
RECO VERING NETW ORKS WITH SIGNED CONDUCTIVITES

MICHAEL GOFF

Abstra ct. It is known that a critical circular planar network can be recovered
if conducitivies are restricted to positiv e real numbers. If the range of conduc-
tivities is extended to all nonzero real numbers, we are still able to recover the
network if the network response exists.
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Intr oduction

Let G = (V; Vb; E ) be a graph for which V is the set of vertices, Vb is a subsetof
V denoting boundary vertices, and E is the set of edges.Let ° be the conductivit y
function on E, which assignseach edgee to a nonzeroreal number, not necessarily
positive. ¡ is the resistor network that is G combined with ° . The Kirc ho®matrix
K is the matrix de¯ned asfollows. K i;j = ¡ ° (i; j ), where° (i; j ) is the conductivit y
of the edgejoining nodes i and j , and i 6= j . K i;j = 0 if no edgejoins nodes i and
j . K i;i =

P
j 6= i ° (i; j ).

@refersto the set of boundary nodes,and int refersto the interior nodes. K has
the block structure:

(1) K =
·

A(@£ @) B (@£ int )
B T (int £ @) C(int £ int )

¸
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As before,¤ ° denotesthe responsematrix, which is the linear map which sends
the voltage to a current on the boundary nodes. We compute ¤ = K =C, that is,
we take the Schur complement of K with respect to the entries corresponding to
the interior nodes. ¤ is de¯ned if and only if det(C) 6= 0. This identit y holds if
° > 0 for all edges.However, when ° is allowed to rangeover nonzeroreal numbers,
we are not always able to de¯ne ¤. The simplest example is a network with two
boundary nodes, labeled 1 and 2, and one interior node, labeled 3. Let ° (1; 3) = 1,
° (2; 3) = ¡ 1, and ° (1; 2) = 0. Then ¤ cannot be de¯ned.

The cells of G will be bounded by the edgesof G as well as the boundary
circle. In this paper we will only consider critical circular planar networks, unless
otherwisespeci¯ed. Wewill prove that a critical circular planar network, with either
positive or negative, but nonzero, conductivities is recoverable if det K (I ; I ) 6= 0
in the Kirc ho® matrix, so we can de¯ne a responsematrix. We will seethat the
boundary edgeand boundary spike formulas may be usedfor networks with signed
conductivities, and they may also be used when the broken connection is not a
circular pair. The only requirement for using a connection (P; Q) to recover a
boundary edgeor boundary spike is det ¤( P; Q) 6= 0 beforethe deletion of the edge
or contraction of the spike, and det ¤( P; Q) = 0 after the deletion or contraction.
The connection (P; Q) we usewill have the feature that it can be formed through
only one permutation ¿ of Pi to Q¿( i ) , it can only be connectedwith one set of
paths, and the paths useevery interior node in a connectedcomponent of interior
nodes. We will give an algorithm for building this connection and prove that it
has the desired properties. Then we o®era procedure for continuing the recovery
algorithm in the event that a recovered boundary spike cannot be contracted.

Supposep and q are boundary nodes on a graph G. Then [(p;q) refers to the
counter-clockwise arc from p to q on the boundary circle. This notation will be
usedthroughout the paper. Two boundary nodesp and q will be called consecutive
if q is immediately beforeor after p in clockwise circular order. If p is immediately
after q in clockwise circular order, p is clockwise consecutive to q, and q is counter-
clockwise consecutive to p. Also, always assumea circular planar graph G is given
with a ¯xed embedding.

1. Impor t ant Formulas

To recover critical circular planar networks with signed conductivities, we ¯rst
need the determinental identit y from [1]. P and Q are disjoint sets of boundary
nodes,each of sizek. The ¯rst summation is over the permutation group Sk , and
the secondis over all paths ® in a connectionfrom Pi to Q¿( i ) . E® is the set of edges
usedin ®. J® is the set of interior nodesnot usedin ®, while D ® is det K (J®; J®).

(2) det ¤( P; Q) ¢det K (I ; I ) = (¡ 1)k
X

¿2 Sk

sgn(¿)

8
><

>:

X

®
¿® = ¿

Y

e2 E ®

° (e) ¢D®

9
>=

>;

We also need the boundary edge and boundary spike formulas. In a network
¡, Let P = (p1; : : : ; pk ), Q = (q1; : : : ; qk ), P0 = (p;p1; : : : ; pk ), Q0 = (q; q1; : : : ; qk ),
and pq be a boundary edge. Suppose det ¤ ¡ (P; Q) 6= 0. Let ¡ 0 be the network
with the edgepq deleted, and supposedet ¤ ¡ 0(P; Q) = 0. (P; Q) is not necessarily
a circular pair. Then,
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(3) ° (pq) = ¡ ¤( p; q) + ¤( p; Q) ¢¤( P; Q)¡ 1 ¢¤( P; q)

Similarly, in a network ¡, let pr be a boundary spike betweenboundary node p
and interior node r . Supposethere are disjoint sets of boundary nodes P and Q
such that det ¤ ¡ (P; Q) 6= 0. Let ¡ 0 be the network obtained after the contraction
of pr, and supposedet ¤ ¡ 0(P; Q) = 0. Again, (P; Q) is not necessarilya circular
pair. Then,

(4) ° (pr) = ¤( p; p) ¡ ¤( p; Q) ¢¤( P; Q)¡ 1 ¢¤( P; q)

We will seethat, for a critical network, we can recover a boundary edgeor a
boundary spike if we merely know that the conductivities are nonzero. Unlike the
caseof all positive conductivities, the existenceof a connection betweena circular
pair (R; S) doesnot imply det ¤( R; S) 6= 0. Using the determinental identit y above,
we have det ¤( R; S) 6= 0 if the following three conditions are satis¯ed on the sets
(R; S).

² There is only one ¿ so that there is a set of paths ® from R i to S¿( i ) .
² For the ¯xed ¿, there is only one ® joining (R; S).
² D® 6= 0.

One way to insure the third condition is J® = ? . Alternately , supposethere are
two subsetsof interior nodesI 1 and I 2 such that there is no edgejoining a node of
I 1 to a node of I 2. Then K (I ; I ) has the following form:

(5) K (I ; I ) =
·
A 0
0 B

¸

A = K (I 1; I 1) and B = K (I 2; I 2). Then det K (I ; I ) = det A ¢det B . So, det B 6=
0, which meansit is su±cient that J® = I 2.

If we have a method of constructing the connection (P; Q), we can use a pro-
cesssimilar to the processfor recovering a circular planar network with positive
conductivities. Recover the boundary edgesand boundary spikes using the given
formulas, then remove the edgesand contract the spikes,performing the appropri-
ate operations on the responsematrix. Becausethe network is critical, the process
will terminate with every edgerecovered.

Supposewe adjoin a boundary edgeof conductivit y » betweenboundary nodes
1 and 2. If the old responsematrix looks like this:

(6) ¤ =

2

4
¸ 1;1 ¸ 1;2 a
¸ 2;1 ¸ 2;2 b

d e C

3

5

The new responsematrix looks like this:

(7) ¤ 0 =

2

4
¸ 1;1 + » ¸ 1;2 ¡ » a
¸ 2;1 ¡ » ¸ 2;2 + » b

d e C

3

5

This operation can be performed for any value ». A boundary edgeof known
conductivit y » can be deleted by adjoining a boundary edgeof conductivit y ¡ ».
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Supposewe adjoin a boundary pendant of conductivit y » at node 1. The new
boundary node is labeled 1 and all other boundary nodes are incremented. If the
original responsematrix has the following form,

(8) ¤ =
·
¸ 1;1 a

b C

¸

Then, after the pendant is adjoined, the new responsematrix has the following
form,

(9) ¤ 0 =

2

4
» ¡ » 0

¡ » ¸ 1;1 + » a
0 b C

3

5

Supposewe adjoin a boundary spike of conductivit y » to boundary node 1. If
the old responsematrix looks like this:

(10) ¤ =
·
¸ 1;1 a

b C

¸

The new responsematrix looks like this, with ± = ¸ 1;1 + »:

(11) ¤ 0 =

"
» ¡ »2

±
a»
±

b»
± C ¡ ab

±

#

This operation can be performed for any value », except » = ¡ ¸ 1;1. A boundary
spike of known conductivit y » can be contracted by adjoining a boundary spike of
conductivit y ¡ ». We will deal separatelywith the casethat we want to contract a
boundary spike of conductivit y » at node p and » = ¸ p;p .

2. Removal Number

SupposeG is a circular planar graph. A vertex u is considerednear a vertex v
if u and v are on the boundary of the samecell in G. We usethe notation u ./ v.

We will de¯ne the removal number of u with respect to v, or rem(u; v), recur-
sively. For any vertex u, rem(u; u) = 0. If u 6= v, we usethe following formula:

(12) rem(u; v) = 1 + min
w./u

rem(w; v)

Supposea path ® = (p0; p1; : : : ; pn ) joins boundary nodesp0 and pn through the
interior. Suppseu is any node in G. Then we de¯ne rem(u; ®) as follows.

(13) rem(u; ®) = min
0· i · n

rem(u; pi )

A cell c is consideredadjacent to a path ® if somevertex on the boundary of c
is on ®. The region Z (®) is the union of all cells adjacent to ®. Note that if u is a
vertex of a cell c 2 Z (®), then rem(u; ®) = 0 or 1.

We also de¯ne the removal set of ®, R(®), as follows. A vertex u 2 R(®) if
and only if rem(u; ®) = 1. In words, R(®) is the set of all nodesu that lie on the
boundariesof cells adjacent to ®, not including ® itself.
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3. Bound ar y Antennas

De¯nition 3.1. An boundary antenna, or just antenna, is a pair of boundary spikes
that sharea common vertex.

A boundary antenna is adjoined in the following manner. Supposep is a bound-
ary node. First adjoin a boundary pendant at p with a ¯xed conductivit y ». Then
adjoin a boundary spike of ¯xed conductivit y ! at p. The resulting graph will have
two boundary spikesat node p, and p becomesan interior node.

Fact 3.2. Adjoining an antenna to a critical graph results in a critical graph.

This can be observed by studying the e®ectsof adjoining an antenna on the
medial graph.

4. Minimal Paths

Suppose a graph G with boundary has boundary nodes p and q that can be
joined by possibly many paths through the interior. Consider a directed path ®
from p to q to divide G into two components.

De¯nition 4.1. The minimal oriented path from p to q, denoted min(pq) is the
path ® joining p and q through the interior that minimizes the number of cells to
the right of ®, oriented from p.

Theorem 4.2. The minimal oriented path min(pq) is unique.

Proof. Supposethere are two distinct paths min(pq), ®1 and ®2, that have the same
number of cells to their right. Construct a new path P as follows. Start at p and
follow whichever path is farther to the right, assumedwithout loss of generality
to be ®1. Whenever ®1 and ®2 intersect, continue P by following whichever path
is farther to the right after the intersection point. Continue until P reaches q. P
must follow ®2 at somepoint, or ®1 would have fewer cells to its right than ®2.
The number of cells to the right of P will be fewer than the number of cells to the
right of either ®1 or ®2, and ®1 and ®2 are not minimal oriented paths. ¤

De¯nition 4.3. The minimal vertex path through interior node b with respect to
a path ® or a boundary node a is the path between two boundary nodes through
the interior that passesthrough b, doesnot intersect ® or end in a, and minimizes
the number of cells of the component of the graph containing ® or a. It will be
denoted min(b;®) or min(b;a).

Note that min(b;®) exists if and only if there is a path between two boundary
nodesthrough the interior that intersectsb but doesnot intersect ®.

Theorem 4.4. Suppose ® is a path between two boundary nodes through the in-
terior, and b is an interior node not on ®. If the minimal vertex path min(b;®)
exists, it is unique.

Proof. Suppose there are two distinct paths min(b;®), ¯ 1 and ¯ 2. Suppose the
endpoints of ® are p and q. Label the endpoints of ¯ 1, p1 and q1 so that p;p1; q1; q
are in circular order. Similarly label the endpoints of ¯ 2, p2 and q2. Without loss
of generality, assumep;p1; p2 are in clockwise order if p1 and p2 are not the same
point.
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Construct a new path ¯ beginning at p1 and follow ¯ 1. Whenever ¯ 1 and ¯ 2

intersect, follow whichever path is farther to the right after the intersection point.
The two paths have at least one intersection point, namely b. ¯ must follow ¯ 2 at
somepoint, or ¯ 1 have fewer cells to its right than ¯ 2. Then ¯ has fewer cells to
its right then either ¯ 1 or ¯ 2. ¤

Theorem 4.5. Supposea is a boundary node. If the minimal vertex path min(b;a)
exists, it is unique.

Proof. The proof is very similar to the caseof min(b;®). ¤

5. Maximal Connection

Supposewe are given a critical circular planar graph G. We will build a maximal
connection M with respect to consecutive boundary nodesp and q, or a boundary
spike sr , with s as the boundary node. We will use a restricted portion of G as
follows. Supposethere is a boundary edgebetweentwo non-consecutive boundary
nodesp0 and q0. The edgep0q0 divides G into two regions. One region, G0, contains
the boundary nodesp and q, or the boundary spike sr . G0 will include p0, q0, and
the edgep0q0 as well. Taken as a graph, with the boundary nodes of G0 exactly
those which were boundary nodes in G, is circular planar and therefore critical by
[2]. The interior nodes in G0 will be denoted I 1, while the interior nodes in G but
not in G0 will be denoted I 2. It is su±cent that M use all of I 1 and none of I 2

becauseno there is no edgebetween a member of I 1 and I 2. This restriction will
be relevant in the next section.

De¯nition 5.1. The maximal connection of a graph, with respect to consecutive
boundary nodesp and q or with respect to boundary spikesr with s asthe boundary
node, is the setof paths ® constructedby the following process.It is denotedM (pq)
or M (s). It is assumedin this section that p is clockwise consecutive to q.

We will build M inductiv ely, creating a set of minimal vertex paths L i at step
i . Supposewe are building M (pq) with respect to consecutive boundary nodes p
and q. The ¯rst set of minimal paths, L 1, is the singleton f min(pq)g. Put p 2 P
and q 2 Q. If we are building M (s) with respect to boundary spike sr , L 1 is the
singleton f min(r; s)g. The endpoints of min(r; s) are labeledp and q sos;p;q are in
clockwisecircular order. Put p 2 P and q 2 Q. Wewill alsoconsiderL 0 = f sg, even
though s by itself is a single boundary node instead of a path. For the remainder
of this paper, the endpoints of the single path of L 1 will be denoted p0 and q0 so
that p0 2 P and q0 2 Q.

SupposeL i is constructedand contains the paths ®i 1; ®i 2; : : : ; ®in . Do the follow-
ing for every path ®ij 2 L i . Consider®i j to divide G into two regions,and consider
the set of interior nodes ®+

ij on the region not including p0q0. For every interior
node b 2 R(®ij ) \ ®+

ij , construct ®i +1 ;k = min(b;®ij ), wherek ¡ 1 is the number of
paths already constructed in L i +1 . Let pi +1 ;k and qi +1 ;k be the endpoints of ®i +1 ;k ,
and assumep;pi +1 ;k ; qi +1 ;k ; q are in circular order. Put pi +1 ;k 2 P, qi +1 ;k 2 Q, and
®i +1 ;k 2 L i +1 . The processterminates when no more paths can be constructed in
this manner.

Theorem 5.2. Suppose ®ij 1 and ®ij 2 2 L i intersect at an interior node. Then
®ij 1 = ®ij 2 .
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Proof. Assumethe maximal connection M has beenconstructed. Suppose®ij 1 =
min(u; ®i ¡ 1;k ) and ®ij 2 = min(v; ®i ¡ 1;k ) for interior nodesu; v and ®i ¡ 1;k 2 L i ¡ 1.
The endpoints of ®ij 1 and ®ij 2 will respectively be called p1, q1, p2, and q2, with
p1; p2 2 P and q1; q2 2 Q. Without loss of generality, assumep;p1; p2 are in
clockwise circular order if p1 6= p2. Construct a new path ® as follows. Follow ®ij 1

from p1 until the ¯rst intersectionpoint of ®ij 1 and ®ij 2 . At every intersectionpoint,
follow whichever path is farther to the right after the intersection point. Because
u; v 2 R(®i ¡ 1;k ), u and v both lie on ®. Every cell to the right of ®, oriented from
p1, is also to the right of ®ij 1 and ®ij 2 . Therefore, ®ij 1 = ®ij 2 = ®. ¤

P Q

P Q

P

Q
P

Q
L

3
L

3

L2

L 1

Figure 1. Example of branching paths

It is possible that ®ij 1 and ®ij 2 2 L i share a boundary endpoint r , which will
lead to problems in constructing (P; Q). In that case,adjoin a boundary antenna
with known, ¯xed conductivities to r , which causesr to becomean interior node.
Then modify the given responsematrix ¤ to obtain ¤ 0 as in equations(9) and (11).
If ¤ has dimension n £ n, then ¤ 0 has dimensions(n + 1) £ (n + 1). Then combine
®ij 1 and ®ij 2 into one path. SeeFigure 2 for an example.

Lemma 5.3. Supposesr is a boundary spike, with s as the boundary node. Then
no boundary antenna is adjoined at s.

Proof. Supposetwo paths ®ij 1 and ®ij 2 2 L n have an endpoint at s. Then both
paths use r . By Theorem 5.2, ®ij 1 = ®ij 2 , so only one path has an endpoint at s.
So, no boundary antenna will be adjoined at s. ¤

De¯nition 5.4. The nth level in the maximal connection M is the set of paths
created on the nth step of the construction of M . We taken the nth level to be ?
if the construction terminated in fewer than n steps. The nth level is denoted L n ,
and is identical to the L n usedabove.

A path ® 2 L n joining boundary nodesp0 2 P and q0 2 Q through the interior
divides a graph G into two regions. The region to the right of ®, oriented from p0, is
consideredbelow ®, while the region to the left of ®, oriented from p0, is considered
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P Q

P Q

P

?

Q

P

P

P

Q

Q

Q

Unused

L 3

L 2

L 1

L3

L 2

L 1

Figure 2. Example of adjoining a boundary spike

above ®. If level L i consists of many paths, the paths will divide G into many
regions. The region that is below every path in L i is consideredbelow L i , while a
region that is above any path in L i is consideredabove L i .

Lemma 5.5. Supposepk 2 P is the endpoint of a path ® 2 L n and p¤ is clockwise
consecutive to pk . Then no boundary antenna is adjoined at p¤ in the construction
of M .

Proof. Suppose®1 and ®2 2 L n +1 have p¤ as a commonendpoint. Call their other
respective endpoints q0 and q00. Without loss of generality, supposep;q0; q00are in
clockwise circular order. Becauseq0 and q00are both above ®, pk ; q0; q00are also in
clockwisecircular order, asare p¤; q0; q00. Then either the region above ®1 is entirely
above ®2, or ®1 and ®2 intersect in the interior. The latter possibility contradicts
Theorem 5.2, and the former implies ®1 2 L j and ®2 2 L k , with j > k. Then ®1

and ®2 could not have a commonendpoint. So,p¤ is not the endpoint of two paths
in M , and no boundary antenna is adjoined at p¤. ¤

Supposeqk 2 Q is the endpoint of a path ® 2 L n , and q¤ is counter-clockwise
consecutive to qk . By the same argument as the previous lemma, no boundary
antenna is adjoined at q¤ in the construction of M .

Theorem 5.6. Suppose ®1 and ®2 2 L n +1 are distinct paths. Let their re-
spective endpoints be p1; q1; p2; q2 with p1; p2 2 P and q1; q2 2 Q. Also assume
p0; p1; q1; p2; q2 are in clockwisecircular order. Then no path joins p1 and q2 with-
out intersecting L n .

Proof. Supposethere is a path ® joining p1 and q2 that doesnot intersect L n . If ®
is entirely to the right of ®1, travelling from p1, then ®1 62L n +1 , so® is not entirely
to the right of ®1. However, q2 2 ® is to the right of ®1, so ® and ®1 intersect in
the interior. Construct a new path ¯ as follows. Start at p1, and follow whichever
path between ® and ®1 is farther to the right. At every intersection point, follow
whichever path between® and ®1 is farther to the right after the intersection point.
Eventually ¯ will follow ® to q2. ¯ does not intersect L n and lies entirely on or
to the right of ®1, so ®1 is not a minimal vertex path with respect to L n . The
contradiction is reached, so no path joins p1 and q2 without intersecting L n . ¤
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Note that it is possiblefor a path to join p2 and q1

Corollary 5.7. Supposev1 and v2 are interior vertices in ®1 and ®2 respectively.
Then v1 and v2 cannot be connected by a path through the interior that does not
intersect L n .

Proof. If u and v can be connected through the interior without using L n , then
there would be a path joining p1 and q2 that doesnot useL n . ¤

6. Chara cterizing M

Let a path ® 2 L n 2 M be given on a graph G with endpoints p0 and q0. As
de¯ned in section 2, Z (®) is the region formed by the union of all cells adjacent to
®. We will considerZ + (®) to be the portion of Z (®) that is above ®. Note that if
a vertex u 2 Z + (®), then u 2 ® or u 2 R(®).

Consider@(Z + (®)), the boundary of Z + (®). @(Z + (®)) includes®, the portion of
the boundary circle immediately clockwise to p and immediately counter-clockwise
to q, and possibly more. We will consider@0(Z + (®)) = @(Z + (®)) ¡ ®. We will use
the abbreviation @0 when ® is clear from context.

We will consider a sequenceU of vertices on @0, labelled (p0 = u0; u1; : : : ; un =
q0), labeled clockwise from p0 to q0. U is a path, though not through the interior.
Someof the ui 's may be boundary vertices of G and somemay be interior vertices.
Let pi and qi be the i th pair of boundary vertices in U such that there is an interior
vertex and no boundary vertex between pi and qi in U, and pi is before qi in U.
Note that qi and pi +1 might be the samevertex. Let pi = ux i and qi = uy i , with
x i < yi . By the construction of @0, ux i ; ux i +1 ; : : : ; uy i form a path ®i betweentwo
boundary nodesthrough the interior of G.

Lemma 6.1. Let vi be an interior vertex of ®i as constructed above. Then ®i =
min(vi ; ®).

Proof. By the construction of @0, ®i does not intersect ®. We need to verify that
any cell to the right of ®i , oriented from pi , is necessarilyon the side of min(vi ; ®)
containing ®. The cells to the right of ®i can classifedas one of the following.

² Below ®
² Z + (®)
² To the left of some®j , oriented from pj , and i 6= j

The cells below ® are clearly on the sameside of min(vi ; ®) as ®. Supposea cell
c in Z + (®) is not on the sameside of min(vi ; ®) as ®. Becausec sharesa vertex
with ®, min(vi ; ®) sharesa vertex with ®, a contradiction.

Supposea cell c is to the left of some®j , oriented from pj , i 6= j , and c is on
the sameside of min(vi ; ®) as ®. Then min(vi ; ®) intersects ®j . Then there is a
path through the interior joining pi and qj . However, such a path contradicts qi

and pj 2 R(®) by the planarit y of G, so c is not on the sameside of min(vi ; ®) as
®. We conclude®i = min(vi ; ®). ¤

Following from Lemma 6:1, we have an alternate characterization of L n +1 .

Theorem 6.2. In the following equation, the ®i 's are created as above, for every
® 2 L n .

L n +1 =
[

®2L n

[

i

®i
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Proof. By the construction of L n +1 , ®i = min(vi ; ®) 2 L n +1 for all ® 2 L n . Fur-
thermore, the set of all ®i exhaustsR(®), so the above identit y holds. ¤

Corollary 6.3. The region between L n and L n +1 is
[

®2L n

Z + (®)

Proof. It follows from Theorem 6.2. ¤

If there is an interior nodeabove®, then there is an interior nodeon the boundary
or in the interior of Z + (®). This follows becausewe restricted G not to include any
boundary edgesbetweennon-consecutive boundary nodes.

7. Unique Permut ation

Let M be constructed as before. The ¯rst of the three conditions we need to
verify, to conclude ¤( P; Q) 6= 0, is that (P; Q) can only be formed through one
permutation.

Theorem 7.1. Suppose the sets of boundary nodes P and Q are constructed as
described in section 5. Then the only ¿ such that there exists a set of paths ®
joining Pi to Q¿( i ) for all i is the ¿ generated by the construction.

Proof. We will considerpairings in a (P; Q) connection. We will prove the theorem
by induction on the levels. Supposewe start with boundary node q0 and look for
a member of P with which q0 may be paired. It can be paired with p0 by the
construction of M . Now we will traversethe graph clockwise in search of another
boundary node with which q0 may be paired. De¯ne a counter C on the boundary
as follows. C(p0) = 0. As we traversethe graph clockwise, add 1 to C every time
we encounter an element of P. Subtract 1 from C every time we encounter an
element of Q. Supposep¤ 2 P, and we can pair q0 to p¤ in (P; Q). Consider the
counter-clockwise arc dp¤; q. Let P¤ be the number of elements of P on [p¤; q0, and
Q¤ the number of elements of Q on [p¤; q0. C(p¤) = P¤ ¡ Q¤. If C(p¤) > 0, there
are elements of P in [p¤; q0 that cannot be paired with elements of Q. This is true
becausethere will be more elements of P than Q on [p¤; q0, and therefore oneof the
elements of P will have to crossthe path betweenp¤ and q0, violating the Jordan
Curve theorem.

Let v be a boundary node, and dv; q0 be the counter-clockwise arc from v to q0.
By construction, every element of Q on dv; q0 has a corresponding element of P
becausewe placed the ¯rst endpoint of every path clockwise from p0 in P. Then
C(v) ¸ 0. Suppose p¤ 2 P and p¤ 6= p0. Then C(p¤) > 0 becausep¤ has no
corresponding element of Q on [p¤; q0. Then a connection(P; Q) cannot join q0 and
p¤. Then p0 is the only boundary node with which q0 may be paired.

Supposewe have veri¯ed that the endpoints of the paths of the ¯rst n levelsmust
be paired in the manner constructed. Label the paths on L n +1 : ®1; ®2; : : : ; ®m .
Label the endpoints of ®i , pi and qi so pi 2 P and qi 2 Q. By Theorem 5.6 and
Corollary 5.7, p1 can only be paired in (P; Q) with a vertex on \(q1; p1). Then, we
verify p1 and q1 are paired by the sameargument which showed p0 and q0 were
paired. Similarly, pi and qi are paired for 1 · i · m. Then, we seeinductiv ely that
only one ¿ 2 Sk will be nontrivial in (2). ¤
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8. Subgraph H (u; v)

We needto verify that no interior nodeswereskipped in the processof construct-
ing M on a critical circular planar graph G. Supposethere is an omitted interior
node b above L n and below L n +1 . Consider the regionsboundedby L n , L n +1 , and
the boundary circle. There may be more than one such region if L n consists of
more than one path; in that case,consideronly the region containing b, and call it
Rb. Let @¤

b = @(Rb) \ (Vb [ L n +1 ).

Lemma 8.1. An omitted interior node b has a path to at most one point on @¤
b .

Proof. Supposeb has paths to two points on @¤
b . Then Figure 3 typi¯es the four

possibilities for thesetwo paths.
Case1: In the leftmost diagram, the two points on @¤

b are in Vb. An additional
path would have beenconstructed on L n +1 .

Case2: In the next diagram, the two points on @¤
b are on di®erent paths of L n +1 .

The two paths on L n +1 would have beenmodi¯ed to make one path.
Case3: In the third diagram, one point of @¤

b is on L n +1 and the other is on Vb.
Then the shown path on L n +1 would have beenconstructed lower.

Case4: In the fourth diagram, the two on @¤
b are on the samepath in L n +1 .

Then the path shown on L n +1 would have beenconstructed lower.
Therefore, b can have a path to at most one point on @¤

b . ¤

If there is an omitted interior node, G is not critical. The proof of this will
occupy the rest of this and the next section.

b b b b
L n

L

L n

L

L n

L

Ln

L
n+1

n+1 n+1 n+1

Figure 3. Why interior nodes can't have two paths to the top.
New or modi¯ed path in each case

Lemma 8.2. There is no interior node below L 1.

Proof. Supposeinterior node b is below L 1. If b has paths to two distinct points
on L 1, then L 1 would have been constructed di®erently by Lemma 8.1. If M is
built with respect to a boundary spike sr , with s as the boundary node, b cannot
connect to s except through r . Therefore, b has no path to the boundary except
through L 1. If b has a path to only one point on L 1, then b is an interior pendant
and the network is not critical. We concludethat b doesnot exist. ¤

Suppose a path ®, speci¯ed by a sequenceof nodes (v0; v1; : : : ; vn ), is a path
through the interior betweenboundary nodeswith v0 2 P and vn 2 Q. Node vj is
consideredstrictly between vi and vk if i < j < k or between vi and vk if i · j · k.
If i < j , vi is consideredbefore vj in ®, and vj is consideredafter vi in ®. If vj

is strictly between vi and vk , and vi and vk are joined by an edgevi vk , vi vk is a
shortcut in ®. The following subgraph will be usedto prove several facts.
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Construction 8.3. SupposeM hasbeenconstructed in a critical graph G, starting
with consecutive boundary nodesp and q or boundary spike sr . Supposeu and v
are two vertices, either interior or boundary, on the samepath ® 2 L n . Then a
subgraph H (u; v) will be constructed as follows. First, include all the nodes in ®
that are betweenu and v. The nodesof L n ¡ 1 are included in two steps. First, add
those nodes in L n ¡ 1 which connect to a node in L n already included in H (u; v).
Then, add those nodesin L n ¡ 1 which are betweenthose included in the ¯rst step.
Continue adding levels in this manner until no more levels can be added.

We will de¯ne the boundary of H (u; v) as follows: (Vb in G) \ H (u; v) together
with all nodes in H (u; v) that connect with a node in G ¡ H (u; v). All edgesare
included that join two nodes in H (u; v). Note that H (u; v) is a Simon-subgraph,
as de¯ned in [2]. SeeFigure 4.

L
3

L
3

L2

L 1

v

u
u v

Figure 4. A sample subgraph H(u,v). Left Figure: Nodes of
H(u,v) circled. Right ¯gure: H(u,v) displayed with levels stacked
vertically.

Lemma 8.4. Suppose u and v are on L n in M , and no omitted interior nodes
or shortcuts in M occur before L n . Then H (u; v) has no more than two boundary
nodeson every level in M , except possiblyL n .

Proof. Supposew1; w2; and w3 are three nodeson L i for somei < n with w1 before
w2, and w2 beforew3. We will show w2 is not a boundary node in H (u; v). Because
w2 is not the endpoint of a path in L i , w2 is not on the boundary of G. Because
there are no omitted interior nodesin M beforeL n , w2 hasonly neighbors that are
in L i ¡ 1, L i , or L i +1 . The neighbors of w2 in L i are betweenw1 or w3 becausethere
are no shortcuts, so they are included in H (u; v). The neighbors of w2 in L i ¡ 1 are
included in H (u; v) by construction. Supposea and b are the ¯rst and last nodes
of L i +1 \ H (u; v) that connect to nodesin L i \ H (u; v). Then they connect to the
¯rst and last nodesof L i \ H (u; v); call them c and d. Becausew2 is betweenc and
d, a neighbor e 2 L i +1 of w2 is betweena and b. By construction, e 2 H (u; v). All
neighbors of w2 are in H (u; v). So, w2 is an interior node in H (u; v). ¤

Lemma 8.5. Suppose u, v 2 ® 2 L n 2 M , and no omitted interior nodes or
shortcuts in M occur before L n . Then H (u; v) is circular planar.



RECO VERING NETW ORKS WITH SIGNED CONDUCTIVITES 13

Proof. All boundary nodes of H (u; v) are on L n or either the ¯rst or last of L i \
H (u; v). Therefore, they can be embeddedin a disk with the interior of H (u; v) in
the interior of the disk. ¤

By [2], H (u; v) critical if G is critical becauseH (u; v) is circular planar.

9. No Omitted Interior Nodes

The following three lemmas work together. Inductiv ely, they imply that there
are neither shortcuts nor omitted interior nodes in M .

Lemma 9.1. Suppose M has been constructed. Suppose on a path ® 2 L n , there
are two nodesu and v, possiblyinterior or boundary, that are not consecutive nodes
in ®. Also supposethere are no shortcuts or omitted interior nodesbefore L n . Then
u and v are not adjacent.

Proof. Supposeu is adjacent to v, and there is an edgeuv. Without lossof general-
it y, assumeu is beforev in ®. The edgeuv must beaboveL n , or L n would havebeen
constructed di®erently . Construct the subgraph H (u; v). The existenceof edgeuv
will prevent any node strictly between u and v on L n from being adjacent to a
node on L n +1 becauseH (u; v) is planar. So u and v are the only boundary nodes
of H (u; v) on L n . We will show that H (u; v) is not critical, contradicting that G is
critical. To do so,we will show that no circular pair (R; S) = (r 1; : : : ; r k ; s1; : : : ; sk )
in H (u; v) that can be connectedthrough H (u; v) needsto use the edgeuv, so uv
can be deleted without breaking the connection.

Let m be the ¯rst index, if there is such an index, such that \(r m ; sm ) in H (u; v)

contains [(v; u). Suppose r i and si are in L a i and L bi , not respectively. We will
choosebi ¸ ai for every pair (r i ; si ). If f < g < m, then bf < bg. This can be seen

because \(r f ; sf ) 2 \(r g; sg), and [(v; u) 62 \(r g; sg). Alternately , if m · g < f , then
bf < bg.

Let ¯ i be the path joining r i and si in the (R; S) connection. Then ¯ 1 only needs
to usethe levels c in G such that c · b1. To seethis, suppose¯ 1 usesa level above
L b1 . Then ¯ 1, constructed from r 1 to s1, goes above L b1 at a node x and returns
to L b1 at a node y. A new path ¯ 0

1 could have beenformed that is identical to ¯ 1,
except x is joined to y along L b1 instead of going above L b1 .

Then, we seeinductiv ely that ¯ i only needsto use the levels c in G such that
c · bi . To seethis, observe that if ¯ i ¡ 1 is constructed before ¯ i and i < m, then
the removal of nodes on ¯ i ¡ 1 will not require that ¯ i use a node above L bi . The
sameis true if ¯ i +1 is constructed before ¯ i and i ¸ m. Then, no path in (R; S)
needsto use a portion of H (u; v) above L n , and in particular no path in (R; S)
needsto use uv, so we can delete uv without breaking any connection in H (u; v).
So, we have reached the desiredcontradiction. ¤

Construction 9.2. Supposeb is an omitted interior node betweenL n and L n +1 .
Also suppose b is above ® for some ® 2 L n . We will construct a new subgraph
H ¤(b) as follows. First, include b and every node that can be joined to b with a
path through the interior that does not intersect L n or L n +1 . Second,if b has a
path to a node a on @¤

b , include a in H ¤(b). There is no more than one such a by
Lemma 8.1. Third, include every node on L n that is adjacent to a node included
in the ¯rst step. Let u and v be the ¯rst and last nodesin ® that were included in
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u v

s
1

2 s
3

s
4

s
5

s
6

r1

r
2

r
3

r
4

r
5

r 6

s

Figure 5. A circular pair in H (u; v). The horizontal lines repre-
sent levels in G. In this examplem = 5, and (r i ; si ) are connected
in this order: i = 1; 2; 3; 4; 6; 5.

the third step. Fourth, include H (u; v). The boundary nodes and edgesof H ¤(b)
are chosenso that H ¤(b) is a Simon subgraph as in [2].

The boundary of H ¤(b) is the ¯rst and last vertex in L i \ H ¤(b) for all i · n,
and a if a 2 H ¤(b). Therefore, H ¤(b) is circular planar.

Lemma 9.3. SupposeM hasbeen constructed. Also supposethere are no shortcuts
or omitted interior nodesbefore L n . Then for every ® 2 L n and for every b above
® and below L n +1 , min(b;®) exists.

Proof. Supposethere is an interior node b above some® 2 L n and below L n +1 , and
min(b;®) does not exist. Construct the subgraph H ¤(b) as above. We will reach
a contradiction by showing H ¤(b) is not critical with two cases. In the ¯rst case,
b has a path to a 2 @¤

b that does not intersect L n . In the secondcase,b does not
have a path to @¤

b that doesnot intersect L n .
Case1: Supposea circular pair (R; S) in H ¤(b) is given. Using the technique

of the previous proof, (R; S) can be constructed in such a way that only at most
one path ¯ is in part above L n , and ¯ has a as an endpoint. If a is the end of
a boundary spike, we can contract the boundary spike at a without breaking the
connection (R; S). If more than one edgein H ¤(b) endsat a, we can delete one of
the one of the edgesending in a.

Case2: The boundary in H ¤(b) is the sameas the boundary in H (u; v). Again
using the argument of the previous theorem, no circular pair in H ¤(b) requiresany
edgeabove L n . So, H ¤(b) is not critical.

In either case,we seethat H ¤(b) is not critical, and therefore G is not critical.
We have reached the desiredcontradiction. ¤

Lemma 9.4. SupposeM hasbeen constructed. Also supposethere are no shortcuts
or omitted interior nodesbefore L n . Then there is no omitted interior node between
L n and L n +1 .

Proof. Suppose there is an omitted interior node b between L n and L n +1 . Also
suppose b is above some path ® 2 L n . By Lemma 9.3, min(b;®) exists. Then
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rem(b;®) ¸ 2; otherwise min(b;®) 2 L n +1 by the Theorem 6.2. Becauseb is
between L n and L n +1 , b is in the boundary of a cell c 2 Z + (®). That implies
b 2 R(®) and rem(b;®) = 1, a contradiction. ¤

We concludethat every interior node is usedin M , and there are no shortcuts.

10. Uniqueness of Paths

Theorem 10.1. SupposeM and (P; Q) havebeen constructed on G as in section
5. Then M is the only set of paths that wil l connect (P; Q)

Proof. Supposewerestricted the graph G to G0 becauseof a boundary edgebetween
two non-consecutive bounadary nodesp0 and q0 asoutlined in section5. G0 consists
of interior nodes I 1, and I 2 are the interior nodes in G but not in G0. We needto
verify that no nodesin I 2 could be usedto connect (P; Q). No path in M can cross
p0q0, so the only way a path ® in M could use nodes of I 2 is that the endpoints
of ® are p0 and q0. Because® was constructed as a minimal vertex path through
a node in I 1, the edge p0q0 is a shortcut in ®, which is not possible by Lemma
9.1. Therefore, no pair of boundary nodes in M is (p0; q0), and M could not be
reconstructed using nodes in I 2.

Let ® 2 L n with endpoints pk and qk be the ¯rst path that might be constructed
di®erently . First, ® cannot be reconstructedwith any extra omitted interior nodes,
and no interior node already in use by a path in an earlier level. Also, ® has no
shortcuts it may use to connect pk to qk using the sameor fewer interior nodes.
Then a modi¯ed ® must use a higher interior node. Becausethere are no interior
nodesnot used in a path, the modi¯ed ® usesa vertex on a path ®0 2 L n +1 . The
necessarilymodi¯ed ®0 usesa vertex on a path ®002 L n +2 , and so on to the ¯nal
level. Supposethere are m levels, so an ®¤ on L m must be constructed di®erently .
There are no shortcuts or extra interior nodes for ®¤ to use,and no further paths
for ®¤ to borrow from, so ®¤ cannot be reconstructed. So, we conclude there
is no alternate set of paths to join (P; Q) other than the set prescribed by the
construction. ¤

If we build M pq over a boundary edgepq, deleting pq must break the connection
(P; Q) becausepq was necessarilyusedas a path. If we build M p over a boundary
spike pr, contracting pr breaks the connection (P; Q) because(P; Q) necessarily
used what was previously interior node r . Therefore, we have satis¯ed the condi-
tions to usethe boundary edgeand boundary spike formulas.

Theorem 10.2. We can recover any boundary edgeor boundary spikeon a critic al
circular planar network.

11. Contra cting Bound ar y Spikes

We have no problem recovering a boundary edge,recovering a boundary spike,
or deleting a boundary edge.Contracting a boundary spike is another matter. If we
recover a boundary spike at boundary node p with conductivit y », then we adjoin
a boundary spike with conductivit y ¡ » to contract the spike. If ¸ p;p = », ± = 0 in
equation (11), and we cannot de¯ne a new responsematrix. A simple example of
a network with uncontractable boundary spikes is the top-hat network, for which
every conductivit y is 1 except that of the edgejoining the two interior nodes,whose
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conductivit y is ¡ 2. We can de¯ne ¤ for this network and recover it, but we cannot
contract either of the boundary spikes.

Lemma 11.1. Supposewe cannot contract the boundary spike at node p with con-
ductivity ». Also suppose¸ pq 6= 0 for somep 6= q. We may adjoin a boundary spike
of ¯xed conductivity ! at q and then contract the boundary spike at p.

Proof. Choose ! 6= ¡ ¸ qq. Adjoining a boundary spike of conductivit y ! at q
generatesa new response matrix ¤ 0, and has the following e®ect on ¸ pp , with
± = ¸ qq + ! .

(14) ¸ 0
pp = ¸ pp ¡

¸ 2
pq

±
Becausȩ 0

pp 6= ¸ pp and » has not changed,±0 = ¸ 0
pp ¡ » 6= 0, and it is possibleto

contract the boundary spike at p. ¤

If a boundary spike of conductivit y ² already existed at node q, the processof
adjoining a new boundary spike of conductivit y ! changes² without creating a new
edge. If a boundary spike did not exist at q, then there is a danger that adjoining
a new boundary spike will causethe graph to becomenon-critical. Instead we will
adjoin an antenna at q.

Theorem 11.2. Let a network ¡ with response matrix ¤ be given. For a given
p, there exists a series of boundary antenna adjunctions such that row p of the
resulting responsematrix ¤ ¤ is not entirely of 0.

Proof. Supposeq is the boundary node counter-clockwise consecutive to p. Build
M pq, and create¡ ¤ with response¤ ¤ = ¤ ¡ ¤ by adjoining all the boundary antennas
necessaryin building M pq. P and Q are the endpoints of the paths constructed in
M pq. As shown before, ¤( P; Q) 6= 0. Becausep 2 P, someentry of row p in ¤ ¤ is
nonzero. ¤

Note that no antennas were adjoined to a boundary node clockwise consecutive
to p by Lemma 5.5. Also, if p 2 P, the nonzeroentry ¤ pq¤ guaranteed by the proof
is such that q¤ 2 Q. Finally, if p¤ is clockwise consecutive to p, then p¤ 62Q by the
labeling of P and Q.

12. Continuing Reco ver y

Suppose we have a critical circular planar network ¡. We can recover any of
the boundary edgesand boundary spikes of ¡. Suppose, after some steps, the
modi¯ed ¡ 0 contains no boundary edges,n unknown edges,and the known edges
are exactly the boundary spikes. We will describe a processwhereby we can recover
an additional edge,and then the modi¯ed ¡ 00have n ¡ 1 or fewer unknown edges,
no boundary edges,and the known edgesof ¡ 00 are exactly the boundary spikes.
Furthermore, ¡ 00 will be critical. Therefore, the process is guaranteed to fully
recovered ¡.

We are stuck in recovering ¡ with graph G and conductivities ° if ¡ has no
boundary edges,and we can contract no boundary spike. Consider the graph G0

obtained from G by contracting every boundary spike. G0 hasa boundary edgeuv.
At least oneof u and v is an interior node in G. Then, uv can be madea boundary
edgein G by contracting a boundary spike at whichever of u and v is an interior
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node. If u or v hasan antenna, it is su±cient to contract onespike of each antenna
to make uv a boundary edge.

Suppose p and q are boundary spikes in G, p is clockwise consecutive to q,
and contracting the spikesat p and q will result in uv becominga boundary edge.
Supposep¤ is clockwiseconsecutive to p and q¤ is counter-clockwiseconsecutive to q.
Construct M p¤ p and retain the boundary antennas adjoined in the process.Doing
so will not create a boundary antenna at q by Lemma 5.5, and the construction
will establishsomep0 6= q such that ¤ pp0 6= 0 by Theorem 11.2. If a boundary spike
exists at p0, adjoin another boundary spike at p0. Otherwise, adjoin a boundary
antenna at p0. Then contract the boundary spike at p. Simiarly, construct M qq¤ .
Doing so will not create a boundary antenna at p and will establish someq0 6= p
such that ¤ qq0 6= 0. If a boundary spike exists at q0, adjoin another boundary spike
at q0. Otherwise, adjoin a boundary antenna at q0. Then contract the boundary
spike at q. A new boundary edgepq is created. Recover and delete pq as well as
any other boundary edgesthat may have resulted from this process. Also recover
all new boundary spikesresulting from this process.

It is possiblethat one of p and q is already a boundary vertex. Then it is only
necessaryto contract oneboundary spike. An exampleof this is illustrated in ¯gure
6.

p p p p

Step 1: Can't 
contract a spike

Step 2: Adjoin
antenna at some
other node

Step 3: 
Contract p

Step 4: Recover
boundary edge

Figure 6. Example of branching paths

Lemma 12.1. Suppose ¡ is a critic al resistor network with no boundary edges,n
unknown edges,and the known edgesof ¡ are exactly the boundary spikes. Suppose
¡ 0 is obtained from ¡ by the above process. Then ¡ 0 is a critic al resistor network
with no boundary edges,n ¡ 1 or fewer unknown edges,and the known edgesof ¡ 0

are exactly the boundary spikes.

Proof. ¡ 0 wasobtained from ¡ by adjoining boundary spikesto pre-existing known
boundary spikes,adjoining boundary antennas, and deleting boundary edges.Ad-
joining a boundary spike to a known boundary spike of conductivit y » at node p
e®ectively changesthe value of » without adding a new edge,so every step of this
processmaintains criticalit y. Becausewe recovereda previously unknown edge,the
number of unknown edgesdecreases.By Lemma 5.3, no antennas in ¡ 0 were ad-
joined to boundary spikesin ¡, soall boundary spikesin ¡ remain boundary spikes
in ¡ 0. Every boundary edgeis recoveredand removed, so¡ 0 hasno boundary edges.
¡ 0 has the desiredproperties. ¤

Theorem 12.2. Suppose¡ is a critic al circular planar resistor network with nonzero
signed conductivities, and ¡ hasa de¯ned responsematrix ¤ . Then ¡ is recoverable.
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Proof. The above processreducesthe number of unknown edgesin ¡ every time it
is applied. Repeated applications will eventually recover every edgein ¡. ¤

13. Future Resear ch

The examination of signed conductivities was motivated by a desire to reduce
non-circular planar graphs to circular planar graphs. For example,supposea non-
circular planar graph G has the complete graph K n as a subgraph. It might be
possible to replace the K n with a well-connectedgraph with n boundary nodes,
such as the Towers of Hanoi § n . A sequenceof such transformations might make
G circular planar. However, doing so might intro duceedgeswith zeroconductivit y
even if the K n did not have an edge with zero conductivit y. Even the Y ¡ ¢
transformation has problems. Suppose a ¢ with conductivites 1; ¡ 2; and ¡ 2 is
replaced with a Y . Then the Y has 0 conductivit y for all three edges. Even if
the modi¯ed network can be recovered, it will be impossibleto uniquely perform a
¢ ¡ Y transformation.

However, it seemsthat problems such as the one outlined above only occur
on thin algebraic varieties of conductivities. Perhaps there is a simple way to
characterize the spaceof troublesomeconductivities for a K n ¡ § n transformation
and work around those di±cult values.

Also, perhaps the procedure of building a maximal connection can be adapted
for planar graphs that are not circular planar. There is no known analog for the
concept of criticalit y, but the processof constructing a maximal connection might
produce such an analog.
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