using f;(zo) in the
equation for obtaining conductivities of the edges in the resistor network from
the conductivities of edges in the complete graph may yield negative values or
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0. But 7;>0. Thus, all f;(x)’s must be positive. This restricts the range of
values that can be chosen for certain A;;’s. This will be examined in greater
detail.

Recall we want to prove that there exists two sets of positive conductivities
for a single response matrix. Due to the equation for obtaining conductivities
of edges in the resistor network from the conductivities of edges in the complete
graph, there needs to be two sets of positive f;(x)’s. To find these two sets of
positive f;(x)’s, consider

N(x) = fo(z) + fr(x) = 2 + fr(2) = Xes

Examining the behavior of ¥(x) will reveal whether or not there are two sets of
positive conductivities.

Assume that f7(x) is a linear term over a linear term. Thus, lim, . 3(z) =
lim, 00  + f7r(x) = co. Similarly, lim,_,_~ X(x) = —0co. Due to the assump-
tion, a horizontal line can only cross ¥ (z) 0, 1, or 2 times throughout the whole
graph.

Denote the singularity of f7(z) as yo. Any singularity of f7(z) is also a sin-
gularity of ¥(x). It is explained in [1] why ¥(x) must have a positive singu-
larity, and since we only have yg as the singularity for ¥(x), yo must be positive.

Y (z) is heavily dominated by f7(z) near its singularity, yo. Since f7(x) has

a negative derivative, X(z) must have a negative slope close to yo. Thus, we
have the following possible graph for 3(x).

12



2 7
SECTOR I SECTOR II

AN

Yo

Behavior of Sigma

We call the area to the right of yo Sector II and the area to the left Sector I.
Note that, at this point, this may not be the exact graph of X(z). We do not
know if X(z) is ever actually positive in Sector I. There is also the possibility
that ¥(z) may have some negative values in Sector II.

To prove that the Race Track graph is 2 to 1, we must show that there ex-
ists a positive Ag s (represented by a horizonal line) which crosses X(z) exactly
two times and both times within the same sector. The crossings must also occur
in the same sector for which all f;(x)’s are positive. ([2])

From observation of the graph of ¥(z) above, one can draw a positive hori-
zontal line representing A\ s in such a way that it crosses X(z) only twice and
in the same sector. We will suppose that these two crossings occur at xy and
r1 where ro<wq.

SECTOR I SECTOR II

A N\ s

Xo Xy

Behavior of Sigma
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Note that in Sector I, we have no guarantee that the positive horizontal line
represeting Ag s would ever cross X(x) because we don’t know if X(z) will ever
actually be positive in Sector I.

What remains left to show is that all f;(z)’s are positive in Sector II.

Obviously, fo(z) = x is positive in Sector II since the x’s in Sector IT are
positive (recall yq is positive). If fy(x) is positive in Sector II, it follows that

filz) = A(;;Oﬁ();)*s is positive in Sector II also since \;;’s are positive.

Recall that fao(x) = Ao2 — fi(z). We can choose our Ag 2 in such a way that
f2(z) will be positive in Sector II. Suppose z is the root of fao(x) = g2 — f1(z).
Then fa(z0) = X2 — f1(20) = 0. In order for fu(z9)>0, we need Ao 2> f1(20).
Let Xo2 = fi(20) + Co,2 where Cp o is some positive number. By substitution,
fa(x) = do2 = fi(z) = (f1(20) + Co2) — fi(x). Now fi(z) has a negative slope
because of its negative derivative. Thus, fi(z0)>f1(z) if zo<z. Let’s choose
20 = Yo, the singularity of X(x). Then f1(yo)>f1(z) if yo<z. So, if we restrict
our z to be on the right of yg, then fa(z) = f1(yo) — f1(z) + Co2>0 (recall Cp 2
is positive). So, by choosing Mg 2 to be fi(yo) + Co,2, we have guaranteed that
f2(x) will be positive in Sector II.

It might be questionable to the reader as to why one might need to add Cj
into A2 since fao(x) would be positive in Sector II anyway without Cp 2. How-
ever, if \g2 = fi1(yo), this will create a problem in calculating the first term,
I5(wo), in fe(z) = f5(yo) — f5(x). To calculate f5(yo), one would need f4(yo)
since f5(z) = 3;47(23)’9. To calculate f4(yp), we would need f3(yp) since f4(z) =

A1,3 — fa(x). To obtain f3(yo), f2(yo) is needed since f3(x) = )‘(}:23();1)'2. However,

if Ao2 = fi(o), then fa(yo) = Xo2 — fi(vo) = fi(yo) — fi(yo) = 0. But, if
f2(yo) = 0 then f3(yo) would have a 0 in its denominator. Thus, to avoid such
an issue, we let Ao 2 = f1(20) + Co,2 where Cp 2 is a positive number.

In general, we add a C;; to a )\;; when choosing the \;; in such a way to
make a f;;(x) positive in a certain sector. However, we do not add a C;; to a
Aij when we are creating a singularity for a f;;.

If fo(x) is positive in Sector II, it follows that f3(x) = ’\‘}237&1)2 is positive in
Sector II also since A;;’s are positive.

Recall that fi(z) = A1 3 — f3(x). We can choose our Ay 3 in such a way that
fa(z) is positive in Sector II. Suppose z; is the root of fi(x) = A1 3 — f3(x).
Then f4(21) = )\173 — fg(Zl) = 0. In order for f4(2’1)>0, we need )\173>f3(21).
Let A1 3 = f3(z1) + C1,3 where C 3 is some positive number. By substitution,
fa(z) = M3 — fs(x) = (fs(z1) + C1,3) — f3(z). Now f3(x) has a negative slope
because of its negative derivative. Thus, f3(z1)>f3(z) if z1<z. Let’s choose
21 = yo, the singularity of X(x). Then f3(yo)>f3(x) if yo<z. So, if we restrict
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our = to be on the right of yo, then fi(z) = f3(yo) — fa(z) + C1,3>0 (recall
(4 3 is positive). So, by choosing A1 3 to be f3(yo) + C1,3, we have guaran-
teed that f4(x) will be positive in Sector II. The reasoning as to why we choose
to add C' 3 into Ay 3 is similar to the reasoning as to why we added Cp 2 into Ag 2.
If fa(x) is positive in Sector II, it follows that fs5(x) = %&?’)9 is positive in
Sector II also since \;;’s are positive.

Our choice of yo as the singularity of X(z) will determine A7g. Since yo is

the singularity of f7(x) = ’\}:&6)'9, fo(yo) = 0. Now fg(x) = A79 — f5(x). So

fe(yo) = Ar9 — f5(yo) = 0. Thus, A\r9 = f5(yo). By substitution, fs(z) =
J5(yo) — fs(x). So, in order for fg(x)>0, we need f5(yo)>f5(x). Now f5(x)
has a negative slope because it has a negative derivative. Thus, f5(yo)>f5(z) if
yo<x. Thus, fs(z) is positive in Sector II. It follows then that fr(x) = A7,806,0

fe()
is positive in Sector II also since \;;’s are positive.

Thus, all f;(z)’s are positive in Sector II. The Race Track graph is 2 to 1. O
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Let’s attempt to create a 2 to 1 graph by choosing appropriate A;;’s using the
Race Track graph. We will use the algorithm outlined in [2].

Step 1: Pick a positive value, yg, to be the singularity of f7(z). This will
also be the singularity of X(x). Let yo be 3.

Step 2: Choose values of the \;;’s in the quadrilateral to uphold the quadrilat-
eral rule. We will label the blue edges as A, B, C, D, E, and F. By using our
choices for A;;’s, we can obtain values for these edges. After substitution, we
obtain a new set of equations for our f;(z)’s.

R-Multigraph of the Race Track

By the quadrilateral rule

fo(z)fi(x) = AoeAe,s = Aashos
Choose >\0,6 = 1, )\2,3 = 1, and )\2,6 = 1. This forces )\078 =1.

By the quadrilateral rule

Jr(x) fo(x) = FAgg = X6 9A78
Choose g9 =1, Ag 9 =1, and Ay g = 1. This forces F' = 1.

By the quadrilateral rule
Ja(x) fs5(x) = A7 A39 = Az 719
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Choose A1 7 =1, A3 9 =1, and A37 = 1. This forces A\ g = 1.

By the quadrilateral rule

fa(x) f3(x) = Mo1 A = Ao 3Ai2
Choose \g;1 =1, Mg 3 =1, and A\; 2 = 1. This forces 4 = 1.

Now F' =1, and by the response matrix condition, £ = Xg7 — F = A\g 7 — 1. If
we choose A\ 7 = 1, then E = 0, but we must have positive conductivities. So,
let’s choose A7 = 2. Thus, E = 1.

By the quadrilateral rule, D = % Since £ =1, D = % = A5.6A4,7.
Let’s choose A5 6 = 1 and Ay 7 = 1. Thus, D = 1.

Now D =1, and by the response matrix condition, C = Ay 5 — D = Ay 5 — 1. In
order to have positive conductivities, As5>1. So, let’s choose Ay 5 = 2. Thus,
C=1.

By the quadrilateral rule, B = %
A2s =1and A34 = 1. Thus, B = 1.

= A25A34 since C = 1. Let’s choose

Now, by the response matrix condition, A = Ay 3 — B. We already know that
A =1and B =1. This forces A\p 3 = 2.

By the quadrilateral rule
DE = My 6A5,7 = As.6M4,7

We already know that D =1, E =1, A5 = 1, and Ay 7 = 1. This forces
A16X5,7 = 1. Let’s choose Ay =1 and A5 7 = 1.

By the quadrilateral rule
BC = X ad35 = A34M25

We already know that B = 1, C = 1, A34 = 1, and Ay 5 = 1. This forces
A24A35 = 1. Let’s choose Ap 4 =1 and A3 5 = 1.

Now we can substitute and obtain a new set of equations for our f;(x)’s.

Sign of Derivative Equation

+ folz) ==

N h (x) = fo%m)

+ fa(x) = Xo2 — fi(x)
- fg(l‘) = @

+ fa(@) = Az — f3(2)



- f5(@) = 715
fo(x) = A79 — f5(x)
- Flo) = 7

+

Step 3: Obtain the other \;; values that were determined by our choice of
singularity for ¥(z) and by making f;(x)’s positive in Sector II (the region to
the right of yo = 3).

We have established that in order for fo(z) to be positive we need Ag2 =
f1(yo) + Co.2 where Cy o is some positive number. Let Cy o = 1. Since yy = 3,
2= i8)+1=31+1=3.

We have established that in order for fy(z) to be positive we need A\ 3 =
f3(yo) + C1.3 where C4 3 is some positive number. Let Cy 3 = 1. Since yg = 3,

Mis=fs(3)+1=1+1=2

We have established that in order for yo to be the singularity of ¥(z), A7 9 =
f5(y0). Since yo =3, A\79 = f5(3) = 1.

After substitution, we obtain a new set of equations for our f;(z)’s.

Sign of Derivative Equation
’ fo(z) ==

- fi(z) = %

+ folw) =4 -1 = da=3

_ fa(z) = 2%

) fil@) =2- 25 = 55

+

+

6

Thus, ¥(z) = z + 2=

~ 5z—6

Step 4: Choose an z-coordinate for one of the two crossings between Ag g and
Y(z) in Sector II to determine A 5. Check if any f;’s are negative by this choice
of . Create the response matrix. For the specific z-coordinate chosen, create
the R-Matrix. Find the conductivities of edges in the Race Track graph corre-
sponsding to the choice of x-coordinate.
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We will choose = 4 for the z-coordinate for a crossing in Sector IL. All f;’s
are positive at x = 4.

Equation
fo(4) =4

fild) =13

f2(4) = 13
f3(4) = 13
f14) =15
f5(4) = 13
fo(4) = 1
f7(4) =14

Thus, ¥(4) = 44 14 = 18 = Xgg. This is a positive g s as required. Now
we have all the \;;’s we need, and using the fact that row sums are 0 and re-
sponse matrices are symmetrical, we can create the response matrix, A. Note
that A;; = 0 if there doesn’t exist a direct edge between vertices i and j in the
R-Multigraph.

(¢ 1 3 1 0 0 1 0 1 0]
1 -6 1. 2 0 0 0 1 o0 1
31 =2 2 1 1 1 0 1 0
1 2 2 -8 1 1 0 1 0 1
A0 0 1 1 -6 2 1 1 0 0
o o0 1 1 2 -6 1 1 0 0
1 0 1 0 1 1 =25 2 18 1
o 1 o0 1 1 1 2 =8 1 1
1 o 1 0 0 0 18 1 -22 1

o 1 o0 1 0 0 1 1 1 =5

The response matrix of the Race Track graph
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For x = 4, we have the following R-Matrix.

=38 1 {5} 1 0 0 1 0
1 —6 1 12 = 0 0 0 1
e R (1) S S S S
1 2,48y {11} -8 1 1 0 1
ro| O 0 1 1 -6 {11} 1 1
0 0 1 1 {1,1} -6 1 1
1 0 1 0 1 1 -25  {1,1}
0 1 0 1 1 1 {11} -8
1 0 1 0 0 0 {414} 1
L0 1 0 1 0 0 1 5o

The R-Matrix corresponding to z =4

Since the conductivities of all edges in the complete graph are positive for z = 4,
we can easily use equation 2 in [2] to obtain the conductivities of edges (7;’s) in
the Race Track graph.

%’ZO@E Qo
m

[ Mhi ik
o; = —
Mg,k

Note that 4, j, and k are vertices all within the same quadrilateral, and )", .,
is the sum of all the «,,’s in the quadrilateral. Let us figure out the conductivities
of edges in the Race Track graph using the first quadrilateral.

where

Quadrilateral One and the 4-star compared to it

an = Ho,2M0,3 __ %*1 _ 13
0= h2s T~ V12

Note that o = ,/% and ag = , /H22E%L gl work too. Also, oo = f2(4)

H3,1
and p23 = A =1 since we are looking at only the first quadrilateral.
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— [poams _ /12
o = wos \/ 13
— Ho.2H2,3 13
Q2= T 12
_ H1,3/42,3 _ 12
A= T \V 13
Since ),y is the sum of all the a,’s in the quadrilateral,

Zam:a0+o¢1+a2+a3:
m

V13v12
Thus, we have the following conductivities for the edges in the Race Track graph.

_ _ /13 50 __ 50
’YO—aOZmam— ﬁ(\/ﬁ\/ﬁ)_ﬁ

lezalZmam: %(\/ﬁ
5

v2 =022, am =\ 12 Umyrs) T T2

Y3 =Q3 ), Qn = 13(@@)—

50/12 50/12
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We repeat this process for all the quadrilaterals (six total) and obtain all the
conductivities of the edges in the Race Track graph corresponding to x = 4.

50/12 50/12

The Race Track graph with conductivities corresponding to x = 4

Step b: Determine the x-coordinate for the other crossing. Plug this x into the
equations for the f;(x)’s and note if any are negative. For this 2nd z-coordinate,
create the 2nd R-Matrix. Find the conductivities of edges in the Race Track
graph corresponsding to this z-coordinate.

When is () = Xg,s? Solving for z in $(z) = z + 3= = g g = 18 reveals two
solutions: 4, as expected, and 12.
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2o =18

SECTOR I SECTOR I

N

Graph of Sigma crossing A\ g at 4 and 12

Plugging 12 into the f;(x)’s shows that all the f;(x)’s are positive at this 2nd
crossing.

Equation
fo(12) =12
£1012) = 35
f2(12) = §
f3(12) = 4
f1(12) = ¢
f(12) =%
fo(12) = §
f7(12) =6
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For x = 12, we have the following R-Matrix.

=16 1 15
3 127 4
1 —6 1
fy 1 =
1 {58 Ly
0 0 1
B=1 0 1
1 0 1
0 1 0
1 0 1
.0 1 0

{
{

1

)

— Ol

)

D — v

— O = O

}
}

0 0

0 0

1 1

1 1

6 {1,1}
1,1} -6

1 1

1 1

0 0

0 0

1
0
1
0
1
1
—25
1,1}

{12,6}
1

The R-Matrix corresponding to z = 12

0 1
1 0
0 1
1 0
1 0
1 0
1,1} {12,
—8 1
1 -2
2.5y 1

We obtain the conductivities for the edges in the Race Track graph correspond-
ing to = 12 using equation 2 in [2].

185 1815

The Race Track graph with conductivities corresponding to z = 12

Thus, with one single response matrix, we can obtain two sets of positive con-
ductivities for the edges in the Race Track graph.
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3 The Pseudo 2 to 1 graph

Example 4. Consider the Pseudo 2 to 1 graph.

The Pseudo 2 to 1 graph
Note the edge connecting vertices 6 and 1.

We will show that there exists a way to draw a positive horizontal line repre-
senting Ag,1 such that it crosses the graph for X(z) twice but in two different
sectors where in one sector, all fj(z)’s are positive, and in the other sector, at
least one f;(x) is negative. In addition, the z-coordinates of the crossing points
are both positive.

We begin by performing a Star-K Transformation on the Pseudo 2 to 1 graph
to obtain its R-Multigraph.

I

The R-Multigraph of the Pseudo 2 to 1 graph

Once again, assume that fo(z) = 2 and determine equations for all the f;(z)’s
knowing that the response matrix condition and quadrilateral rule must be sat-
isfied.
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Sign of Derivative Equation

+ fo(z) ==z

- i) = e

+ fa(z) = Aoz — fi(x)
- fa(x) = Aisfyzs(?)’4

+ fa(x) = A5 — fa(x)
- f5(x) = A?ALG(ZO)A

+ fe(x) = Aoe — f5(2)
+ f7(33) _ f6()9\00)i1 7

- fs(x) = Aig — fr(2)
+ folw) = Lo
Consider

E(x) = folx) + fo(x) = w + fo(z) = Aoa

Examining the behavior of ¥(x) will reveal why there is only one set of conduc-
tivities that can be considered.

Assume that fg(x) is a linear term over a linear term. Thus lim, . X(z) =
limg 00  + fo(x) = co. Similarly, lim,_,_~ X(x) = —0o. Due to the assump-
tion, a horizontal line can only cross X (z) 0, 1, or 2 times throughout the whole
graph.

Suppose g is the singularity of fo(z). Thus, it is also a singularity of %(x).
Since this is the only singularity of ¥(z) and there must always exist a positive
singularity for X(z) by [1], yo is positive.

Y(x) is heavily dominated by fo(x) near its singularity, yo. Since fo(z) has

a positive derivative, 3 (x) must have a positive slope close to yo. Armed with
this knowledge of 3(x), let’s try to graph it.
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SECTOR 1 SECTOR II

Yo

Graph of ¥(z)
Note that this may not be an exact graph of X(z).

For now, we shall call the area to the right of yy Sector II and the area to the
left Sector I.

From observation of the graph of X(z), there exists a way to draw a positive
horizontal line representing Ag 1 such that it crosses the graph for ¥(x) twice.
However, every such horizontal line will always cross ¥(z) in two different sec-
tors. So, we know that the Pseudo 2 to 1 graph is at most 1 to 1. To prove that
the Pseudo 2 to 1 graph is 1 to 1, we need to show that all f;(z)’s are positive
in a sector where a crossing occurs.

SECTOR I SECTOR II

oy

Graph of ¥(z) with Ao
Note that this may not be an exact graph of X(z).

Recall that yg is positive since at least one singularity must be positive by
[1]. Thus, fo(z) = x is positive also to the right of yo. It follows then that

filz) = /\},03(2%,2 is positive to the right of yo since A;;’s are positive. Thus, both

fo(x) and f;(z) are positive in Sector II.

Recall that fo(z) = Ao 3 — fi(x). We can choose our A2 3 in such a way that
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f2(x) will be positive in Sector II. Let zy be the root of fo(z). So fa(zo)
2.3 — f1(20) = 0. So, in order for fa(z)>0, we need Ao 3>f1(20). Let o3
f1(z0) + C2,3 where C5 3 is some positive number. By substitution, fo(x) =
A2z — fi(z) = (fi(z0) + Co,3) — fi(x). Now fi(z) has a negative slope because
of its negative derivative. Thus, f1(zo)>f1(x) if zo<z. Let’s choose zy = yo, the
singularity of ¥(x). Then fi(yo)>f1(z) if yo<wz. So if we restrict our = to be on
the right of yo then fo(x) = f1(yo0) — f1(z) + C2,3>0 (recall Cy 3 is positive). So,
by choosing As 3 to be fi1(yo) + Ca,3, we have guaranteed that fo(z) will be posi-

tive in Sector II. It follows then that f5(z) = )‘3’525(’\;)’4 is positive to the right of yq

also since \;;’s are positive. Thus, both f>(z) and f3(z) are positive in Sector II.

Our choice of yy as the singularity of X(z) forces A\y5 to be a certain value.

Note that fo(x) = % has a singularity when fs(z) = Aos — f5(z) has a

by
singularity when f5(x) = Ajf(zo)"‘ has a singularity when fy(x) = 0. Since yo

is the value such that fi(yo) = Aa5 — f3(yo) = 0, Aa5 = f3(yo). By substitu-
tion, fa(x) = f3(yo) — f3(x). So, in order for fy(x)>0, we need f3(yo)>f5(x).
Now f3(x) has a negative slope because it has a negative derivative. Thus,
f3(yo)>f3(x) if yo<z. Thus, f4(x) is positive to the right of yo. It follows then
that f5(x) = 2s5.0%0.4 g positive to the right of yy also since A;;’s are positive.

fa(x)
Thus, both f4(z) and f5(x) are positive in Sector II.

Recall that fs(z) = Aoe — f5(x). We can choose our Ay in such a way that
fo(x) will be positive in a slightly smaller portion of Sector II. Let z; be the
root of fg(x). So fe(z1) = Mo — f5(z1) = 0. So, in order for f(z1)>0, we need
X0,6> f5(21). Let Mo = f5(21) + Co6 where Cp ¢ is some positive number. By
substitution, fe(x) = Ao,6 — f5(x) = (f5(21) + Co,6) — f5(x). Now f5(z) has a
negative slope because of its negative derivative. Thus, f5(z1)>f5(x) if z1<x.
Let’s choose 21 = yo + €. Then f5(yo + €)>f5(x) if yo + e<z. So if we restrict
our = to be on the right of yo + € then fo(x) = f5(yo +€) — f5(z) + Co6>0
(recall Cy g is positive). Let’s readjust Sector II so that it is the area to the
right of yo + €. So, by choosing Ag ¢ to be f5(yo + €) + Co 6, we have guaranteed
that fg(z) will be positive in Sector II. It follows then that f7(z) = fol@Arr

Ao,7

and fo(z) = % are positive to the right of yg + € also since \;;’s are pos-
itive. Thus, fs(z), f7(x), and fo(x) are positive in Sector II. Note that fo(x),
fi(x), fa(z), fs(z), fa(z), and f5(z) will still be positive in Sector I despite

this readjustment since yo<yo + €.
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SECTOR 1 SECTOR II
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Graph of X(z) with readjusted Sector II

It might be questionable to the reader as to why one might need z; = yo + ¢
instead Of Z1 = Yo. SllppOSG 21 = Yo- Then >\(),6 = f5(21) + C()’(j = f5(y()) + C()’G.

A5,600,4

But in order to calculate f5(yg) = s we need fy(yo). But fa(yo) =

Ass — f3(yo) = f3(yo) — f3(yo) = 0 (recall that Ay 5 = f5(yo)). But that would
mean that f5(yo) would have a 0 in the denominator. To avoid this issue we
add an € to z7.

Typically, we will need to add or subtract the root of a f;(z) by an epsilon
if the f;(z) is after another f;(x) that contains a \;; that is forced to be a
certain value by our choice of singularity for ¥(z) and before another f;(z) that
is a term of ¥(x). In this specific example, epsilon is added to z;, the root of
fo(z), and fs(z) is after fy(z), an equation that contains A4 5 which was forced
to be f3(yo) due to our choice of yg as the singularity of ¥(x) and before fo(x)
which is a term in X(z) = x + fo(x).

By the quadrilateral rule,

fo()A17 = fr(z) o7 = fo(x)Ne,7

Choosing fs(x), A7, A7, fo(x), and Ag 7 will force f7(z) to be a certain value.
Thus, one can easily choose a big enough A ¢ such that fs(z) = A\ ¢ — f7(2) is
positive to the right of yo + €.

Thus, all fj(x)’s are positive to the right of yo + €. So all fj(x)’s are posi-

tive in a sector where a crossing can occur, specifically Sector II. Thus, the
Pseudo 2 to 1 graph is 1 to 1.
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Let’s attempt to create a 1 to 1 graph by choosing appropriate A;;’s using the
Pseudo 2 to 1 graph.

Step 1: Pick a positive value, yo, to be the singularity of fo(x). This is also the
singularity of ¥(x). Let yo be 1.

Step 2: Choose values of the \;;’s in the quadrilateral to uphold the quadrilat-
eral rule. After substitution, we obtain a new set of equations for our f;(x)’s.

By the quadrilateral rule,

Jo(x)fi(x) = Ai3M0,2 = Aoz A2

Choose A13, A2, and Ao 3 = 1. This forces A 2 =1 too.

By the quadrilateral rule,

Ja(x) f3(x) = A3 5A2.4 = A3.4X25

Choose A3 5, Aa 4, and A3 4 = 1. This forces Ay 5 = 1 too.

By the quadrilateral rule,

Ja(@)f5(x) = As.6M0,4 = Ao5M46

Choose A5 6, A4, and Mg 5 = 1. This forces Ay ¢ = 1 too.

By the quadrilateral rule,

fo(x)A1,7 = fr(z)Xo,7 = Ne,7fo(7)
Choose A7 and Ag 7 = 1.

Now we subsitute to obtain a new set of equations for the f;(z)’s

Sign of Derivative Equation
+ folz) == )
- h@) =76
+ Jo(z =)\21,3—f1(33)
- f3(7) = 75
= A5 — f3(x)

I+
=
D

+ 1+
>
8
I
&
&
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Step 3: Obtain the other A;; values that were determined by our choice of
singularity for ¥(z) and by making f;(z)’s positive in Sector II (the region to
the right of yo = 1+ ¢). Also, after we have determined f7(x), choose a A1 ¢
such that fs(x) = A\ ¢ — fr(z) will be positive in Sector II.

We have established that in order for fa(z) to be positive we need Ag3 =
f1(y0) + C2.3 where Cy 3 is some positive number. Let Cy 3 = 1. Since yo = 1,
/\273:f1(1)+1=1—|—1:2.

We have established that in order for yo to be the singularity of X(z), Ay =
f3(yo). Since yo =1, Ay 5 = f3(1) = 1.

We have established that in order for fg(z) to be positive we need A\gg =
f5(yo +€) + Co,6 where Cp ¢ is some positive number. Let Cps = 1 and € = 0.1.
Since Yo = 1, )\0,6 = f5(1 + 01) +1=1+1=13.

After substitution, we obtain a new set of equations for our f;(z)’s.

Sign of Derivative Equation

+ folz) ==

- filz) =+

+ f2($)—2_%:2xx_1

- fg(ﬂ?) = 2$m71

+ fal@) =1—- 55 = 22111

- f5($) = 2;:11

: fola) = 13 - 225} = 1z
+ fr(z) = folo) = 5572

- fa(x) = Mg — fr(z) = Mg — 1512
+ folz) = fo(o) = 272

Let A1g = 100. So, fs(z) = A\,g — H2=12 = 100 — 22=12. Note that this

x x
choice keeps fs(x) positive in Sector II. Thus, we have the following equations

for the f;(x)’s.

Sign of Derivative Equation
+ fo(z) =z
- filz) =3
n falz) = 2m;1
- f3(2) = 75
+ fa(x) = &=
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+

Thus, X(x)

fo(z) = 2221
folw) = H=2
folw) = He=12
fs(z) = 100 — Llz=12

z—1

f9($) = 11;:112

_ 11z—12
=x+ =

Step 4: Choose an z-coordinate for the crossing between g1 and X(z) in Sector
IT to determine Ao ;. Check if any f;’s are negative by this choice of x. Create
the response matrix. For the specific z-coordinate chosen, create the R-Matrix.
Find the conductivities of edges in the Pseudo 2 to 1 graph corresponsding to
the choice of z-coordinate.

We will choose x = 6 for the z-coordinate for the crossing in Sector II. All
f;’s are positive at = 6.

Equation
fo(6) =6

f1(6) = §

f2(6) =5
f3(6) = £
f4(6) = 1
f5(6) = %
fo(6) = &
f7(6) = %
fs(6) = 43°
fol6) = 3

Thus, X(6) =6 + % = 8—54 = Ao,1. This is a positive Ay ; as required.
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Recall that by the quadrilateral rule,

fo()A17 = fr(x) o7 = X6 7fo(7)

We chose in Step 2 for Ay7 and Ag7 = 1. Since f6(6), f7(6), and fo(6) = 32, by

substitution, we have

This forces Ag7 = 1.

EE% *1 = EE% *4X077 =1x EE%

Now we have all the \;;’s we need, and using the fact that row sums are 0

and response matrices are symmetrical, we can create the response matrix, A.

Note that A;; = 0 if there doesn’t exist a direct edge between vertices ¢ and j
in the R-Multigraph.

338 & 1 1 1 1 13 1
& 1198 1 1 0 0 100 1
1 1 -6 2 1 1 0 0
1 1 2 -6 1 1 0 0
1 0 1 1 -5 1 1 0
1 0 1 1 1 -4 1 0
13 0 0 0 1 1 -116 1
1 1 o 0o o0 o0 1 -3

The response matrix of the Pseudo 2 to 1 graph

For x = 6, we have the following R-Matrix.

[ 3338
{6, %

1
1
1

{6,3 1 1 1
—~119.8 1 1 0
1 6 {LE)
1 {:%7 %%L} —6 1
0 1 1 -5
0 1 1 {1}
54 446
8 48y 0 0 1
1 0 0 0

The R-Matrix corresponding to z = 6
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We obtain the conductivities for the edges in the Pseudo 2 to 1 graph corre-
sponding to x = 6 using equation 2 in [2].

The conductivity of the edge connecting vertex 1 to vertex 6 in the Pseudo

2 to 1 graph is directly equal to fg(6) = %.

446/5

17/3 34/11 32/11 32/5

9 10

17/3 34/11

32/11 32/5

The Pseudo 2 to 1 graph with conductivities corresponding to = = 6

Step 5: Determine the z-coordinate for the other crossing. Plug this x into the
equations for the f;(x)’s and note if any are negative. For this 2nd z-coordinate,
create the 2nd R-Matrix. Find the conductivities of edges in the Pseudo 2 to 1
graph corresponsding to this x-coordinate.

When is %(z) = Xo1? Solving for z in S(z) = o + H2=12 = \o; = 84/5
reveals two solutions: 6, as expected, and %.

hoy =84/5

/ :

4/5 6

Graph of X(z) crossing Ag1 at 3 and 6
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Plugging 1 into the f;(z)’s shows that f4(%) and f5(3) are negative.

Equation
fol3)=73
(@) =3
f2(3) =%
15(3)=3
fa(5) = —3
f5(3) = -3
fo(3) =16
fr(3) =16
fs(5) = 84
fo(3) =16

For x = %, we have the following R-Matrix.

[ -338  {%,16} 1 1 1 1 {-3,16} 1
{#,16} -1198 1 1 0 0 {16,84} 1
1 1 -6 {33} 1 1 0 0
R 1 1 {2,3} -6 1 1 0 0
- 1 0 1 1 -5 {33} 1 0
1 0 1 1 {3 F —4 1 0
{-3,16} {16,84} 0 0 1 1 -116 1
1 1 0 0 0 0 1 -3

The R-Matrix corresponding to x = ¢

Because of the negative conductivities, we will not use equation 2 in [2] to obtain
conductivities for the edges in the Pseudo 2 to 1 graph corresponding to x = %
due to the difficulty of determining the a’s (see [5]). We will use the general

formula provided in [3].

det {Mm /h:]}
Mik  Hjk

ik

Yi = —

where
i = —(pij + tik + i)
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Note that i, j, k, and [ are vertices in the same quadrilateral. Let’s determine the

conductivities of edges in the Pseudo 2 to 1 graph using the third quadrilateral
and this general formula.

Quadrilateral Three and the 4-star compared to it

According to the general formula,

po,0 = —(fo,6 + pos + poa) =—(=3+14+1)=1

Note that g6 = f5(§) = —3 since we are looking only in the third quadrilateral.

So
det Ho,0  Ho,6 det 1 -3
10,4 H4,6 1 1
’YO = — = — = _4
4,6 1
Similarly,
1
pas = —(pa5 + plae + pao) = *(*g +14+1)=—2
5 1
Ha,4  Ha5 -3 3
det ’ ' det | .3 3
y LM,O MO,5:| [ 1 1 } 4
4= — = — _
Ho,5 1 3
1 5
pss = —(ps,6 + ps,0 + psa) = —(1+1— g) =73
det [H5:5 15.6 det -3 1
N P54 pas] -3 1] 4
° 4,6 1 3

te6 = —(p6,5 + te,a + peo) = —(1+1-3) =1
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det [%’6 %’5} det [ 1 1}
He,0 H50]

Y6

We repeat this process for all the quadrilaterals (4 total) and obtain all the
4

conductivities of the edges in the Pseudo 2 to 1 corresponding to z = z.
The conductivity of the edge connecting vertex 1 to vertex 6 in the Pseudo
2 to 1 graph is directly equal to fg(%) = 84.

84

14/4

92 14/3

9

92 14/4 14/3 49

The Pseudo 2 to 1 graph with conductivities corresponding to = = %

Thus, with a single response matrix, we can only obtain one set of positive
conductivities for the edges in the Pseudo 2 to 1 graph.
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4 The (3,3)-Torus

Example 5. Consider the following resistor network, the (3,3)-torus. We will
show that the (3,3)-torus is 64 to 1.

A (3,3)-torus labeled

We redraw the (3,3)-torus first so it will be easier to perform a Star-K Trans-
formation.
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The (3,3)-torus Redrawn
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We now perform a Star-K Transformation on the (3,3)-torus.

The R-Multigraph of the (3,3)-torus
Boundary vertices are labeled in red.

Like the previous examples, we determine equations for the f;(z)’s. However,
we will need to perform this a total of six times, for each row and column in the
R-Multigraph. Essentially, there will be 6 cycles, or 6 sets of f;(x) equations to
consider.

Cycle 1 Cycle 2 Cycle 3
0 1 2
2
Cycle 4
3 3
Cycle 5 =
U
6 6
Cycle 6
2 2
0 1
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We begin with the first cycle. Assume we know that fo(x1) = 21 (the subscript
of x represents what cycle the equations represent). Determine equations for all
the f;(z1)’s knowing that the response matrix condition and quadrilateral rule
must be satisfied.

Sign of Derivative Equation

+ fo(x1) =21 N

- film) = S

+ fo(z1) = \35 — fi(x1)
- fa(o) = 63

+ fa(z1) = A8 — fa(x1)
- fslo) = iy

Thus, le (111) =x + f5(£E1) = )\072.
Assume that f5(x1) is a linear term over a linear term. Thus lim,, 00 Xy, (21) =
limg, oo 1 + f5(21) = co. Similarly, limg, oo 3z, (1) = —00. Due to the
assumption, a horizontal line can only cross ., (z1) 0, 1, or 2 times throughout
the whole graph.

Denote the singularity of fs(z1) as y1. Note that y; is also the singularity
of ¥, (z1). Since this is the only singularity of ¥, (z1), by [1], y1 is positive.

Y., (z1) is heavily dominated by fs(z1) near y;. Since f5(z1) has a negative
derivative, X, (1) has a negative slope near y;.

’ L/
SECTOR SECTOR It

N

Y1

Denote the area to the right of the singularity as Sector II and the area to the
left as Sector 1.

From observation of the graph, it is possible to draw a positive horizontal line
representing A 2 such that it crosses ¥, (z1) twice in the same sector. We need
to show that all f;’s in the first cycle are positive in the sector where both
crossings occur.

fo(x1) is positive in Sector II since y; is positive. It follows that fi(xq) is
positive in Sector II since A;;’s are always positive.
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We can force fa(x1) to be positive in Sector II by choosing As 5 = f1(y1) + Cs.5
where Cj 5 is some positive number. It follows that f3(z1) is positive in Sector II.

The choice of y; as the singularity forces X¢s = f3(y1). Since fi(z1) =
Xo,g — fa(x1) and Ag s = f3(y1), fa(z1) = f3(y1) — fs(z1). Since f3(z1) has
a negative derivative, f4(x1) is positive in Sector II. It follows that f5(z1) is
positive in Sector II.

Thus, all f;’s in the first cycle are positive in Sector II.

For the second cycle,

Sign of Derivative Equation
+ fe(x2) = 22
- f ((E ) _ Ao4aAis
T\2) = TFe(w2)
+ fs(@2) = Aa5 — fr(x2)
AisAs
- foaz) = 37
+ fio(z2) = Arg — fo(z2)

A1.s Ao,
- fulz2) = 200
Thus, Zmz (.’L’Q) = T2 + fll(.%'g) = )\0’1.
Assume that f11(22) is a linear term over a linear term. Thus limg, o Xz, (22) =
limg, oo 2 + f11(22) = oo. Similarly, lim,, oo Xy, (22) = —00. Due to the
assumpion, a horizontal line can only cross ¥,,(z2) 0, 1, or 2 times throughout

the whole graph.

Denote the singularity of fi1(z2) as yo. Note that ys is also the singularity
of ¥,,(x2). Since this is the only singularity of 3., (z2), by [1], y2 is positive.

Y., (22) is heavily dominated by fi1(z2) near ys. Since f11(z2) has a nega-
tive derivative, 3., (x2) has a negative slope near ys.
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; (\/
SECTOR I SECTOR II

<

Y2

Denote the area to the right of the singularity as Sector II and the area to the
left as Sector I.

From observation of the graph, it is possible to draw a positive horizontal line
representing Ao 1 such that it crosses ¥, (22) twice in the same sector. We need
to show that all f;’s in the second cycle are positive in the sector where both
crossings occur.

fe(x2) is positive in Sector II since yo is positive. It follows that fr(x2) is
positive in Sector II since A;;’s are always positive.

We can force fs(x2) to be positive in Sector II by choosing Ay 5 = f7(y2) + Ca 5
where C} 5 is some positive number. It follows that fo(z2) is positive in Sector II.

The choice of y» as singularity forces A7 g = fo(y2). Since fig(z2) = A7.s— fo(x2)
and A7s = fo(y2) due to the choice of singularity, fio(z2) = fo(y2) — fo(z2).
Since fo(z2) has a negative derivative, f1o(z2) is positive in Sector II. It follows
that f11(x2) is positive in Sector II.

Thus, all f;’s in the second cycle are positive in Sector II.

For the third cycle,

Sign of Derivative Equation

+ fi2(x3) = 3 R

- file) =

+ f14($3) = )\3,4 - fls(xs)
16\

- file) = 72255

+ fi6(x3) = X7 — fi5(3)
A6\

- hi(es) = 356y

’:[‘hllS7 Eazg (.’Eg) = X3 + f17($3) = )\1’2.
Assume that fi7(z3) is a linear term over a linear term. Thus limg, oo Xa, (23) =

limg, o0 3 + fi7(23) = oo. Similarly, limg,—, oo Xy, (23) = —00. Due to the
assumption, a horizontal line can only cross ¥, (z3) 0, 1, or 2 times throughout
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the whole graph.

Denote the singularity of fi7(x3) as ys3. Note that yz is also the singularity
of ¥, (x3). Since this is the only singularity of ¥, (z3), by [1], y3 is positive.

Y5 (x3) is heavily dominated by fi7(z3) near ys. Since fi7(z3) has a nega-
tive derivative, ¥, (x3) has a negative slope near ys.

’ L/
SECTOR SECTOR It

N

¥s

Denote the area to the right of the singularity as Sector II and the area to the
left as Sector 1.

From observation of the graph, it is possible to draw a positive horizontal line
representing A 2 such that it crosses ¥, (r3) twice in the same sector. We need
to show that all f;’s in the third cycle are positive in the sector where both
crossings occur.

J12(x3) is positive in Sector II since ys is positive. It follows that fiz(xs) is
positive in Sector II since A;;’s are always positive.

We can force fi4(x3) to be positive in Sector II by choosing Az 4 = fi3(y3) +Cs.4
where C5 4 is some positive number. It follows that fi5(x3) is positive in Sector
IL.

The choice of ys as singularity forces Ag 7 = fi5(y3). Since fig(z3) = X7 —
f15($3) and /\6,7 = f15 (yg) due to the choice of singularity, f16(a:3) = f15(y3) —
fi5(x3). Since fi5(x3) has a negative derivative, fig(x3) is positive in Sector II.
It follows that fi7(x3) is positive in Sector II.

Thus, all f;’s in the third cycle are positive in Sector II.

For the fourth cycle,

Sign of Derivative Equation

+ fis(wa) = 24

- frlra) = 24

+ fa0(za) = Ao5 — fro(xa)
- Fa(ea) = e
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+ Jaa(xa) = Mg — for(za)
Ao a)
: e = 3

Thus, g, (1) = x4 + faz(x4) = A2 3.

Assume that fa3(z4) is a linear term over a linear term. Thus limg, o Xy, (24) =
lim,, o0 4 + fos(x4) = oo. Similarly, lim,, o X, (24) = —00. Due to the
assumption, a horizontal line can only cross ¥,,(x4) 0, 1, or 2 times throughout
the whole graph.

Denote the singularity of fosz(xz4) as ys. Note that y4 is also the singularity
of ¥, (x4). Since this is the only singularity of ¥,, (z4), by [1], y4 is positive.

Y., (z4) is heavily dominated by fos(x4) near yy. Since foz(x4) has a nega-
tive derivative, 3., (x4) has a negative slope near y,.

; L/
SECTOR I SECTOR Tt

BN

Y4

Denote the area to the right of the singularity as Sector II and the area to the
left as Sector 1.

From observation of the graph, it is possible to draw a positive horizontal line
representing Ag 3 such that it crosses ¥, (z4) twice in the same sector. We need
to show that all f;’s in the fourth cycle are positive in the sector where both
crossings occur.

fis(x4) is positive in Sector I since y4 is positive. It follows that fio(z4) is
positive in Sector II since \;;’s are always positive.

We can force fag(x4) to be positive in Sector II by choosing g5 = fi9(y4)+Co 5
where Cj 5 is some positive number. It follows that fo;(x4) is positive in Sector
II.

The choice of y4 as the singularity forces A1 4 = f21(ya). Since fao(z4) =
Mg — for(xza) and A4 = fo1(ya) due to the choice of singularity, foo(xs) =
J21(ya) — fo1(x4). Since fo1(x4) has a negative derivative, fao(z4) is positive in

Sector II. Tt follows that fo3(x4) is positive in Sector II.

Thus, all f;’s in the fourth cycle are positive in Sector II.
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For the fifth cycle,

Sign of Derivative Equation

+ Joa(xs) = x5 R

- f25(9€5) = fo(Ii’f

+ fae(w5) = is,s/\— fas(xs)

- Jna) = 2z

+ Jas(xs5) = Aaj7 — for(2s5)
Aa6A

- Pl = 258255

Thus, ¥, (x5) = o5 + fa9(T5) = A36.

Assume that fag(25) is a linear term over a linear term. Thus lim,, o Xy, (25) =
limg, o0 5 + fa9(25) = oo. Similarly, lim,, o ¥4, (25) = —00. Due to the
assumption, a horizontal line can only cross ¥, (z5) 0, 1, or 2 times throughout
the whole graph.

Denote the singularity of fog(2s) as ys. Note that ys is also the singularity
of ¥, (x5). Since this is the only singularity of ¥,. (z5), by [1], ys is positive.

Y. (z5) is heavily dominated by fog(x5) near ys. Since fog(xs) has a nega-
tive derivative, ¥,. (x5) has a negative slope near ys.

; L/
SECTOR I SECTOR Tt

/-\ .

Denote the area to the right of the singularity as Sector II and the area to the
left as Sector I.

From observation of the graph, it is possible to draw a positive horizontal line
representing As ¢ such that it crosses ¥, (x5) twice in the same sector. We need
to show that all f;’s in the fifth cycle are positive in the sector where both
crossings occur.

faa(xs) is positive in Sector II since y5 is positive. It follows that fo5(x5) is
positive in Sector II since A;;’s are always positive.

We can force fa(x5) to be positive in Sector II by choosing As s = fas5(ys)+Cs.s
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where C5 g is some positive number. It follows that fa7(x5) is positive in Sector
11.

The choice of ys as the singularity forces Ay7 = far(ys). Since fas(rs) =
A7 — for(xs) and A7 = far(ys) due to the choice of singularity, fos(xs) =
Jor(ys) — far(xs). Since for(x5) has a negative derivative, fag(x5) is positive in
Sector II. Tt follows that fag(x5) is positive in Sector II.
Thus, all f;’s in the fifth cycle are positive in Sector II.

For the sixth cycle,

Sign of Derivative Equation

+ fso0(we) = 9/5\6 \
__ Ao,6A2.8

a fai(ze) = f30(we)

Thus, 2966 (.’Eﬁ) = T6 + f35(1’6) = )\2,6‘

Assume that fs5(26) is a linear term over a linear term. Thus limg,— 0o Xag (26) =
limy, o0 6 + f35(26) = 0o. Similarly, limg,— oo Xug(26) = —00. Due to the
assumption, a horizontal line can only cross ¥,,(z¢) 0, 1, or 2 times throughout
the whole graph.

Denote the singularity of fs5(z¢) as ys. Note that yg is also the singularity
of ¥, (z6). Since this is the only singularity of ¥, (z¢), by [1], ys is positive.

Y4 (w6) is heavily dominated by fss(xg) near yg. Since fss(xe) has a nega-
tive derivative, ¥, (x¢) has a negative slope near ys.
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; (\/
SECTOR I SECTOR II

<

¥s

Denote the area to the right of the singularity as Sector II and the area to the
left as Sector I.

From observation of the graph, it is possible to draw a positive horizontal line
representing Ag ¢ such that it crosses ¥, (x¢) twice in the same sector. We need
to show that all f;’s in the sixth cycle are positive in the sector where both
crossings occur.

fao(xg) is positive in Sector II since yg is positive. It follows that f31(xg) is
positive in Sector II since A;;’s are always positive.

We can force f3a2(x6) to be positive in Sector II by choosing Ao s = f31(ys)+Co.s
where Cy g is some positive number. It follows that fs33(xg) is positive in Sector
1I.

The choice of yg as the singularity forces A1 7 = f33(ys). Since fsza(rs) =
M7 — fas(xe) and A7 = f33(ys) due to the choice of singularity, fsa(xg) =
f33(ys) — fas(xe). Since fs3(x6) has a negative derivative, fz4(xg) is positive in
Sector II. Tt follows that f35(z¢) is positive in Sector II.

Thus, all f;’s in the sixth cycle are positive in Sector II.

As can be seen from the equations, the cycles are independent of one another
due to the presence of independent connectors (see [6]). Since each cycle has 2
sets of valid, positive conductivities, and there are 6 cycles, there are 26 = 64 to-
tal sets of valid positive conductivities for the (3,3)-torus. Thus, the (3,3)-torus
is 64 to 1.
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Let’s attempt to create a 64 to 1 graph by choosing appropriate \;;’s using the
(3,3)-torus.

Step 1: Pick the singularities for the ¥’s of each cycle.
Let y1 =2, 92 =5,y3 =8, ya=1,y5 =3, and ys = 7.

Step 2: Choose values of the A;;’s in the quadrilateral to uphold the quadrilat-
eral rule. After substitution, obtain a new set of the equations for the f;’s.

By the quadrilateral rule,

fo(z) fi(z1) = fis(xa) fro(xa) = A2 5h0.3
Choose Ay 5 =2 and Ag3 = 4.

By the quadrilateral rule,

fo(x1) fa(x1) = foa(ws) fos(25) = A3.8 5.6

Choose A3 =1 and As6 = 3.

By the quadrilateral rule,

fa(z1) fs(z1) = fao(xe) f31(ws) = Ao6A2.8
Choose A\g ¢ =7 and A2 g = 6.

By the quadrilateral rule,

fo(z2) fr(x2) = fao(za) for(z4) = Xoadi5
Choose A\g4 =11 and A; 5 = 14.

By the quadrilateral rule,

fa(2) fo(x2) = fas(z5) for(25) = As 78
Choose A5 7 =13 and Ay g = 7.

By the quadrilateral rule,

fro(z2) fr1(x2) = faa(me) fa3(x6) = A1,8Ao,7
Choose A\ g =2 and A\g7 = 6.

By the quadrilateral rule,

f12($3)f13(3313) = f22(134)f23($4) = )\1,3/\2,4
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Choose Aj 3 =17 and Ag 4 = 8.

By the quadrilateral rule,

fra(zs) fr5(x3) = fos(xs) fao(xs) = Aa6A3,7
Choose Ay 6 =9 and A3 7 = 1.

By the quadrilateral rule,

fie(z3) frr(xs) = faa(we) fa5(x6) = Aa7 A6

Choose Ao 7 =3 and A1 g = 5.
Now we can substitute and obtain a new set of equations for our f;’s.

For the first cycle,

Sign of Derivative Equation

+ fo(z1) =z

- fi(z1) = fo(gzl)

+ f2($1)=)\3§>—fl($1)
- falin) = 7

+ Ja(z1) = s — f3(z1)
- fs(x1) = Ti(z1)

For the second cycle,

Sign of Derivative Equation

+ f6(I2) = fEQl .

- f7(x2) = f6(5$2)

+ fe(w2) = )\4,? — fr(w2)
- fo(z2) = fg%zz)

+ fro(z2) = A7 g — folw2)
- fun(e) = 7t

For the third cycle,

Sign of Derivative Equation

+ fi2(x3) = 3

- Fikon) = i

+ fia(zs) = >\33 — fiz(x3)
- f15($3) = Fa(zs)

+ fie(x3) = >\6,17 — fis(xs3)
- s

50



For the fourth cycle,

Sign of Derivative Equation

+ fis(xa) = x4

- f19($4) = %

+ fao(xa) = X5 — fro(xa)
- faa(2a) = s

+ fao(z4) = A4 — fa1(xa)
- Fa3(®a) = Tt

For the fifth cycle,

Sign of Derivative Equation
+ faa(xs) = x5
_ 3
o f25($5) T faa(zxs)
+ fas(x5) = >\5§slf Jas(xs)
- f27(1'5) = Fa6(x5)
+ fas(xs5) = Aaj7 — for(2s5)
- fag(xs5) = 71‘28?%)

For the sixth cycle,

Sign of Derivative Equation

+ f30(z6) = 6

- Fale) = e

+ fa2(z6) = Ao,s — f31(x6)
- fs3(we) = f321(23¢6)

+ f3a(w6) = A1,z — f33(we)
o f35($6) = f341(5556)

Step 3: Obtain the other \;; values that were determined by our choice of
singularities for the ¥’s and by keeping the f;’s positive. After substitution,
obtain a new set of the equations for the f;’s.

We have established that in order for fa(z1) to be positive, we need \35 =
f1(y1) + Cs 5 where Cs 5 is some positive number. Let Cs3 5 = 1. Since y; = 2,

A35=fi(2)+1=4+1=5.

In order for y; to be the singularity of £,, (z1), X¢,s = f3(y1). Since y3 = 2,
)\6,8 = f3(2) =3.

Thus the equations for the first cycle are

Sign of Derivative Equation
+ fo(z1) =z
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- filen) = &

+ fa(z1) = 751”;;8
- fs(x1) = 5§fi8
+ fa(wr) = Bp=3

210z, —336
- fs(z1) = 12@1—24

We have established that in order for fs(z2) to be positive, we need \y5 =
f7(y2) + C4 5 where Cy 5 is some positive number. Let Cy 5 = 1. Since y; = 5,
Mg =fr(5) +1= 1t +1 =12

In order for yo to be the singularity of £, (z2), Azs = fo(y2). Since yo = 5,
Ars = fo(5) = 91.

Thus the equations for the second cycle are

Sign of Derivative Equation
+ fo(@2) = 22
- fr(z2) = %4
—77
+ fe(x2) = M?TO

- fo(w2) = 1551;2552770

1401425, —70070

+ fro(@2) = =5 =m0
_ 1908z5—9240

— fu(@2) = orae=75070

We have established that in order for fi4(x3) to be positive, we need Az4 =
f13(ys) + Cs.4 where C5 4 is some positive number. Let C3 4 = 1. Since y3 = 8,
Asa=f13(8) +1 =10 41=18

In order for y3 to be the singularity of ¥,,(x3), A¢,7 = fi5(y3). Since y3 = 8,
)\6,7 = f15(8) =09.

Thus, the equations for the third cycle are

Sign of Derivative
+

Equation
fi2(z3) = w3

fra(zs) = 22
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fra(zs) = w

Ji5(w3) = 18;;%3136

153251224
fi6(w3) = 183:22—136

27025 —2040
fir(xs) = 15322—1224

We have established that in order for fag(z4) to be positive, we need A5 =
f19(ya) + Co 5 where Cy 5 is some positive number. Let Cy 5 = 1. Since yg4 = 1,
)‘O,o:f19(1)+1:%+1:9.

In order for y4 to be the singularity of X,,(z4), A1,4 = f21(ya). Since y4 = 1,

A = far(1) = 154.

Thus, the equations for the fourth cycle are

Sign of Derivative
+

We have established that in order for fog(xs) to be positive, we need A5 g

Equation
f18($4) = T4

f19(9C4) = m%
f20($4) = Jz4-8

T4

fa1(xs) = 91;’3%

f22 (1‘4) _ 1232241232

91’478

f23 (334) _ 122424 —1088

123224 —1232

fa5(ys) + Cs s where Cs g is some positive number. Let C5 g = 1. Since y5 = 3,
)\5,8=f25(3)+1=%+1:2.

In order for y5 to be the singularity of X, (x5), Aa7 = for(ys). Since y5 = 3,

A7 = f27(3) =91.

Thus, the equations for the fifth cycle are

Sign of Derivative
+

Equation
f24(935) =I5
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- for(ws) = %

- fasas) = 22

- fao(zs) = %

We have established that in order for f33(xg) to be positive, we need Aog =
f31(ys) + Co,s where Cj g is some positive number. Let Cp g = 1. Since yg = 7,

s =[fa(+1=2+1=T.

In order for yg to be the singularity of X,,(xs), A1,7 = f33(ys). Since ys = 7,
)\177 = f33(7) =12.

Thus, the equations for the sixth cycle are

Sign of Derivative Equation
+ f30(w6) = w6

- fs1(we) = f;%

+ faa(we) = Tre—2

- faz(we) = 7;§f642
+ faa(we) = Boe=it

10526 —630
- fss5(w6) = F3n=561
Step 4: Choose the x-coordinates of one of the two crossings for each cycle
to obtain more \;;’s. Check if any f;’s are negative with this z. Create the
response matrix.

In cycle one, let 21 = 3 be the z-coordinate for one of the two crossings to
the right of the singularity, 1 = 2. No f;’s are negative by this choice.

fo(3) =3
h3)=35
f2(3) = §
f33) =2
fa(3) = ¥
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Thus, ¥,,(3) =3+ 22 = 38 = X\ ,.

In cycle two, let x5 = 7 be the z-coordinate for one of the two crossings to
the right of the singularity, y» = 5. No f;’s are negative by this choice.

fol7) =17
fr(7) =22
() =%
Jol7) = %

fro(7) = 22
(1) =75
Thus, ¥,,(7) =7+ 25 = 1922 = ) ,.

143 = 143

In cycle three, let x3 = 12 be the z-coordinate for one of the two crossings
to the right of the singularity, y3 = 8. No f;’s are negative by this choice.

f12(12) = 12
fi3(12) = &
fu(12) =%
fi5(12) = 5
fi6(12) = 182
f17(12) = 15*010
Thus, ¥,,(12) =12+ 180 = T2 — ), 5.

In cycle four, let x4 = 2 be the z-coordinate for one of the two crossings to
the right of the singularity, ¥4 = 1. No f;’s are negative by this choice.

fis(2) =2
f19(2) =4
f20(2) =5
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f21(2) = %4
f22(2) = &°
fos(x) = 33
Thus, $,,(2) =2+ 22 =22 = ), 5.

In cycle five, let x5 = 10 be the z-coordinate for one of the two crossings
to the right of the singularity, y5 = 3. No f;’s are negative by this choice.

f24(10) = 10
f25(10) = 5
f26(10) = 1§
far(10) = %2
fas(10) = §%F
f20(10) = 432

Thus, 3y, (10) =10+ $32 = 822 = X35

In cycle six, let zg = 20 be the x-coordinate for one of the two crossings to
the right of the singularity, ys = 7. No f;’s are negative by this choice.

f30(20) = 20
f51(20) = 2L
f32(20) = 12
f33(20) = L2
f34(20) = 252
f35(20) = 252
Thus, ¥,,(20) = 20 + 232 = 3363 — )\, ;.

Now we have all the \;;’s that we need, and using the fact that row sums
are 0 and response matrices are symmetrical along the diagonal, we can create
the response matrix. Note that \;; = 0 if there doesn’t exist a direct edge

96



between vertices ¢ and j in the R-Multigraph.

[“Ree T2 % 4 19 7 6
022 -dedno L2 17 154 14 5 12

4 17 2 =18 5 6023 1

A= 11 154 8 18 =lod 150 9 91
9 14 2 5 19 -3 3 13

’ g 156 G 9 S vl

6 12 3 1 91 13 9 —226

T 2 6 1 7 2 3 91

The response matrix of the (3,3)-torus

Step 5: Determine the z-coordinate for the other crossing in each cycle. Check
if any f;’s are negative with this x.

: _ _ 55 : : _ 2102, -336 _ 55
When is le(xl).— Ao,2 = 57 Solving for z1 in ¥y, (1) =21+ =57 = %
reveals two solutions: 3, as expected, and 9.

Plugging 9 into the f;’s in the first cycle shows that all the f;’s in the first
cycle are positive at this 2nd crossing.

fo(9) =9
f19) =75
f2(9) =%
f3(9) = 3
f109) = 5
f5(9) =%

. _ _ 1022 . . _ 1908259240 __
When is ¥, (22) = X1 = 53 ¢ Solving for 2 in ¥, (v2) = T2+ 110140 —75070 =
1022 35110

a5 reveals two solutions: 7, as expected, and <355

o7

91
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Plugging 375010170 into the f;’s in the second cycle shows that all the f;’s in the

second cycle are positive at this 2nd crossing.

35110\ __ 35110
Jo( 7007 ) = 7007

35110\ _ 539539
f ( 7007 ) 17555

35110 __ 3742
f8( 7007 ) = 3511

35110\ _ 319501
Jol 7007 ) = 3742

35110 _ 99951
J1o( 7007 ) — 0355

fll ( 35110) __ 14968

7007 / = 7007
: 12 . . 27025 —2040
When is X, (23) = A2 = 75—1? Solving for x3 in Xgy(23) = 23 + T5372 190s =
% reveals two solutions: 12, as expected, and ‘%5118.

Plugging 42 into the f;’s in the third cycle shows that all the f;’s in the

third cycle are positive at this 2nd crossing.
fi2(58) = 32
fi3(50) = %50
fa() = 28
fs(428) = &
fio(57) = %%

fir(5) =8

oo

When is ¥, (z4) and Ao 3 = 2327 Solving for x4 in Xy, (x4) = x4+ t22424—1088 _
4 ; 7 4 123234 —1232

239 f e 171
== reveals two solutions: 2, as expected, and {£7.

Plugging % into the f;’s in the fourth cycle shows that all the f;’s in the
fourth cycle are positive at this 2nd crossing.

fis(155) = 151
fo(51) = FF
307

171y _
f20(ﬁ) — 171
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26334
f§1(154) 307
F2(155) = 457

171 307
f23(m) = 154

When is 3, (z5) and A3 ¢ = %? Solving for x5 in ¥, (v5) = x5 + % =

% reveals two solutions: 10, as expected, and %.

Plugging % into the f;’s in the fifth cycle shows that all the f;’s in the

fifth cycle are positive at this 2nd crossing.
Fq(L238) — 1938
2417637 637
fos (1238 — 637
2517637 646
Fog(A238) = 635
2617637 646

1938 58786
for (57 637 ) = 0655

1938 819
fas(G7 637 ) = 655

Faa(R) = %5

637 / — 91
: _ 3365 : : _ 10526 —630 _
When is ¥, (76) and Ao g = 5557 Solving for z6 in Xy (26) = w6 + S prye v
3135665 reveals two solutions: 20, as expected, and 2321129.

Plugging 2321129 into the f;’s in the sixth cycle shows that all the f;’s in the

sixth cycle are positive at this 2nd crossing.
f (2219) 2219
3017312 312
Far (229 = 1872
3117312 317
f (2219) 347
3217312 317

2219 3804
fs3(515 312 ) = 347

2219 360
faa(51y 312 ) = 347

2219 347
fs5 (512 312 ) = 24
Since there are 2 solutions for each cycle and each cycle is independent, there

are 26 = 64 solutions. For a single response matrix, we can obtain 64 sets of
positive conductivities.
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