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Abstract

In the continuous case, a °-harmonic function u(x;y) is a function
which satis es the equation div(°r u) = 0. Curtis and Morrow, [1], de-
ned a °-harm9_;1ic function u(p) on a discrete electrical network as one

that satis es °pq(u(P)i u(q) = O:
a2 N (p)
This paper discussediscretizations of other functions that are already

de ned in the continuous case. Speci cally it de nes a Poisson Integral
Formula, a Cauchy-Riemann equation, a harmonic conjugate of a discrete
harmonic function, and an analytic function on an electrical network. The
discussion of discrete Cauchy-Riemann equations leadsto a study of dual
graphs, so two main ideas about dual graphs are preserted. There is
an algorithm for recovering the values of a harmonic conjugate given the
values of a harmonic function. Additionally , there is a theorem describing
when a graph and its dual are Y-¢ equivalent.
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1 Intro duction

To begin a study of discretizations on electrical networks, this paper must rst
de ne an electrical network. A graph with a boundary is a graph consisting of a
setof nodesV, and edgeskE connectingthose nodes,with certain of those nodes
designated as boundary nodes Vg, and the other nodes represeting interior
nodesV, . A circular planar graph with boundary, G, is a graph with boundary
embedded in a disc so that the boundary nodes lie on the circle, C, which
bounds the disc, and the rest of the graph is interior to the disc. The vertices
of the graph are numbered in the following manner. Start by numbering the
boundary vertices, in counter-clockwise order around the circle C, then number
the interior vertices.

Graphs are usefulin represening networks of resistors. An electrical network
i = (G;°) isagraph with a boundary G together with a function °© > 0 de ned
on the edgesof G which speci es the conductivity of ea edge. Let u(p) be
a vertex function that de nes the potential at ead node of the network j. A
function u(p) is said to be °-harmonic if it satis es the equation

*pg(U(P) i u(g) =0 1)

a2 N (p)

for all p 2 V;, where N (p) is the set of nodesthat are neighboring p, that is,
there is an edge between p and ead node in N(p). Saing that a potential
function u(p) is °-harmonic on the interior of j is equivalent to saying that the
net current °owing into ead interior node is zero.

The Kirchho®matrix, K, is a usefultool for working with electrical networks.
It storesthe valuesof the conductancesof the edgesin the network. Entries in
the Kir chho®matrix for an electrical network are de ned by

1. Ki;j = oij fOI’i@j
-— P o
2. Kii = jei i
where °j is the conductanceof the edgebetweennode i and node j. If there
is no edgebetweeni and j, the conductance®; is zero. The Kirc hho® matrix
can be written in block form:
A B’

K= BT C (2)
where A stores conductancesof edgesbetween two boundary nodes, C stores
conductancesof edgesbetweentwo interior nodes, and B stores conductances
for boundary to interior edges.

2 The Discrete Poisson Integral Formula

In the corntinuouscase the Poissonintegral Formula is atool for solving Diric hlet
boundary value problems. The Dirichlet boundary value problem is to nd a



function u that is harmonic on the interior of a region given only the valuesof u
on the boundary of that region. The generalizedPoissonlIntegral Formula says
that given boundary data ujgy = A(w), interior valuesof u can be calculated

uz) = L @EEwW

T @ A(w)ds(w) €))

@

where G(z; w) is the appropriate Green's Function. A Green's function for a
domain with singularity at p is a function G(z; p) suc that

1. G(z;p) is harmonic for z in domain - whenz 6 p,
2. G(z;p) + logz | pj is harmonic near p, and
3. G(z;p) = 0if z is on the boundary of the domain @.

The Dirichlet problem on an electrical network, j isto 'nd afunction u that
is °-harmonic on the interior of j given only the valuesof u on the boundary,
Ujy, = A. The Dirichlet problem written in equation form is

A B A’ &
BT C uy _ O )

where o represerts somecurrent on the boundary. This equation merely states
that conductivities (stored in the Kirc hho® matrix) times voltages equals cur-
rents. Also the zeroin the equation says that u is harmonic, that is, the net
current °ow at ewvery interior node is zero. The voltages on the boundary are
speci ed by the function A.

Claim 2.1. The discrete analog of the Poissonlintegral Formula is
ujy, = i C'BTA (5)
because
1. the equation solvesthe Dirichlet Problem (4)

2. Ci ! acts like a Green's Function where the argumerts of the Green's
Function are the rows and columns of the matrix

3. the equation contains discrete analogsof an integral around the boundary
and a normal derivative of the Green'sFunction times the given boundary
data A.

Simple block-matrix multiplication of (4) givesthe equation
BTA+Cu=0 (6)

This equation has a unique solution given by (5) if and only if C is invertible.
Lemma 3.8 in [1] provesthat C is invertible, so part 1 of the claim is veri ed.

A discrete Green's function for a domain D with a singularity at p is a
function G(z;p) suc that



1. G(z;p) is harmonic for z in D, z 6 p,

2. G(z;p) is not harmonic at node p, instead there is a current source of
magnitude 1 at p, and

3. G(z;p) = 0if z is in the boundary @

Giventhis de nition of a discrete Green'sfunction, a Green'sfunction g(z; p)
on the electrical network j must equal zero for nodeson the boundary,
9(z:Pizze@ = 0 and satisfy

. £ o

Co(z;Pizzint = 0;:::;0;1;0;:::50; (7)
for nodesin the interior, wherethe 1 in the right side of the equation is in the
p" position represening a current source of 1 there. Solve the equation for
o(z; p) to get . o or
9(z;P)jz2int = C' - 0;:::;0;1,0;:::;0 (8)
Therefore, the desired Green's function is stored in the p™ column of Ci 1, and
part 2 of the claim is veri ed.

The expressionfor the p" ertry of the solution u can be written as

X
up) =i  C Hpi)BTA) 9)

Expanding (BT A); gives
X @ X 7
u(p) = i Cii(p:j)  (BT(:D)A) (10)
] I
Rearraging the order of summation yields
X h3x T
u(p) = i Cii(p:)BT(j;i) A (11)
i i
Ci ' is symmetric, sorewrite Ci 1(p;j) asCi %(j;p). Howewer, the columns of
Ci 1 are simply the Green's functions so rewrite Ci 1(j;p) asg(j;p). Further-
more, by the de nition of the Kirc hho®matrix, BT (j;i) = j °j . The summation
over i indexesthe columnsof BT soi indexesboundary nodes. Since Green's
functions are zero on the boundary of the region, g(i; p) is zerowheni refersto
a boundary node. Thusinserting a g(i; p) into the equation makesno di®erence.
With thesechanges,the equation becomes
X h3x T
u(p) = i (9GP i 9G:p) A 12)
! J
The summation over i correspondsto the integral over the boundary in the
PoissogIntegral Formula. The function A corresponds to the boundary condi-
tions. P i (g(i; p) i d(j;p)) is the normal derivative of the Green's function.
Therefore part 3 of the claim is veri ed.



3 The °-Cauchy-Riemann Equations

We now have discreteanalogsfor harmonic functions and for the Poissonintegral
formula de ned on electrical networks. A logical next areaof study would be to
‘nd a discrete analog of the Cauchy Riemann equations and a discrete analog
of an analytic function on an electrical network.

In order to make useof the Cauchy-Riemann equationson electrical networks
with conductivities °, | rst haveto considerif there is a pair of Cauchy-Riemann
equationsthat involve a variable ° in the equations.

Givenafunction, f (z) = u(x; y)+i£ v(x; y), of acomplexvariable z = x+ iy,
the Caudhy-Riemann Equations are uy = vy and uy = j vy. If the pair of real-
valued functions u and v satisfy those equations, the functions are harmonic,
and the complex function f (z) is analytic.

| de ne the °-Cauchy-Riemann equations as follows:

Uy = Vy (13)
“Uy = j Vx (14)

Theorem 3.1. If a pair of real-valued functions u(x; y) and v(x;y) satisfy the
°-Cauchy-Riemann equations, then u(x; y) is °-harmonic, and v(x;y) is 1=°-
harmonic.

Proof. Take the derivative of equation (13) with respectto x: (°uy)x = (Vy)x.
Take the derivative of equation (14) with respectto y: (°uy)y = (i vx)y. Adding
the two equationsyields (° uy)x + (°uy)y = 0. Therefore, u is ° -harmonic.

To prove that v is (1=°)-harmonic, rewrite (13) as uy = (1=°)vy, and
rewrite (14) asj uy = (1=")vx. Then taking the proper partial derivatives
and adding the two equations gives ((1=°")vy)y + ((1=°)vy)x = 0 Therefore,v is
1=°-harmonic. O

When ° = 1, the °-Cauchy-Riemann equationsreduceto the normal Cauchy-
Riemann equations.

4 Another Form of the Cauchy-Riemann equa-
tions

The Caucdhy-Riemann equations are related to rotations in the complex plane.
The equation ux = v, equatesa directional derivative in the x direction with
a directional derivative in the y direction. The equation uy, = j v, equatesa
directional derivative in the y direction with a directional derivative in the j x
direction.

Rather than taking the directional derivativesin the Cauchy-Riemann equa-
tions in the x and y directions, one can take derivatives in the normal and
tangertial directions. If you have an arbitrary normal vectorn = a+ bi = (a;h),
you can rotate it 90 degreesto the left in the complex plane by multiplying it
by i.



n=a+ib

t =-b+ia
N\

Thuswecanlet ¢ = in = j b+ ai = (j b;a). Then the Cauchy-Riemann
equations can take the following form:

Theorem 4.1. If two functions u and v satisfy

Ux = Vy
Uy = i Vx
then they satisfy
@-@ = @=-@
@-@ =i @=-@

where n is a vector a+ bi and ¢ is a vector rotated 90 degrees counter-clockwise,
i b+ ai.

Proof. Assumethat u and v satisfy the Cauchy-Riemann equations. Also write
n = (a;b) and ¢ = (j b;a). | canwrite the directional derivative @i=@ asa dot
product of the gradient with the normal vector n: r u ¢n. Then

@-@

rudn

= (ux;uy) ¢(a;b)
uxa+ uyb
vya+ j vb
(Vx; vy) &(i b;a)
rvaée

a@=-@

O

5 Dual Graphs and the Discrete Cauchy Rie-
mann Equation

To make use of the °-Cauchy-Riemann equations on planar electrical net-
works, | ‘rst presert somede nitions.



De nition 5.1. The dual graph, G-, of a circular planar graph with boundary,
G, isacircular planar graph with boundary drawn in the following manner. The
graph G together with the circle C partition the disc into a nite number of
disjoint cells. The vertices of the dual graph are de ned by placing a vertex in
ead cell. If oneof the edgesof a cell is an arc of C, placethe vertex on this arc.
For eac edgein the original graph, there is one edgein the dual graph that
intersectsthe original edgeand connectsthe two veticesdrawn in the adjacert
cells.

If anetwork j = (G;°) hasconductivities ° then its dual j » = (G- ;1) has
conductivities %

Original Graph, G
—————— Dual Graph, G|

Boundary Circle, C

. ~oN e

Figure 1: Original Graph and Dual Graph

De nition  5.2. Let u(p) be a vertex funtion de ned on the vertices of the
original graph G, and let v(p) be a vertex function de ned on the vertices of
the dual graph G, . Let e be an edgein the original graph G with endpoints
p and g. Orientation e as gp Let e; be the intersecting edgein the dual graph
G- with p°the endpoint of e, that is readhed by starting at p and traveling
courter- clockW|se and o being the opposite endpoint of e, , asshavn in “gure

2. Orient e, asqopO Let ¢ eu= u(p)i u(g) andlet ¢ o, v=v(p9)i v(d) Then
the ° -Cauchy-Riemann equation on an electrical network is

CeECU=Ce Vv (15)

Remark 5.3. The °-Cauchy-Riemann equation is independert of the orienta-
tion chosenfor edgee.

Theorem 5.4. If vextexfunctions u and v, de ned on G and G, respctively,
satisfy the discrete °-C@Jchy—Fﬁemann equation, then u is °-harmonic, and v
is #-harmonic, that is, 4,y () “pa(U(P) i U(®) = 0

v(P)i v(d)) = O

1
and %2 N (p°) °_p0q0



Original Grapt

~ " Dual Graph

P<=—-=fF=-=--=4d

Figure 2: Original Edge and Dual Edge

Proof. If u and v, de ned on G and G, respectively, satisfy the discrete °-

Caudhy-Riemann equation, then "x apoint pin G. Point pis connectedby edges

to certain other vertices in the graph ai; &p; ::;;oh. Call g the edgebetweenp

and g . Let &;; denotethe edgein the dual graph G- that intersectse . The
P

edgese,; form a closedpath in the dual graph. The sum ¢ e,, v overall the
j=1

edgesin that path is identically zerobecauseit forms a telescopingserieswith

all the terms cancellingout. Thus,

X
‘pa(U(P i u(@) = g Ceu
a2 N (p) j=1

= °e (1=°¢ £ Co,,V)
j=1

= Ce,,V
j=1

=0

The proof that v is 1-harmonic is left to the reader. O

6 Green's Theorem

De nition  6.1. An edgefunction is a function f (€¢) de ned on an edgee suc
that f(j € = j f (e).

Let F(e) be an edgefunction. Green's Theorem takesthe following form.

Theorem 6.2. Let D be a connected region in a graph G made of vertices and
edgesin G, boundal by a simple closal curve @D.



Let e A p denote an edge e with p as one of its endmints. Lete A @
denotethat e is an outward-pointing edgenormal to @ with one endpint of e
on @.

P P
Then ~ F(e) = F(e).
p2D eAp eA @
Proof. Let group 1 be the set of edgeswith both its endpoints in the region
D, and let group 2 be the set of edgeswith one endpoint on @ and the other
endpoint outside of the regiqn D If an edgee is in group 1, then both e and

i eareincluded in the sum F(e). However, F(e) + i F(j €) = 0, sothe
p2D eAp P
sum reducesto a sum of edgesin group 2, that is, F(e). O
eA @

7 Harmonic Conjugates

Denition  7.1. Given a °-harmonic function u, a function v that satis es
°e£ ¢ ou= €, vis called a harmonic conjugate of u.

The following theorem must be proved before proving the existenceof the
harmonic conjugate.

Theorem 7.2, Supmsef is an edgefunction on a connected graph G. Further

supmpsethat f(g) = O for all closal curvesin G denotel by a sequen@ of
i
edges(er; e;:::;€,). Then there exists a vertex function w suchthat f = r w.

Proof. Fix a point in a graph py. Let w(py) = 0. Since G is connected,we can
nd a path fromeo to an arbitrary point g. De ne a function on this arbitrary
point asw(q) =  f (g ) wherethe sumis over all edgesg; in a path from pp to
g. We must now show that the function w(q) has a unique value at any point
in the graph. Find a secondpath from pg to g. Sinceby the hypothesesof the
theorem, the sumof f (g ) around a closedpath equalszero, the sumtakenalong
the “rst path from pg to q plus the sum taken badkwards along the secondpath
badk to pg must equal zero. Howeer, this implies that w(q) evaluated on the
“rst path is the sameas the value of w(q) taken along the secondpath. Then
w(q) is uniquely de ned. Furthermore, f (€yq) = W(Q) i w(p). O

Theorem 7.3. Given a °-harmonic function u on an electrical network, a
harmonic conjugate v always exists.

Proof. De ne an edgefunction of the dual graph F(e;) = °c¢ cu. Let S, be
any closedpath in G, . Let S be the set of edgesin the original graph crossing
S, . Let T bethe regionin the original graph bounded by the closedpath S- .
Then X X

Fle)=  °jtqu (16)
§28S, €2S



The right-hand side of the above equation represerts the currents °owing out
of edgesin S. By Green's Theorem, this equals
X X X
Oj¢eJ u-= ¢eu (17)
§2S p2T eAp

This sum of currents is also equal to the sum of net current °owing out of
ead node in the whole region T. But sinceu is °-harmonic, this sum equals
zero. Then by the previous theorem, there exists a vertex function v suc that
F(e)=¢v. O

Remark 7.4. Given a °-harmonic function u on an electrical network, the
harmonic conjugate v is unique up to a constart.

8 Discrete Analytic Functions

| cannow give ade nition for an analytic function on a discrete planar electrical
network.

De nition  8.1. A ° analytic function f = (u;v) is a pair of functions u and
v such that u is a °-harmonic vertex function de ned on a graph G, and v is a
L harmonic vertex function de ned on the dual graph G, and u and v satisfy
the discrete ° -Caudhy-Riemann equation, °c £ ¢ cu = ¢ ¢, V.

In the continuous case,a function that is analytic satis es the Cauchy Inte-
gral Theorem, Z

f(z)dz=0 (18)
C

| would like to be able to expressa discrete analog of the Caudhy Integral
Theorem on a discrete electrical network, but have beenunable to do so yet.

I can make a simple obsenation regarding closedcurveson G or G, . This
integral theorem takesthe following form. Take a simple closedcurve C on a
graph G and label all of the edgeson the closedcurve e;;::;; e,. Each edgeeg; is
intersectedby an edgee, ; in the dual graph. Label F_he vertex of e, ; outside of C
asq" andthe vertex of &;; insideof C asq . Then %j £ (v(g)i v(g ) = 0.

j

9 Recovering Potentials on G, from Potentials
on G

The study of Caudy-Riemann equations and analytic functions of electrical
networks led to a study of dual graphs. To better understand dual graphs,
two main ideasabout dual graphs are discussedn the following sections. First,
given a harmonic function u on an original graph G, canu's harmonic conjugate
be written in terms of the Kirchho® matrix? Second,when are G and G,
electrically equivalent?

10



Let u be a °-harmonic function on G. LetA = ujgs. Let v be a harmonic
conjugate of u. Let A = vjgs, . In the following we will describe A in terms of
A and v in terms of A. To expressthis relationship, | rst needto dene the
respnse matrix and the integral matrix.

De nition  9.1. The response matrix is the matrix =- calculated from the
Kirchho® matrix by
. = Aj BC' BT (19)

Premultiplying a vector of potentials on the boundary nodes of a graph by the
responsematrix givesa vector of currents °owing into the boundary nodes of
the graph.

De nition  9.2. The integral matrix, T,, isan n £ n matrix with 1'sin all the
ertries on or belowv the main diagonal, and 0's elsewhere. Pre-multiplying a
vector X = (X1;X2;::5;Xn)T by the integral matrix gives\in tegrals”, or sums, of
the entries in the original vector:

2 3
X1

X1+ X
TnX:§ 1... 2 Z
X1+ 1+ Xp

Theorem 9.3. Let A be dened on @. Then A uniquely determines a °-
harmonic function u on G. The boundary valuesof a harmonic conjugate v of
u are given by the equation

A= Ta-A (20)

and v on the interior nodesof G, is given by the equation
v=i Ci'B](Tr-A) (21)

Proof. First considerthe current 1, °owing out of vertex 1. Denote the vertex
1 asp;. Current is given by conductancetimes the drop in voltage:

X
I = *1q(u(p2) i u(a)) (22)

g2 N (p1)

Let P be the collection of edgesin the dual graph that intersect all the edges
incident to p; in the original graph, asshawvn in "gure 3. A sum of voltage drops
acrosseact edgein P will collapseto simply the voltage of the "rst nodein P

minus the voltage of the last node in P, v(p;1) i V(p>n). Since°¢u= ¢ v, we
also know that

X X
Iy = “1q(u(pr) i u(@) = (v(P)i v(d)) = v(p21)i V(pen) (23)
42N (p1) P

Solving for the potential at p,; revealsthat v(p,1) = 11 + v(p»n). Sincethe v
function is uniquely determined only up to a constart, | can arbitrarily assign
v(p-. n) to be equalto O, then v(p,1) = I;.

11



—————— Path P in the dual graph
Original graph

Figure 3: Finding potentials in the dual graph

I caninductiv ely prove that the potential at any boundary vertex p-  is the
sumof currents in G, I, + :::+ I. | already showved the casefor k = 1. Assume
this statemert is true for an arbitrary k. Let Py+; be the collection of edges
in the dual graph that intersect all the edgesincident to pyx+1 in the original
graph. Then

X
V(P> (k+1) ) = V(P2k) + v(ip) i v(dd
Pks&
v(prk) + °1q(u(pk+1) i u(a)
92N (pk)
V(P2 k) + Tkt

X

= lj + ks

(24)

From the de nition of the responsematrix @-, we know that @- A is a vector
of the currents °owing into the boundary nodes of G. The potentials at the
boundary of G, are sums of those currents. Therefore the potentials at the
boundary of G-, A are givenby Ta- A

To get the potentials on the interior of G-, recall that voltagestimes con-
ductancesgive currents, so

'A? B?"A’_'n’
BI C- v 0 (25)
wherethe “rst matrix is the Kirchho®matrix of conductancesof the dual graph,

A is the potential at the boundary, v is the potential in the interior, * is the

12



current on the boundary, and becausev is harmonic, there is 0 net current at
ead interior node. This matrix equation givesan expressionfor v:

v=i Ci'BJA (26)
0

A possiblearea of further study would be to attempt to write v ertirely in
terms of K, rather than using K- .

10 Y-¢ Equiv alent Graphs and Dual Graphs

The next question that ariseswhen dealing with dual graphs, is how similar is
a graph to its dual? Speci cally, when is a graph Y-¢ Equivalert to its dual?
To answer thesequestions,| needto usethe conceptsof medial graphs, circular
pairs, z-s@uen@s, and the Cut-Point-L emma as de ned in [1] and [2]. | also
expand on theseconceptsby describingwhat the zj sequencefor a dual graph
is, and de ning a rotation.

The medial graph M (G) of a graph is a graph sudc that vertices of G map
to cellsin M (G). The construction of the medial graph is discussedin chapter
eight of [1]. A medial graph divides the disc into regions or cells which can
be colored so that a black cell sharesfaceswith only white cells and a white
cell sharesfacesonly with black cells. Black cells correspond to verticesin the
original graph, and white cells correspond to verticesin the dual graph. Every
interior node in a medial graph has degreefour. An example of a graph and its
medial graph is illustrated in "gure 4.

g4
g3

gl

gl
g1

Figure 4: A Medial Graph
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De nition  10.1. A circular pair (P;Q) = (p1;::;Pk; ;i ) IS a sequence
of boundary nodessuch that ps;:::; p«; th; i Gk IS in counter-clockwise circular
order around the disc.

De nition  10.2. A k-connection is a set of paths made of vertices and edges
in G sudh that p; is connectedto o, p; is connectedto ¢; 1, and soforth. Also,
all of the paths must be disjoint, that is, they cannot share vertices or edges.

De nition 10.3. A graph G iscritical if remaving any edgein the graph breaks
a connection.

De nition 10.4. SupposeG is acritical circular planar graph with n boundary

nodeswhich is embeddedin the plane sothat the boundary nodesvy; :::; v, occur
in counter-clockwise order on a circle C and the rest of G is in the interior of

C. Then the medial graph M (G) has n geadesicsead of which intersects C

twice. The n gedadesicsintersect C in 2n distinct positions. The 2n points are
called position numbers and labeledtq;:::;ton, Sothat t; < vi < tp, < tg< i<

ton; 1 < Vo < t2n < tp in the circular order around C. The geadesicsare labeled
asfollows. Let g; be the geadesicwhich beginsat t;. The remaining gealesics
are labeled g; g3;::;; g, sothat if i < j, then the rst point of intersection of g;

with C occursbeforethe rst point of intersection of g; with C in the courter-

clockwise order starting from t,. For each i = 1;2;:::;2n; let z; be the number
of the gedalesic which intersects C at t;. In this way we obtain a sequence
Z = 21,22,:%Zon, Called the zj sequencefor M (G). Each of the numbers from

1to n occursin z exactly twice. An exampleof a graph and its zj sequenceis

shawn in “gure 5.

g4
g3

g2

ql
gl

g2

33 9'4

Figure 5: Graph with z-sequencel,2,3,4,1,2,4,3
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De nition  10.5. Now consider the dual graph G, . If | considerthe 2n t;
positions as xed, the boundary vertices of G occur on C suc that t; < v; <
to < t3 < vp < :: but the boundary vertices of G, occur on C such that
t1 < tp < Vo1 < t3 < ty < Vo, < . Therefore in the z-seuene of G, , let
0.1 be the gedesic which beginsat t,, then label the remaining gealesicsin
the samemanner as beforeasin "gure 6.

Figure 6: Dual Graph with z-sequencel,2,3,4,1,3,2,4

De nition  10.6. The relabelling of the geadesicsto get the G, z-sequences
called a rotation .

De nition  10.7. Note that sinceposition numbersfor a graph are xed, | can
de ne addition on position numkbers. If p is position number t;, then p+ 1is
position number tj.; . AlsO ton1 = t3.

With the precedingde nitions, | now presert sometheorems.

Theorem 10.8. A connected, critic al, circular planar graph G and its dual G-,
havethe samez-sgquene (that is, a rotation preservesa z-sequene) if and only
if the the z-sequene is 1;:::;;n; 1;:::;n.

Proof. Assumethat a rotation presenesthe z-sequence.Then an actual rota-
tion of the medial graph by one node must be able to be superimposedon the
original medial graph exactly. Then, if p and q are position numbers of two
endpoints of the same gedadesic, the p+ 1 and g+ 1 positions must also have
a gedesic connecting them. Then positions p+ 2 and g+ 2 must also have a
gedadesic connecting them, and so forth.

15



p+1

p+2

X

Figure 7. A vertex cannot be the endpoint of two di®erert geadesics

Supposep and q are not n positions apart. Without loss of generality, as-
sumethat there are equal or greaterthan n boundary nodeson the arc traversed
counter-clockwise from p to g. Now the 2n position numbers must be paired
sothat p and g are two endpoints of the samegealesic,p+ 1 and q+ 1 are
two endpoints of the samegeadesic,p+ 2 and g+ 2 are two endpoints of the
samegeddesic, etc. But then there must be a position number x 6 g between
p and g such that x and p are two endpoints of the same geaesic, as shavn
in "gure 7. But this is a contradiction becausep cannot be an endpoint of two
di®erert geadesics. Therefore if the rotation presenesthe z-sequencethen the
two endpoints of every geadesicmust be n positions apart, and the z- sequence
must be 1;:::;n; 1; 5 n.

Assumenow that a graph G hasz-sequencel;:::;n; 1;::;;n. Then if pandq
are two endpoints of the samegedalesic,p and g are n positions apart. Then a
rotation will presene that z-sequence.

O

Theorem 10.9. If a critical, connected graph's z-sequene is 1;::;n;1;::;n
then the graph is well-connected.

Proof. Note that if the z-sequencds 1;:::;n; 1;:::; n, then there are n gealesics
in the medial graph and n boundary nodesin the graph. Let * be the number
n=2 if n is even, and (nj 1)=2 if n is odd. The largest possible circular pair
fpu;pe ;i g g hassizet .
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| “rst shaw that if the z-sequenceis 1;:::;n; 1;::;; n, then the graph has all
possiblet -connections. Pick an arbitrary ! -sizedcircular pair, fpy; 5 p; ;i G O
If n is even, placea cut in the white cell of the medial graph immediately before
p. and place the other cut point in the white cell immediately after p.. If n
is odd, place one of the cut points in the black cell corresponding to the only
boundary node not in the circular pair. Place the other cut point on the op-
posite side of the circle sothat ead arc cortains only p nhodesor only q nodes.
The number, b, of whole black cells on either arc is *. Sincethe z-sequencds
1;::5n; 15N, the number, r, of re-ertrant geajeS|CS|s 0. Then by the Cut-
Point-Lemma, the maximum mteger m, such that there is a k-connection from
one arc to the otherism = bj r = 1§ 0= 1. Therefore, the graph has all
possible! -connections.

Next | will shaw that the graph hasall possibleconnections(ps;:::; px; O; i3 Ck)
when all the p;'s are cortiguous and all the g's are also continguous. Pick an
arbitrary circular pair (p1;::; Pk; ;5 6k ) wherek can be any integer lessthan
1, and the p;'s are corntiguous and the g's are cortiguous. Let u be the set of
boundary nodesbetweencg, and p;, and let juj be the number of elemers in u.
If juj is even, placethe rst cut point on a white cell to divide the u nodesinto
two equal groups. If juj is odd, place the “rst cut point on a black cell corre-
sponding to the middle u node. Placethe secondcut point on the opposite side
of the circle sothe two arcs ead contain the samenumber of boundary nodes.
There exists a unigue ! -connection betweenthe two arcs. This connection pairs
ead of the nodesin u with another node in u, and then ead p; is uniquely
paired with the corresponding ¢, so the k-connection joining the circular pair
is embeddedin the unique t -connection. Thus there is a k-connection between
any circular pair when all the p;'s are cortiguous and all the g's are also con-
tinguous. In particular, all possible1-connectionsexist.

Finally, I will shawv by induction that the graph hasall possiblek-connections.
I have already shown that this statemert is true whenk = 1. Assumethe state-
mert is true for a given k. Now pick an arbitrary circular pair of sizek + 1,
(P1; i Pr+1 ;O ooy k+1 ). Sincel have already shown that all possible?! -sized
connectionsexist, look at a ! -connection where py is paired with @,. This con-
nection is topologically equivalert to straight parallel, disjoint lines that divide
G into regions. Call the set of these paths the ladder set. Call the path or
line betweenpx and ¢ line H, and say that the region belowH is the region
of the disc that contains px+1 and ;. Sincel am assumingthat the graph has
all possiblek-connections,look also at the k-connection (py;:::; p«; Op; :ii; Ok +1 )-
This k-connection may have paths below line H. Take a pair of nodes. ap,
and the ¢ to which p; is connected. Look at the region, R, in G bounded by
two of the parallel lines in the ladder setthat are speci ed by the points p; and
g . Redraw the path in the k-connectionthat connectsp; and ¢ : 1) When the
path lies within the region R, do not changeit. 2) When the path leavesthe
region R, replacethat part of the path with the part of the horizontal line in
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the ladder set. By repeating this processfor all p; and g in the k-connection,
| can redraw the k-connectionin such a way that all paths in the k-connection
are on or aboveline H, and all those paths are still disjoint, asshown in “gure 8.

There alsoexists a 1-connectionfrom px+1 and ¢,. Redraw the 1-connection
in a similar manner. Look at the region R, in G bounded by the two parallel
lines in the ladder set, one of which contains px+1 and one which contains q;.
When the 1-connectionlies within the region R, do not changeit. 2) When the
1-connection leaves the region R, replacethat part of the path with the part
of the horizontal line in the ladder set. Therefore there exists a 1-connection
from px+1 to q; below line H. Combine this 1-connectionwith the redrawn k-
connction to get a k + 1 connection on our arbitary circular pair. By induction,
this shows that the graph hasall possiblek-connectionsfor any k.

O

Theorem 10.10. If a critical graph is well-connected then its z-seuene is 1,
SRR o PO R o

Proof. Well-connected meansthat for every circular pair (p1;:::Px; G; 55 Gk),
there exists a k-connection;in particular, all possible! -connectionsexist. Pick
the 1 -sized circular pair (pg;::;p:;0i;::; 6 ) sud that the pi's are the rst !
vertices. Make two cuts in the circle C sud that all points p; are in one arc,
and all the other points are in the other arc. The maximum integer m such that
there is a m-connectionfrom onearc to the other is®. The number of black cells,
b. which are ertirely within the arc is also!. Then by the Cut-Point-Lemma,
the number of re-ertrant geadesicsr isr = bj m =1 1 = 0. Therefore the
“rst half of the z-sequenceis 1;::;;n. By the sameargumert, for any two cut
points which divide the number of gealesic ends evenly, the corresponding n
elemerts of the z-sequencamust contain all the numbersfrom 1to n. Therefore,
the z-sequencses 1;:::;n; 1;:::;n. O

Theorem 10.11. Given a critic al, connected, circular planar graph G, the dual
graph G, isY j ¢ equivalentto G if and only if G is well-connected.

Proof. The proof is given by proving three statemerts:

1. Two graphsare Y | ¢ equivalent if and only if their z-sequencesre the
same.

2. A graph and its dual have the same z-sequenceif and only if the the z-
sequenceas 1, ..., n, 1, .., n.

3. A graph is well-connectedif and only if its z-sequencas 1, ..., n, 1, ..., n.

Statemert 1 is proven by Theorem 7.2 of the paper Circular Planar Graphs
and Resistor Networks, by E.B. Curtis, D. Ingerman, and J.A. Morrow. State-
ment 2 was proven by theorem 10:8, and statemert 3 was proven by theorems
10:9 and 10:10.

18



References

[1] Curtis, Edward B., and JamesA. Morrow. \In verse Problems for Electri-
cal Networks." Serieson applied mathematics { Vol. 13. World Scierti c,
°c 2000.

[2] Curtis, Ingerman, and Morrow. \Circular Planar graphs and resistor net-
works." Linear Algebra and its Applications 283 (1998) p.115-150

19



Arbitrary circular pair and the connection A k-connection between (p1, ..., pk; g2, ..., q(k+1)
where pk is paired with g2 and a 1-connection between p(k+1) and gl

(@) (b)

q(k+1)

gk

p3 /
[ /q3
pk q2

The k-connection redrawn
and the 1-connection redrawn

(©

Figure 8: Drawing a k+1 connection
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