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Chapter 1On Typesetting CommutativeDiagrams
1.1 Introdu
tionIn 
ategory theory, \
ommutative diagrams" are the 
ategorists ways to illustrateequations and universal properties. Here is an example:Let E be a topos, and let 
 be its subobje
t-
lassi�er. A Lawvere-Tierney topology onE is a map j : 
 
 in E su
h that the following three diagrams 
ommute.1 truetrue 
j
�j Æ true = true� 
 jj 
j
�j Æ j = j�


� 
 ^j�j 
j
� 
 ^ 
�j Æ ^ = ^ Æ (j � j)�There are a few programs to draw 
ommutative diagrams. Two of the best are XY-pi
and PSTri
ks.XY-pi
 pa
kage is 

 by its authors as free software for typesetting graphs and dia-grams su
h as arrows, 
urves, frames, dire
ted graphs, paths, polygons, knots, and
ommutative diagrams and 2-
ell stru
tures as in 2-
ategories. It was written by:Kristo�er Rose: <Kristoffer.Rose�ENS-Lyon.FR>, andRoss Moore: <ross�i
s.mq.edu.au>.For 
omplete information on XY-pi
 diagrams in general, please refer to the XY-guideand XY-referen
e manual, whi
h 
an be downloaded and printed out, from one of thefollowing sites:<http://www.ens-lyon.fr/~krisrose/Xy-pi
.html><http://www.i
s.mq.edu.au/~ross/Xy-pi
.html>1



Overall Stru
ture of a Do
umentXY-pi
 works with most formats (in
luding LATEX, AMS-LATEX, AMS-TEX, and plainTEX). It must be loaded into your format working memory.Here is a sample of the overall stru
ture of a LATEX Do
ument:\do
ument
lass[12pt℄{report}\usepa
kage{geometry,amsthm,graphi
s,amssymb,amsmath,enumerate,latexsym,tabularx,shapepar}\usepa
kage[all,2
ell,dvips℄{xy} \UseAllTwo
ells \SilentMatri
es\begin{do
ument}......\end{do
ument}The 
ontrol sequen
esnusepa
kage[all,2
ell,dvips℄fxyg nUseAllTwo
ells nSilentMatri
esare the ones I used to produ
e this do
ument.
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1.2 The Basi
 Constru
tion\xymatrixf...g 
ommand views a 
ommutative diagram as a\matrix-like diagram"; a matrix that has \verti
es" or \entries". To get an idea,suppose we want to typeset the diagramA BC DFirst, view the verti
es of the diagramA BC Das entries of a matrix. Any two entries 
an serve as a sour
e and target for an arrow.An arrow is set by typing the 
ommand that produ
es that arrow right after thesour
e entry where the arrow starts. Su
h 
ommand takes the form \ar[dire
tion℄where the variable \dire
tion" takes one value as illustrated by the diagram:lu u rul � rld d rdFor example, \ar[r℄ produ
es a right (east) arrow from its sour
e, and \ar[rd℄produ
es a right-down (southeast) arrow from its sour
e. In addition, other 
ombina-tions of dire
tions are possible. For example, \ar[rru℄ will produ
e a right-right-up(east-northeast) arrow from its sour
e, and \ar[rdd℄ will produ
e a right-down-down(south-southeast) arrow from its sour
e, and so on.Note: It has the same a�e
t to use [ru℄ or [ur℄. Similarly, all other 
ombination ofdire
tions.Now let us apply what we have said. Our 
ommutative diagramA BC D
an be typed as\xymatrix{ A \ar[r℄ \ar[d℄ & B \ar[d℄ \ar[ld℄\\C \ar[r℄ & D} 3



Here is a se
ond example: the diagramA BC DE F
an be produ
ed by\xymatrix{ A & B \ar[ldd℄\\C & D\\E & F}It's all as simple as that, more or less. Noti
e how the spe
ial & 
hara
ter separatesthe entries in any one row, and the nn separates di�erent rows. To 
enter the diagramby itself in a page you may want to en
lose it by \[ ... \℄ or $$ ... $$.If you use \ar[dire
tion℄ where is there is no target, that is, if you point an arrowoutside the \xymayrix{ ... } grid then LATEX will respond by giving an error mes-sage to the terminal s
reen.In some diagrams, there is no vertix in an entry. Empty verti
es may be omitted, butwe still need to use the & to separate the 
olumns in order for the arrows be pointingsomewhere. In general, empty verti
es at the end of rows may be omitted. Here isan example: 1 
\xymatrix{ 1 \ar[r℄ \ar[rd℄ &\Omega \ar[d℄\\& }You may prefer to use fg or n to repla
e an empty vertix.
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1.3 Arrows' LabelsArrows 
an be labeled. The position of labels is spe
i�ed by ^ , _ , for the position,and | for breaking an arrow with a label. The dash - used, if needed, to 
enterlabels. Here are examples. (Noti
e the reversed meaning of ^ and _ when arrowsare reversed from right to left and from down to up.)� for right arrows, \ar[r℄|f produ
es f� for right arrows, \ar[r℄^f_g produ
es fg� for left arrows, \ar[l℄^f_g produ
es fg� for right down arrows, \ar[rd℄^f produ
es f� for left up arrows, ar[lu℄_f produ
es fSimilarly, other-dire
tion arrows.Verti
es' Long NamesXY-pi
 essentially lays down the verti
es �rst, and then superimposes the arrows uponthem. The size of the individual verti
es and the sizes of the 
olumn and row gapsare taken into a

ount when the verti
es are �rst printed, but their position is notin
uen
ed by the arrows, and, in parti
ular, not by any labels on the arrows. Thismeans that a long vertix 
an 
auses the arrow label to be positioned not in the middleof the arrow, here is an example:\xymatrix{ M \ar[r℄^\theta & S\otimes M\otimes S }M �S 
M 
 SThis is be
ause XY-pi
 pla
es the label between the 
enters of the sour
e and targetobje
ts. To 
orre
t this, so that the label 
an 
entered in the arrow, add a dash -right before the label, as follows:\xymatrix{ M \ar[r℄^-\theta & S\otimes M\otimes S }M � S 
M 
 S5



Arrows' Long LabelsAlso, a long arrow's label 
auses the diagram to be 
ramped. For example,\[\xymatrix{(d_0)_!(d_0)_!d^*_2d^*_1\ar[r℄^{\tilde{d_1}=(d_0)_!\epsilon^{d_1}d_1^*}& (d_0)_!d_1^*}\℄ (d0)!(d0)!d�2d�1~d1=(d0)!�d1d�1(d0)!d�1This problem 
an be solved by adding extra 
olumns of `empty' verti
es in the dia-gram. For example, adding two 
olumns, and using the dash - produ
e\[\xymatrix{(d_0)_!(d_0)_!d^*_2d^*_1\ar[rrr℄^-{\tilde{d_1}=(d_0)_!\epsilon^{d_1}d_1^*}&&& (d_0)_!d_1^*}\℄ (d0)!(d0)!d�2d�1 ~d1=(d0)!�d1d�1 (d0)!d�1Another solution is by in
reasing the 
olumn gap between the two verti
es. Forexample, adding the option �C=2.5p
1, just after the 
ommand \xymatrix :\[\xymatrix �C=2.5p
 {(d_0)_!(d_0)_!d^*_2d^*_1\ar[rrr℄^-{\tilde{d_1}=(d_0)_!\epsilon^{d_1}d_1^*}&&& (d_0)_!d_1^*}\℄ (d0)!(d0)!d�2d�1 ~d1=(d0)!�d1d�1 (d0)!d�11See the se
tion about measurements in TEX.
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Moving LabelsLabels 
an be slided along an arrow, if needed, by adding the option (number) justbefore the label, Here are examples:\[\xymatrix {M\ar [r℄^\theta &S}\℄ M � S\[\xymatrix {M\ar [r℄^(.75)\theta &S }\℄ M � S\[\xymatrix {M\ar [r℄^(.5)\theta &S}\℄ M � S\[\xymatrix {M\ar [r℄^(.25)\theta &S}\℄ M � S\[\xymatrix {M\ar [r℄^(-.5)\theta &S}\℄ M� S\[\xymatrix {M\ar [r℄^(1.5)\theta &S}\℄ M �SIn a parti
ular situation, trial and error may be helpful in 
hoosing a suitable positionfor a label.
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Left and Right Shifts of verti
esThe position of a parti
ular entry in a 
ommutative diagram 
an be modi�ed, ifneeded, by entering **[l℄ or **[r℄ just before the entry. The �rst produ
es a leftshift in the obje
t by almost one-half of its width, and the se
ond produ
es a right shiftin the obje
t by almost one-half of its width. Compare the following two diagrams:\[\xymatrix{A\oplus B \oplus C\ar[r℄^f \ar[d℄ &B \ar[d℄\\A\ar[r℄_g & A\oplus B\oplus C}\℄ A� B � C f BA g A�B � C\[\xymatrix{**[l℄A\oplus B \oplus C\ar[r℄^f \ar[d℄ &B \ar[d℄\\A\ar[r℄_g & **[r℄A\oplus B\oplus C}\℄ A�B � C f BA g A� B � CNoti
e the a�e
t on the horizontal arrows.
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1.4 Length Measurements in TEXTo 
hange size of diagrams or text in TEX, and its pa
kages, we may utilize the unitsby whi
h TEX 
an measure lengths. Here is a table to give an idea of the 
omparativesizes:Unit Illustration Comments1 in
h (in)1 
entimeter (
m)1 millimeter (mm)1 point (pt) 1 point is aboutthe size of a period.1 in
h=72.27 points.1 pi
a (p
) 1 pi
a=12 points1 ex 1 ex is about the heightof a small x1 em 1 em is a little smallerthan the width of a 
apitalM.
1.5 Spa
ing Between Rows and Columns of a Com-mutative DiagramA 
ode su
h as\xymatrix{A \ar[r℄^\theta_\approxeq \ar[d℄_m &B \ar[d℄^n\\C \ar[r℄ & D}will produ
e a 
ommutative diagramwhose size is determined by default. A �um BnC DIts size 
an be in
reased by adding the option �!=2.5p
, for example, just after the
ommand \xymatrix, as follows: 9



\xymatrix�!=2.5p
{A \ar[r℄^\theta_\approxeq \ar[d℄_m &B \ar[d℄^n\\C \ar[r℄ & D} A �um BnC DAs you see, �!=2.5p
 has a uniform a�e
t on length and width. We may 
hoose toadjust spa
ing between rows and between 
olumns for 
ertain spe
ial e�e
ts. This
an be done by adding the options �R=some length and �C=some length just afterthe 
ommand \xymatrix. Here is an example:\xymatrix �R=.4in �C=1.5in {A \ar[r℄^\theta_\approxeq \ar[d℄_m &B \ar[d℄^n\\C \ar[r℄ & D} A �um BnC DHere is another example: a diagram like\[\xymatrix{H_*(B\otimes B)\ar[rr℄^-r \ar[rd℄_{H_*[r_*℄} &&H_*(B\otimes B)\otimes H_*(B\otimes B) \ar[ld℄^{\xi_*}\\&H_*(B\otimes B\otimes B)}\℄ H�(B 
B) rH�[r�℄ H�(B 
 B)
H�(B 
 B)��H�(B 
 B 
B)looks better if the spa
ing between rows is in
reased, and between 
olumns is de-
reased, as follows: 10



\[\xymatrix �R=5p
 �C=-0.5p
 {H_*(B\otimes B)\ar[rr℄^-r \ar[rd℄_{H_*[r_*℄} &&H_*(B\otimes B)\otimes H_*(B\otimes B) \ar[ld℄^{\xi_*}\\&H_*(B\otimes B\otimes B)}\℄ H�(B 
B) rH�[r�℄ H�(B 
 B)
H�(B 
 B)��H�(B 
 B 
B)1.6 Parallel ArrowsTo get a pair of parallel arrows between the same two verti
es, move the arrow parallelto itself a small number of distan
e units. Here is an example:\xymatrix{ X_1 \ar�<+.7ex>[r℄\ar�<-.7ex>[r℄ & X_0}X1 X0where <+.7ex> 
aused the arrow to be moved parallel to itself up by .7 ex, and<-.7ex> 
aused the arrow to be moved parallel to itself down by .7 ex. Similarly,other-dire
tion arrows.Here is another example in whi
h we need to modify distan
es in the diagram toimprove it. In the following diagram, the arrow and the target obje
t are `lower' thanthe sour
e obje
t:\[\xymatrix{\underset{x\in U_{iy}}{\times}A_x\ar[r℄ & A_y}\℄�x2UiyAx AyThe diagram 
an be improved by moving the arrow parallel to itself by 0.8 ex asfollows:\[\entrymodifiers={!! <0pt, .8ex>+}\xymatrix{\underset{x\in U_{iy}}{\times}A_x\ar[r℄ & A_y}\℄�x2UiyAx Ay11



1.7 Arrow StylesAny arrow has a tail, a shaft, and a head. In the default 
aseA f Bthe tail is empty, the shaft is a solid line, and the head is an arrow head as shown. XY-pi
 
omes witha large number of arrow styles, where ea
h of the three parts (tail, shaft, head) of an arrow 
an be
hanged. The following tables 
ontain a list that I kept for myself as a referen
e about arrow styles.Obje
tive and InputThe 
ommands to produ
e the diagrams displayed on theright are as follows, respe
tively: Output(what you get)The default 
ase arrow:\xymatrix { A \ar [r℄^f &B} A f BIn
lusion arrow:\xymatrix {A \ar �{^{(}->}[r℄^f &B} A f BEpimorphism arrow:\xymatrix {A \ar �{->>}[r℄^f &B} A f BMonomorphism arrow:\xymatrix {A\; \ar �{>->}[r℄^f &B} A f BA fun
tion's a
tion on an element:\xymatrix {x\; \ar �{|->}[r℄^f & f(x)} x f f(x)Dotted arrow:\xymatrix { A \ar �{.>}[r℄^f &B} A f BDashed arrow:\xymatrix { A \ar �{-->}[r℄^f &B} A f BSquiggle arrow:\xymatrix {A \ar �{~>}[r℄^f &B} A f B12



Long equal sign:\xymatrix {A \ar �{=}[r℄ &B} A BDouble dotted arrow:\xymatrix { A \ar �{:>}[r℄^f &B} A f BDouble arrow:\xymatrix { A \ar �{=>}[r℄^f &B} A f BDouble arrow:\xymatrix { A \ar �2{->}[r℄^f &B} A f B\xymatrix { A \ar �2{<->}[r℄^f &B} A f BTriple arrow:\xymatrix { A \ar �3{->}[r℄^f &B} A f B
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\xymatrix {A \ar �/^/[r℄^f &B} A f B\xymatrix {A \ar �/^5p
/[r℄^f &B} A
f

B\xymatrix {A \ar �/_/[r℄^f &B} A f B\xymatrix {A \ar �/_5p
/[r℄^f &B} A
f

B
\xymatrix {A \ar �{=>}�/^/[r℄^f &B} A f B
\xymatrix {A \ar �{<./}�/_/[r℄_f &B} A f B

14



Arrows' HeadsIt is possible to sele
t arrows' heads (tips) from 
ertain fonts. Simply add\Sele
tTips{tip's family}{tip's size}just before the \xymatrix 
ommand. Here is a table showing the possible tip's families and sizes:Family 10 11 12xy fonts
omputer modern fontsEuler math fontsFor example, the arrow in\xymatrix{A\ar[r℄ &B}A Bhas a head that 
omes by default, but using Euler math font size 12, we get:\Sele
tTips{eu}{12}\xymatrix{A\ar[r℄ &B}A BOn
e a sele
tion is made, it has an a�e
t on all of the 
ommutative diagrams that follow. To stopthe a�e
t, use the 
ommand \NoTips at the pla
e, in your do
ument, where you want to dea
tivatethe sele
tion and go ba
k using the default setting.Here is a se
ond example on sele
ting heads:\xymatrix�1{A \ar[r℄ |-{\Sele
tTips{
m}{}\obje
t�{>>}}|>{\Sele
tTips{eu}{}\obje
t�{>}}& B }A BThe type of arrow's head 
an be sele
ted for an entire LATEX do
ument by the de
laration\Sele
tTips{tip's family}{tip's size} in the do
ument preamble.

15



1.8 Cubes and More!The 
ube o�ers a good example of how to typeset a 
ommutative diagram. The following 
ube hasEuler-math-font-size-12 arrow's heads:A BA0 B0C DC 0 D0It is produ
ed by the 
ode:\Sele
tTips{eu}{12}\[ \xymatrix{ A \ar[dd℄ \ar[rd℄ \ar[rr℄ && B \ar'[d℄[dd℄ \ar[rd℄ \\& A' \ar[dd℄ \ar[rr℄ && B' \ar[dd℄ \\C \ar'[r℄[rr℄ \ar[rd℄ && D \ar[rd℄ \\& C' \ar[rr℄ && D' }\℄Noti
e the use of '[d℄ and '[r℄ to make holes in the arrows.The following prism has xy-font-size-12 arrow's heads:A CBA0 C 0B0It is produ
ed by the 
ode:\Sele
tTips{xy}{12}\[ \xymatrix{ A \ar[rrr℄ \ar[rrd℄ \ar[dd℄ &&& C \ar[dd℄ \\&& B \ar[ru℄ \ar[dd℄ \\A' \ar'[rr℄[rrr℄ \ar[rrd℄ &&& C' \\&& B' \ar[ru℄ }\℄ 16



The following 
ube has Computer-modern-font-size-12 arrow's heads:�L �RL Lr RLm Kr;m Rm�
�G �HG Gr� HIt is produ
ed by the 
ode:\Sele
tTips{
m}{12}\[\xymatrix�!=3p
{& \Sigma^L \ar[rrrr℄\ar[ddd℄& & & & \Sigma^R\ar[ddd℄\\L\ar[ru℄ & & L_r\ar'[l℄[ll℄\ar[rr℄ & & R\ar[ru℄\\L_m\ar[u℄\ar[dd℄ & & K_{r,m}\ar[u℄\ar[rr℄\ar[dd℄\ar'[l℄[ll℄ &&R_{m^*}\ar[u℄\ar[dd℄\\& \Sigma^G\ar'[r℄'[rrr℄[rrrr℄ & & & & \Sigma^H\\G\ar[ru℄ & & G_{r^*}\ar[rr℄\ar[ll℄ & & H\ar�{-->}[ru℄}\℄Noti
e the use of '[l℄ and '[r℄ and '[rrr℄ to make holes in the arrows.
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% ``2 
ubes'' matrix.% Adapted from sour
e by T. S
avo, 1994-7-18.$$\xy\xymatrix{% & & [-1,1℄ \ar[rrr℄^G \ar[dl℄_{L_2}& & & [-1,1℄ \ar[dl℄^{L_2} \\& [0,1℄ \ar[rrr℄^{F_4}& & & [0,1℄ \\[0,1℄ \ar[rrr℄^D \ar[ur℄^S \ar[ddd℄_T& & & [0,1℄ \ar[ur℄_S \ar[ddd℄^T \\& & S^1 \ar'[r℄'[rr℄[rrr℄ \ar�{}[rrr℄^D\ar[dl℄_{2C}\ar'[u℄'[uu℄[uuu℄ \ar�{}[uuu℄^C& & & S^1 \ar[uuu℄_C \ar[dl℄^{2C} \\& [-2,2℄ \ar'[rr℄[rrr℄ \ar�{}[rrr℄^{Q_{-2}}\ar'[uu℄[uuu℄ \ar�{}[uuu℄^{L_1}& & & [-2,2℄ \ar[uuu℄_{L_1} \\[0,1℄ \ar[rrr℄^T \ar[ur℄^U& & & [0,1℄ \ar[ur℄_U%}\endxy$$ [�1; 1℄ GL2 [�1; 1℄L2[0; 1℄ F4 [0; 1℄[0; 1℄ DS
T

[0; 1℄ S
TS1 D2C

C
S1C2C[�2; 2℄ Q�2L1

[�2; 2℄
L1

[0; 1℄ TU [0; 1℄ U
18



% ``4-Simplex Model''% Adapted from sour
e by John Duskin, May 2001.\[\begin{xymatrix} { &&& x_0 \ar[ddd℄|{x_{04}} \ar[dddddlll℄|{x_{03}}\ar[ddddddrr℄|{x_{02}} \ar[dddrrr℄|{x_{01}} & & &\\ & & & & & & &\\ && & & & & &\\& & & x_4 & & & x_1 \ar[dddl℄|{x_{12}} \ar[ddllllll℄|{x_{13}}\ar[lll℄|{x_{14}} \\ & & & & & & & \\ x_3 \ar[rrruu℄|{x_{34}} && & & & & \\& & & & & x_2 \ar[lllllu℄|{x_{23}} \ar[lluuu℄|{ x_{24}} & }\end{xymatrix}\℄
x0x04x03 x02 x01x4 x1x12x13 x14

x3 x34
x2x23 x24
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1.9 Appli
ation to adjun
tionHere is an appli
ation of \xymatrix to displaying \adjoint arrows." In the 
ode below, the option�{-} is to produ
e an arrow without a head or tail. The option �*{[|<1pt>℄} is to in
rease thethi
kness of the horizontal line \arrow" by 1 point; it requires loading the pa
kage (dvips).\[\xymatrix �R=.6em{&C \ar[rr℄ && B^A & **[r℄\textrm{of A}\\\ar�*{[|<1pt>℄}�{-}[rrrr℄ &&&& \\&C\times A \ar[rr℄ && B & **[r℄\textrm{of A}\\\ar�*{[|<1pt>℄}�{-}[rrrr℄ &&&& \\&A \ar[rr℄ && B^C & **[r℄\textrm{of A}\\\ar�*{[|<1pt>℄}�{-}[rrrr℄ &&&& \\&B^C \ar[rr℄ && A & **[r℄\textrm{of $\textrm{A}^{\textrm{op}}$}}\℄ C BA of AC � A B of AA BC of ABC A of AopSide Note: You may 
olor your arrows or lines, if you wish, by using the option �*{[
olor℄},where 
olor 
an be blue, green, red, yellow, et
. Here is an example, but you will not see the a�e
tin this un
olored do
ument:\[\xymatrix{ A\ar�*{[green℄}�*{[|<5pt>℄}[rrr℄ &&& B}\℄ A B
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Chapter 2Examples on CommutativeDiagrams
}When youhave �nishedstudying all the previousexamples, then you will be ableto analyze the following 
olle
tion of
odes of 
ommutative diagrams. They arepresented in the hope that they willbe useful. Several of these needto be re�ned, whi
h issomething I hopeto do.}
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Obje
tive and InputThe 
ommands to produ
e the diagramsdisplayed on the right are as follows,respe
tively: Output(what you get)
\xymatrix�1{U & S\ar[r℄\ar[l℄ &V} U S VNote: The �1, in the 
ode above, is a spe
ial 
ode that 
an be used for \one-line" diagrams toimprove the pla
ement on the line.
\xymatrix{\mathsf{C}/{S_0} \ar�<-.7ex>[r℄_-{p_!} &\mathsf{C}/S\ar�<-.7ex>[l℄_-{p^*}} C=S0 p! C=Sp�
\xymatrix{& A \ar[r℄^f \ar[d℄|{i_A} \ar[dl℄_{g^{-1}}& B \ar[dl℄^{f^{-1}} \\C \ar[r℄_g & A } A fiAg�1 Bf�1C g A22



{\xymatrix
olsep{2.5p
}\xymatrixrowsep{3p
}\xymatrix{0\ar[r℄ &S\otimes N\ar[r℄ &S\otimes M\ar�<.7ex>[r℄^-{1\otimes \varepsilon_2}\ar�<-.7ex>[r℄_-{1\otimes g\varepsilon_1} \ar[d℄^g &**[r℄S\otimes M\otimes S\ar[d℄_{g_3}\\0\ar[r℄ &M\ar[r℄ &M\otimes S\ar�<.7ex>[r℄^-{\varepsilon_2}\ar�<-.7ex>[r℄_-{\varepsilon_2} & **[r℄M\otimes S\otimes S}} 0 S 
N S 
M 1
"21
g"1g S 
M 
 Sg30 M M 
 S "2"2 M 
 S 
 S
\xymatrix�!=2.5p
{X_{d_1(\theta)}\ar[rr℄^-{\gamma_\theta}\ar�{^(->}[d℄ &&X_{d_0(\theta)}\ar�{^(->}[d℄\\\
oprod_{\theta\in {\math
al C}_1}X_{d_1\theta}\approxeq{\math
al C}_1\times_{{\math
al C}_0}X\ar[rr℄^-\gamma \ar[d℄_{pr_1=d^*_1x}&&X\ar[d℄^x\\{\math
al C}_1 \ar[rr℄^{d_0} &&{\math
al C}_0} Xd1(�) 
� Xd0(�)`�2C1 Xd1� u C1 �C0 X 
pr1=d�1x XxC1 d0 C023



\xymatrix�!=2.9p
{&\left({\math
al F}_{{\math
al C}_0}\right)^\tau\ar[dr℄^{U^\tau}\ar�<.7ex>[dl℄^{U^\tau} &\\{\math
al F}_{{\math
al C}_0}\ar�<.7ex>[ur℄^{F^\tau}\ar�<-.7ex>[rr℄_T &&{\math
al F}_{{\math
al C}_0}\ar�<-.7ex>[ll℄_S} (FC0)� U�U�FC0 F � T FC0S
{\xymatrixrowsep{2p
}\xymatrix
olsep{2.5p
}\xymatrix{ 1_{S_0}\
ir
 T\ar[r℄^{\eta * 1_T}\ar[dr℄_\approxeeq &T\
ir
 T\ar[d℄^\mu &T\
ir
 1_{S_0}\ar[l℄_{1_T * \eta}\ar[dl℄^\approxeq\\& T &}} 1S0 Æ T ��1Tu T Æ T� T Æ 1S01T ��uT
\xymatrix{**[l℄ (N\otimes S)\otimes S\approxeq S\otimes (N\otimes S)\ar[r℄^{1\otimes\eta}\ar[dr℄_{\eta\otimes 1} & S\otimes M\ar[d℄^g\\& M\otimes S} (N 
 S)
 S u S 
 (N 
 S) 1
��
1 S 
MgM 
 S24



\xymatrixrowsep{3.3p
}\xymatrix
olsep{4p
}\xymatrix{d^*_2d^*_1X\approxeq d^*_1d^*_1X\ar�<.7ex>[rr℄^{
(d_2,d^*_1X)}\ar�<-.7ex>[rr℄_{
(d_1,d^*_1X)}\ar[dd℄_{d^*_1\theta\; \hskip .4in{\txt{\tt(COC)}}\hskip -.8in}\ar[dr℄^{d^*_2\theta} &&d^*_1X \ar�<.7ex>[r℄^{
(d_1,X)}\ar[dd℄^\theta &X\ar�<.7ex>[l℄^{
(e,d^*_1X)}\\& d^*_2d^*_0X\approxeq d^*_0d^*_1X\ar[ur℄^{
(d_0,d^*_1X)} \ar[dr℄_{
(d_2,d^*_0X)}\ar[dl℄^{d^*_0\theta} &&\\d^*_0d^*_0X\approxeq d^*_1d^*_0X\ar�<.7ex>[rr℄^{
(d_1,d^*_0X)}\ar�<-.7ex>[rr℄_{
(d_0,d^*_0X)}&&d^*_0X \ar�<.7ex>[r℄^{
(d_0,X)}& X\ar�<.7ex>[l℄^{
(e,d^*_0X)}}d�2d�1X u d�1d�1X 
(d2;d�1X)
(d1;d�1X)d�1� (COC) d�2� d�1X 
(d1;X)
� X
(e;d�1X)d�2d�0X u d�0d�1X
(d0;d�1X)


(d2;d�0X)d�0�d�0d�0X u d�1d�0X 
(d1;d�0X)
(d0;d�0X) d�0X 
(d0;X) X
(e;d�0X)
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\[\xymatrix�!R=3p
{s\otimes m \ar[r℄^-{1\otimes g\varepsilon_1}\ar[d℄_g &**[r℄s\otimes g(1\otimes m ) \ar[d℄^{g_3}\\g(s\otimes m) \ar[r℄^-{\varepsilon_2} &**[r℄{\begin{matrix} g_3(s\otimes g(1\otimes m))=g_3g_1(s\otimes 1\otimes m)\hfill\\=g_2(s\otimes 1\otimes m)= g(s\otimes m)\otimes 1 =\varepsilon_2 g(s\otimes m)\; . \end{matrix}}}\℄s
m 1
g"1g s
 g(1
m)g3g(s
m) "2 g3(s
 g(1
m)) = g3g1(s
 1
m)= g2(s
 1
m) = g(s
m)
 1 = "2g(s
m) :\[\xymatrix�!=2.5p
{(N\otimes N)\otimes {(S\otimes S)}\ar�<.7ex>[rrrr℄^{\mu_1}\ar�<-.7ex>[rrrr℄_{\mu_2}\ar[dr℄^{1\otimes (\eta\otimes_S\eta )}\ar[dd℄_{(\eta\otimes_S\eta )\otimes 1}&&&& N\otimes {(S\otimes S)}\ar[dl℄_{1\otimes\eta}\ar[dd℄^{\eta\otimes 1}\\& S\otimes(M\otimes_SM)\ar[rr℄\ar[dl℄^{g\otimes_Sg} && S\otimes M\ar[dr℄_g &\\(M\otimes_SM)\otimes S\ar[rrrr℄&&&& M\otimes S}\℄ (N 
N)
 (S 
 S) �1�21
(�
S�)(�
S�)
1 N 
 (S 
 S)1
� �
1S 
 (M 
S M)g
Sg S 
M g(M 
S M)
 S M 
 S26



\[\xymatrixrowsep{2p
}\xymatrix
olsep{2p
}\xymatrix{& S_1\ar[dr℄\ar[dl℄&& S_2\ar[dr℄\ar[dl℄& \\U && V && W}\qquad\mapsto\qquad\xymatrix�!=1p
{&& S_1\times_VS_2 \ar[dr℄\ar[dl℄&& \\&S_1\ar[dl℄\ar[dr℄ && S_2\ar[dl℄\ar[dr℄&\\U &&V &&W}\℄S1 S2U V W 7! S1 �V S2S1 S2U V W
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2.1 Two Cells DiagramsObje
tive and InputThe 
ommands to produ
e the diagramsdisplayed on the right are as follows,respe
tively: Output(what you get)
\xymatrix{ A\rtwo
ell^f_g{\alpha} &B} A fg� B
\xymatrix{ A\rtwo
ell<10>^f_g{\alpha} &B}Noti
e the affe
t of <10> .

A fg� B
\xymatrix{ A & B \ltwo
ell_f^g{\alpha}}Noti
e the reversed meaning of ^ _ and => . A Bgf�\xymatrix{ A\rtwo
ell^f_g{\omit} &B} A fg B28



Obje
tive and InputThe 
ommands to produ
e the diagramsdisplayed on the right are as follows,respe
tively: Output(what you get)
\xymatrix{ A & B \ltwo
ell_f^g{`\alpha}}Noti
e the affe
t of ` . A Bgf�\xymatrix{ A & B \ltwo
ell_f^g{'\alpha}}Noti
e the affe
t of ' . A Bgf�\xymatrix{A\ruppertwo
ell^f{\alpha} \rlowertwo
ell_h{\beta} \ar[r℄_(.35)g & B }A f �h�g B

29



\xymatrix{& B\\A \urtwo
ell^f_g{\alpha}}\qquad\qquad\xymatrix{A \ddrrtwo
ell\\&&\\&& B} BA f g� A
B

\xymatrix�!=.5p
{& B \rrtwo
ell^\zeta_\xi{\gamma}&& C \ddruppertwo
ell^\beta{} &\\&&&& \\A \uuruppertwo
ell^\alpha \xlowertwo
ell[rrrr℄{}_f &&&& D }B �� 
 C �A� f D

30



$$\xymatrix�!C=2p
{S_2\ruppertwo
ell<5>^{p_{23}}{\omit}\ar[r℄|{p_{13}}\rlowertwo
ell<-5>_{p_{12}}{\omit} &S_1\ruppertwo
ell<5>^{p_2}{\omit}\rlowertwo
ell<-5>_{p_1}{\omit} & S_0\ar[l℄|e \ar[r℄|p& S}$$ S2 p23p13p12 S1 p2p1 S0e p S
$$\xymatrix�!C=2p
{\math
al{F}_{S_2} &\math
al{F}_{S_1}\luppertwo
ell<-5>_{d^*_2}{\omit}\ar[l℄|{d^*_1} \llowertwo
ell<5>^{d^*_0}{\omit} \ar[r℄|{e^*}&\math
al{F}_{S_0}\luppertwo
ell<-5>_{d^*_1}{\omit}\llowertwo
ell<5>^{d^*_0}{\omit} }$$ FS2 FS1d�2d�1d�0 e� FS0d�1d�0$$\xymatrix�!C=2p
{S_3\ruppertwo
ell<5>^{d_3}{\omit}\ar�<1ex>[r℄|{d_2}\ar�<-1ex>[r℄|{d_1}\rlowertwo
ell<-5>_{d_0}{\omit}& S_2\ruppertwo
ell<5>^{d_2}{\omit}\ar[r℄|{d_1}\rlowertwo
ell<-5>_{d_0}{\omit} &S_1\ruppertwo
ell<5>^{d_1}{\omit}\rlowertwo
ell<-5>_{d_0}{\omit} &S_0\ar[l℄|e}$$ S3 d3d2d1d0 S2 d2d1d0 S1 d1d0 S0e31



$${\xymatrixrowsep{4p
}\xymatrix
olsep{1.5p
}\xymatrix{& \frak{Des}(\varepsilon)\ar[dr℄^U &\\**[l℄\text{Mod-}R\rruppertwo
ell<5>^{\varepsilon_*}{\omit}\rrlowertwo
ell<-5>_{\varepsilon_!}{\omit}\ar[ur℄^{\varepsilon^{\#}} &&**[r℄\text{Mod-}S\ar[ll℄|{\varepsilon^*}}}$$ Des(") UMod-R "�"!"# Mod-S"�
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$$\xymatrix�!=4.5p
{**[l℄l^{S_\diamond}_{(X,\theta)} \qquadd^*_2d^*_1X=d^*_1d^*_1X\ruppertwo
ell<5>^{
(d_2,d^*_1X)}{\omit}\ar[r℄|{
(d_1,d^*_1X)}\rlowertwo
ell<-5>_{
(d_0,d^*_1X)\
ir
 d^*_2\theta}{\omit}\ar�<-1.3in>[d℄_{P}\ar[d℄_{d^*_2d^*_1x} &d^*_1X\ruppertwo
ell<5>^{
(d_1,X)}{\omit}\rlowertwo
ell<-5>_{
(d_0,X)\
ir
\theta}{\omit}\ar[d℄_{d^*_1x} &X\ar[l℄|{
(e,d^*_1X)} \ar[d℄^x \\**[l℄S_\diamond \qquad\qquad\qquad\qquad S_2\ruppertwo
ell<5>^{d_2}{\omit}\ar[r℄|{d_1}\rlowertwo
ell<-5>_{d_0}{\omit} &S_1\ruppertwo
ell<5>^{d_1}{\omit}\rlowertwo
ell<-5>_{d_0}{\omit} &S_0\; .\ar[l℄|{e}}$$lS�(X;�) d�2d�1X = d�1d�1X 
(d2;d�1X)
(d1;d�1X)
(d0;d�1X)Æd�2�P d�2d�1x d�1X 
(d1;X)
(d0;X)Æ�d�1x X
(e;d�1X) xS� S2 d2d1d0 S1 d1d0 S0 :e
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\xymatrix{A \ddrrtwo
ell<\omit>{<8>}\\&&\\&& B}\qquad\qquad \xymatrix{A \ddrrtwo
ell<\omit>{<0>}\\&&\\&& B}\qquad\qquad \xymatrix{A \ddrrtwo
ell<\omit>{<-8>}\\&&\\&& B}A
B

A
B

A
B

\xymatrix�!=2.5p
{TTT \ar[r℄^{T\mu }\ar[d℄_{\mu T}\drtwo
ell<\omit>{<0>\gamma}&TT\ar[d℄^\mu \\TT\ar[r℄_\mu &T}\qquad\qquad\xymatrix�!=2.5p
{T\ar[r℄^{\eta T}\ar[dr℄_{Id_T}\drtwo
ell<\omit>{<-3>\beta} &TT \ar[d℄|\mu &T\ar[l℄_{T\eta }\ar[dl℄^{Id_T}\dltwo
ell<\omit>{<3>\alpha}\\&T&} TTT T��T 
 TT�TT � T T �TIdT �TT� TT�IdT�T34



\xymatrix�!=2.5p
{\math
al{F}_Z\ar[r℄^{u^*} \ar[dr℄_1 \drtwo
ell<\omit>{<-3>{\epsilon^u}}& \math
al{F}_X\ar[r℄^{f_!} \ar[d℄_{u_!} \drtwo
ell<\omit>{<0>{\beta}}& \math
al{F}_Y\ar[d℄^{g_!} \ar[dr℄^1 \drtwo
ell<\omit>{<3>{\eta^g}} &\\& \math
al{F}_Z\ar[r℄_{v_!} & \math
al{F}_W \ar[r℄_{g^*} & \math
al{F}_Y\; .}FZ u�1 �uFX f!u! � FYg! 1�gFZ v! FW g� FY :
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\xymatrix�!=1p
{&& {\math
al F}_{{(S_2\
ir
 S_1)}} \ar[dr℄^{(p_2)_!} &&\\&{\math
al F}_{S_1}\ar[dr℄_{(t_1)_!}\ar[ur℄^{p^*_1}\rrtwo
ell<\omit>{<0>\ss} &&{\math
al F}_{S_2} \ar[dr℄^{(t'_1)_!} &\\{\math
al F}_U \ar[ur℄^{s^*_1} &&{\math
al F}_V \ar[ur℄_{(s'_1)^*} &&{\math
al F}_W} F(S2ÆS1) (p2)!FS1(t1)!p�1 � FS2 (t01)!FUs�1 FV (s01)� FW
$$\xymatrix�!=2.3p
{&& {\math
al F}_{{\math
al C}_1}\ar[ddrr℄^{(d_0)_!} &&\\&& {\math
al F}_{{\math
al C}_2}\ar[dr℄^{(d_0)_!} &&\\{\math
al F}_{{\math
al C}_0}\ar[uurr℄^{d^*_1}\ar[r℄^{d^*_1}&{\math
al F}_{{\math
al C}_1}\ar[ur℄^{d^*_2}\ar[dr℄_{(d_0)_!}&&{\math
al F}_{{\math
al C}_1}\ar[r℄^{(d_0)_!}\lltwo
ell<\omit>{<0>\ss^{-1}\;\;}\lltwo
ell<\omit>{<15>\tilde{d_1}} &{\math
al F}_{{\math
al C}_0}\\&& {\math
al F}_{{\math
al C}_0}\/.\ar[ur℄_{d^*_1}&&}$$FC1 (d0)!FC2 (d0)!FC0

d�1d�1 FC1 d�2
(d0)! FC1 (d0)!��1

~d1
FC0FC0 : d�136



$$\hskip -.3truein\xymatrix{TTTT\ddrrtwo
ell<\omit>{<-5>\;\; T\gamma}\ddrtwo
ell<\omit>{<2>\;\gamma T}\ar[rr℄^{TT\mu } \ar[dr℄^{T\mu T} \ar[dd℄_{\mu TT}&&TTT\ar[dr℄^{T\mu } &\\&TTT\ddrrtwo
ell<\omit>{<0>\gamma}\ar[rr℄_{T\mu }\ar[dd℄^{\mu T} &&TT\ar[dd℄^\mu \\TTT\ar[dr℄_{\mu T}&&\\&TT\ar[rr℄_{\mu } && T}\qquad =\qquad\xymatrix{TTTT\ddrrtwo
ell<\omit>{<0>\;\;\; \mu^{-1}_\mu}\ar[rr℄^{TT\mu }\ar[dd℄_{\mu TT}&& TTT\ddrrtwo
ell<\omit>{<5>\gamma}\ar[dd℄^{\mu T}\ar[dr℄^{T\mu } &\\&&&TT\ar[dd℄^\mu \\TTT\ddrrtwo
ell<\omit>{<-5>\gamma}\ar[dr℄_{\mu T} \ar[rr℄^{T\mu } &&TT\ar[dr℄^\mu &&\\&TT \ar[rr℄_\mu && T\\&&&&}$$
TTTT T

T TT�T�T�TT TTT T�TTT 
T��T TT�TTT �T TT � T

= TTTT ��1�TT��TT TTT 
�T T� TT�TTT 
�T T� TT �TT � T
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$$\xymatrix�!=1p
{&&TT\ar[dr℄^\mu &\\**[l℄TT\ar[r℄^-{T\eta T} &TTT\rrtwo
ell<\omit>{<0>\gamma}\ar[ur℄^{T\mu }\ar[dr℄_{\mu T}&&T\\&&TT\ar[ur℄_\mu &}\qquad =\qquad\xymatrix�!=1p
{&TTT\ar[dr℄^{T\mu }&&\\TT\ar[rr℄ \rrtwo
ell<\omit>{<-2>{\;\;T\beta}}\rrtwo
ell<\omit>{<2>{\;\alpha T}}\ar[ur℄^{T\eta T}\ar[dr℄_{T\eta T}&&TT\ar[r℄^\mu &**[r℄T \\&TTT\ar[ur℄_{\mu T}&&}$$
TT �TT T�T TTT 
T��T TTT � = TTT T�TT T��TT�TT�T TT � TTTT �T
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$$\xymatrix�!=1p
{&&&TB\ar[dr℄^b &\\A \ar[rr℄^-{\eta_A}\ar[drrr℄_{1_A}& \drrtwo
ell<\omit>{<0>\psi}&TA\rrtwo
ell<\omit>{<0>\rho}\ar[ur℄^{Tf }\ar[dr℄^{a}&&B\\&&&A\ar[ur℄_f &}\qquad =\qquad\xymatrix�!=1p
{&TA\ar[dr℄^{Tf }&&\\A \rrtwo
ell<\omit>{<0>{\;\;\eta_f}}\ar[ur℄^{\eta_A}\ar[dr℄_{f}&&TB\ar[rr℄^b && B \\&B\urrtwo
ell<\omit>{<0>\Psi}\ar[ur℄^{\eta_B}\ar[rrru℄_{1_B}&&}$$
TB bA �A 1A  TA �Tf a BA f = TA TfA �f�Af TB b BB 	�B 1B
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$\xymatrix
olsep{5p
}\xymatrixrowsep{5p
}\forall\qquad \xymatrix{A\rtwo
ell^f_{f'}{\alpha} &A'}$,\; the following equation holds$$\xymatrix
olsep{5p
}\xymatrixrowsep{5p
}\xymatrix{A \rtwo
ell^{f}_{f'}{\quad \alpha}\ar[d℄_{\eta_A}&A' \ar[d℄^{\eta_{A'}}\\TA\ar[r℄^{Tf} &TA'\ultwo
ell<\omit>{<0>{\eta_f}}}\qquad = \qquad\xymatrix{TA\ar[r℄^{Tf'} \ar[d℄_{\eta_A} &A'\ar[d℄^{\eta_{A'}}\\TA \rtwo
ell^{Tf}_{Tf'}{\quad T\alpha}& TA'\ultwo
ell<\omit>{<0>{\eta_{f'}}}}$$
8 A ff 0� A0 , the following equation holdsA ff 0 ��A A0�A0TA Tf TA0�f = TA Tf 0�A A0�A0TA TfTf 0T� TA0�f 0
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$${\xymatrixrowsep{4p
}\xymatrix
olsep{6p
}\xymatrix{d^*_1X \ar[r℄^a_\approxeq\dtwo
ell<5.5>_{d^*_1m\quad }^{\quad d^*_1n}{\omit {\sta
krel{d^*_1\zeta}\Longrightarrow}} &d^*_0X\ar[d℄^{d^*_0n}\\d^*_1Y\ar[r℄^\approxeq_b & d^*_0Y \ultwo
ell<\omit>{\rho}}\qquad =\qquad\xymatrix{d^*_1X \ar[r℄^a_\approxeq \ar[d℄_{d^*_1m} &d^*_0X\dtwo
ell<5.5>_{d^*_0m\quad }^{\quad d^*_0n}{\omit {\sta
krel{d^*_0\zeta}\Longrightarrow}}\\d^*_1Y \ar[r℄^\approxeq_b & d^*_0Y \ultwo
ell<\omit>{\eta}}}$$ d�1X aud�1nd�1m d�1�=) d�0Xd�0nd�1Y ub d�0Y� = d�1X aud�1m d�0X d�0nd�0m d�0�=)d�1Y ub d�0Y�
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$${\xymatrixrowsep{6p
}\xymatrix
olsep{6p
}\xymatrix{{}\ar[r℄^{d^*_2d^*_1a=d^*_1d^*_1a}\ar[d℄_{d^*_3d^*_2a}\ar[dr℄|{d^*_1d^*_2a=d^*_2d^*_1a}& {}\ar�{}[dl℄|(.23){\big\Downarrow d^*_1\alpha}|(.75){\big\Downarrow d^*_3\alpha}\\{}\ar[r℄_{d^*_3d^*_0a}& {}\ar[u℄_{d^*_1d^*_0a}}\qquad =\qquad\xymatrix{{}\ar[r℄^{d^*_2d^*_1a=d^*_1d^*_1a}\ar[d℄_{d^*_3d^*_2a=d^*_2d^*_2a}\ar�{}[dr℄|(.23){\big\Downarrow d^*_2\alpha}|(.75){\big\Downarrow d^*_0\alpha} &{}\\{}\ar[r℄_{d^*_0d^*_2a}\ar[ur℄|{d^*_2d^*_0a=d^*_0d^*_1a}&{}\ar[u℄_{d^*_0d^*_0a}}}$$
d�2d�1a=d�1d�1ad�3d�2a d�1d�2a=d�2d�1aw�d�1�w�d�3�d�3d�0a d�1d�0a = d�2d�1a=d�1d�1ad�3d�2a=d�2d�2a w�d�2� w�d�0�d�0d�2ad�2d�0a=d�0d�1a d�0d�0a
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2.2 Curved ArrowsWarning: Using 
urves 
an be a quite a strain on TEX's memory; you should therefore limit thelength and number of 
urves used on a single page. You may use \vfill\eje
t at 
ertain points.\xymatrix�!=2.3p
{S_1 \ar�/_/[ddr℄_1 \ar�/^/[drr℄^{e\
ir
 d_0}\ar�{.>}[dr℄|-{k_0} \\& S_2\ar[d℄^{d_0} \ar[r℄_{d_1}& S_1 \ar[d℄_{d_0} \\& S_1 \ar[r℄^{d_0} & S_0 } S1 1 eÆd0k0 S2d0 d1 S1d0S1 d0 S0
\xymatrix�1{\math
al{F}_{S_0} & \mathfrak{Des}_\math
al{F} \ar[l℄_-{\txt{I}} &\math
al{F}_S \ar[l℄_-{d_0^\#} \ar�/^/�<+1ex>[ll℄^{d^*_0}}FS0 DesFI FSd#0d�0
\xymatrix{A \ar[r℄ ^a="a" & B \ar[r℄ ^b="b" & C \ar �/^/ "a";"b" }A a B b C43



\xymatrix�!=2p
{&& {\math
al F}_{{(S_1\times_V S_2)}} \ar[dr℄^{(p_2)_!}\relax\ar�/^2p
/�{:>}[dddd℄|(.25){\widetilde{g*f}} &&\\& {\math
al F}_{S_1}\ar[ur℄^{p^*_1}\ar[dr℄_{(t_1)_!} &&{\math
al F}_{S_2} \ar[dr℄^{(t'_1)_!} &\\{\math
al F}_U\rrtwo
ell<\omit>{<0>{\tilde f}}\ar[ur℄^{s^*_1}\ar[dr℄_{s^*_2}&& {\math
al F}_V\rrtwo
ell<\omit>{<0>{\tilde g}}\ar[ur℄_{(s'_1)^*}\ar[dr℄_{(s'_2)^*}&&{\math
al F}_W\\& {\math
al F}_{T_1}\ar[dr℄_{\pi^*_1}\ar[ur℄_{(t_2)_!} &&{\math
al F}_{T_2}\ar[ur℄_{(t'_2)_!} &\\&& \math
al{F}_{(T_1\times_V T_2)}\ar[ur℄_{(\pi_2)_!} &&}F(S1�V S2) (p2)!℄g�fFS1 p�1(t1)! FS2 (t01)!FU ~fs�1s�2 FV ~g(s01)�(s02)� FWFT1 ��1 (t2)! FT2 (t02)!
F(T1�V T2) (�2)!
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$$\xymatrix�!=3.4p
{d^*_0X\approxeq k^*_0(d^*_2d^*_1X)\ar[rrrr℄^{k^*_0(d^*_2\theta)}\ar[dr℄^{
(k_0,d^*_2d^*_1X)}\ar�/_1.6p
/[dddrr℄_1 &&&&k^*_0(d^*_2d^*_0X)\approxeq d^*_1X\ar[dl℄_{
(k_0,d^*_2d^*_0X)}\ar�/^1.6p
/[dddll℄^\theta\\& d^*_2d^*_1X\approxeq d^*_1d^*_1X\ar[rr℄^{d^*_2\theta} \ar[dr℄_{d^*_1\theta}& &d^*_2d^*_0X\approxeq d^*_0d^*_1X\ar[dl℄^{d^*_0\theta} &\\&& d^*_1d^*_0X\approxeq d^*_0d^*_0X &&\\&& k^*_0(d^*_0d^*_0X)\approxeq d^*_0X\ar[u℄|{
(k_0,d^*_0d^*_0X)}&&}$$d�0X u k�0(d�2d�1X) k�0(d�2�)
(k0;d�2d�1X)
1

k�0(d�2d�0X) u d�1X
(k0;d�2d�0X)
�d�2d�1X u d�1d�1X d�2�d�1� d�2d�0X u d�0d�1Xd�0�d�1d�0X u d�0d�0X

k�0(d�0d�0X) u d�0X
(k0;d�0d�0X)
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Let $N=\big\{m\in M\; |\; g(1\otimes m)=m\otimes 1\big\}$, andobserve that $N$ is the kernel of the pair$(\varepsilon_2,g\varepsilon_1) \; :$$$\xymatrix
olsep{2p
}\xymatrix{0\ar[r℄ &N\ar[r℄ &M\ar�<.7ex>[r℄^-{\varepsilon_2}\ar�<-.7ex>[r℄_-{g\varepsilon_1}& **[r℄M\otimes S\;,}$$where the pair$(\varepsilon_2,g\varepsilon_1)$ is as shown:$$\xymatrix{M \ar�/^1p
/[rr℄^{\epsilon_2}\ar[r℄|-{\varepsilon_1}\ar�/_1p
/[rr℄_{g\epsilon_1} &S\otimes M \ar[r℄|-g &M\otimes S.}$$
Let N = �m 2 M j g(1 
 m) = m 
 1	, and observe that N is the kernel of the pair("2; g"1) : 0 N M "2g"1 M 
 S ;where the pair ("2; g"1) is as shown:M �2"1 g�1S 
M g M 
 S:
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\[\xymatrix�1{ A \ar�<+2pt> `u[r℄ `[r℄ [r℄\ar�<-2pt> `u[r℄ `[r℄ [r℄ & B }\℄ A B

\[\xymatrix�1{ A \ar�/^/[r℄ \ar�/^/�<-1ex>[r℄ & B }\℄ A B

\[\xymatrix�C=3p
{S_1\ar�/^2p
/ [r℄^{d_1}\ar�/^1p
/ [r℄^{d_0}&S_0\ar�(dr,ur)[℄|{id}\ar�/^1p
/ [l℄^{s_0}}\℄ S1 d1d0 S0 ids047



\[S_\diamond :\qquad \xymatrix{**[l℄\hdots\hdots S_n\ar�/^4p
/ [r℄^{d_n}_\vdots\ar�/^1p
/[r℄^{d_0} &**[r℄S_{n-1}\ar�/^1p
/[l℄^{s_{n-1}} \ar�/^4p
/ [l℄^{s_0}_\vdots &**[l℄\hdots\hdots S_2\ar�/^3p
/ [r℄^{d_2}\ar�/^2p
/ [r℄^{d_1}\ar�/^1p
/ [r℄^{d_0}&**[r℄S_1\ar�/^2p
/ [l℄^{s_0}\ar�/^1p
/ [l℄^{s_1}\ar�/^2p
/ [r℄^{d_1}\ar�/^1p
/ [r℄^{d_0}&**[r℄S_0\ar�/^1p
/ [l℄^{s_0}}\℄
S� : : : : : : : Sn dn...d0 Sn�1sn�1s0... : : : : : : S2 d2d1d0 S1s0s1 d1d0 S0s0
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$$\xymatrix
olsep{4p
}\xymatrixrowsep{3.9p
}\xymatrix{& {\math
al C}_1\times_{{\math
al C}_0}X\ar[r℄^-{\epsilon_x}\ar�/_/[dl℄_{{\math
al C}_1\times_{{\math
al C}_0}f}\ar�{.>}[ddl℄^(.25){\hskip -8truept d^*_1x}&X\ar�/_1p
/[dl℄_{f} \ar[ddl℄^(.25){x}\\{\math
al C}_1\times_{{\math
al C}_0} Y\ar[r℄^(.73){\epsilon_y} \ar[d℄_{d^*_1y}&Y \ar[d℄^{y}\\{\math
al C}_1 \ar[r℄_{d_1} & {\math
al C}_0}$$C1 �C0 X �xC1�C0f d�1x Xf xC1 �C0 Y �yd�1y YyC1 d1 C0
$$\xymatrix�!=2.9p
{X \ar�<-2pt> `u[r℄ `[rr℄^1 [rr℄ \ar�{.>}[r℄^-{\eta_x} \ar[d℄_x\ar�{}[dr℄|{\txt{I}}&{\math
al C}_1\times_{{\math
al C}_0}X \ar[r℄^-{\epsilon_x}\ar[d℄_{d^*_1x}\ar�{}[dr℄|{\txt{II}} & X\ar[d℄^x\\{\math
al C}_0 \ar[r℄^e \ar�<+2pt> `d[r℄ `[rr℄_1 [rr℄ &{\math
al C}_1 \ar[r℄^{d_1}&{\math
al C}_0}$$ X 1�xx I C1 �C0 X �xd�1x II XxC0 e 1C1 d1 C049



2.3 (ROTATION)Diagrams 
an be displayed rotated at any dire
tion. The 
ommutative diagram,$$\xymatrix{S_3\ruppertwo
ell<5>^{d_3}{\omit}\ar�<1ex>[r℄|{d_2}\ar�<-1ex>[r℄|{d_1}\rlowertwo
ell<-5>_{d_0}{\omit}& S_2 \ruppertwo
ell<5>^{d_2}{\omit}\ar[r℄|{d_1}\rlowertwo
ell<-5>_{d_0}{\omit} &S_1\ruppertwo
ell<5>^{d_1}{\omit} \rlowertwo
ell<-5>_{d_0}{\omit} &S_0\ar[l℄|e}$$ S3 d3d2d1d0 S2 d2d1d0 S1 d1d0 S0efor example, 
an be rotated to the southwest or southeast dire
tions, by simply adding the options�dl and �dr, respe
tively, just after the \xymatrix 
ommand. Thus,$$\xymatrix�dl{..........} \qquad\qquad \xymatrix�dr{..........}$$will produ
e S3d3d2d1d0S2d2d1d0S1d1d0S0 e
S3 d3d2d1d0 S2 d2d1d0 S1 d1d0 S0e
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Here are two more examples from xyguide.ps, to study, where the diagrams are rotated as wellas s
aled.\[ \xymatrix�dr�C=1p
{a \ar[r℄\ar�{->>}[d℄ & a' \ar�{.>>}[d℄ \\b \ar�{.>>}[r℄ & b' }\℄ a a0b b0

\[\left(\def\obje
tstyle{\s
riptstyle}\def\labelstyle{\s
riptstyle}\v
enter{\xymatrix �-1.2p
 �ur {A \ar[r℄^{a} & B \ar[d℄^{b} \\A'\ar[u℄^{a'} & B'\ar[l℄^{b'} }}\right)\℄ 0B� Aa B bA0a0 B0b0 1CA51


