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Chapter 5 
 

Problems 
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y 10110
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10)15( =F .  Assuming independence of the events that the 

devices exceed 15 hours. 
 
5. Must choose c so that 
 

   .01 = 5
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 so c = 1 − (.01)1/.5. 
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6. (a) E[X] = ∫∫
∞

−
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1 dxeydxex yx  = 2Γ(3) = 4 

 
 (b) By symmetry of f(x) about x= 0, E[X] = 0 
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9. If s units are stocked and the demand is X, then the profit, P(s), is given by 
 
  P(s) = bX − (s − X)Ρ  if X ≤ s 
    = sb   if X > s 
 
 Hence 
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 Equating to zero shows that the maximal expected profit is obtained when s is chosen so that 
 

   F(s) = 
+b
b  

 

 where F(s) = ∫
s

dxxf
0

)(  is the cumulative distribution of demand. 

 
10. (a) P{goes to A} = P{5 < X < 15 or 20 < X < 30 or 35 < X < 45 or 50 < X < 60}. 
       = 2/3  since X is uniform (0, 60). 
 
 (b) same answer as in (a). 
 
11. X is uniform on (0, L). 
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13. P{X > 10} = 
3
2 , P{X > 25 X > 15} = 
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}15{
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 where X is uniform (0, 30). 
 

14. E[Xn] = 
1

11
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 P{Xn ≤ x} = P{X ≤ x1/n} = x1/n 
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15. (a) Φ(.8333) = .7977 
 (b) 2Φ(1) − 1 = .6827 
 (c) 1 − Φ(.3333) = .3695 
 (d) Φ(1.6667) = .9522 
 (e) 1 − Φ(1) = .1587 
 



Chapter 5  67 

16. P{X > 50} = 






 >

−
4

10
4

40XP  = 1 − Φ(2.5) = 1 − .9938 

 Hence, (P{X < 50})10 = (.9938)10 
 
17. E[Points] = 10(1/10) + 5(2/10) + 3(2/10) = 2.6 
 

18. .2 = 






 −

>
−

σσ
595XP  = P{Z > 4/σ}  where Z is a standard normal.  But from the normal 

table P{Z < .84) ≈ .80 and so  
 
  .84 ≈ 4/σ or σ ≈ 4.76 
 
 That is, the variance is approximately (4.76)2 = 22.66. 
 
19. Letting Z = (X − 12)/2 then Z is a standard normal.  Now, .10 = P{Z > (c − 12)/2}.  But from 

Table 5.1, P{Z < 1.28} = .90 and so 
 
  (c − 12)/2 = 1.28  or  c = 14.56 
 
20. Let X denote the number in favor.  Then X is binomial with mean 65 and standard deviation 

)35(.65  ≈ 4.77.  Also let Z be a standard normal random variable. 
 
 (a) P{X ≥ 50} = P{X ≥ 49.5} = P{X − 65}/4.77 ≥ −15.5/4.77 
              ≈ P{Z ≥ −3.25} ≈ .9994 
 
 (b) P{59.5 ≤ X ≤ 70.5} ≈ P{−5.5/4.77 ≤ Z ≤ 5.5/4.77} 
     = 2P{Z ≤ 1.15} − 1 ≈ .75 
 
 (c) P{X ≤ 74.5} ≈ P{Z ≤ 9.5/4.77} ≈ .977 
 
22. (a) P{.9000 − .005 < X < .9000 + .005} 

   = 






 <<−

003.
005.

003.
005. ZP  

   = P{−1.67 < Z < 1.67} 
   = 2Φ(1.67) − 1 = .9050. 
 
  Hence 9.5 percent will be defective (that is each will be defective with probability  
  1 − .9050 = .0950). 
 

 (b) 
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23. (a) P{149.5 < X < 200.5} = 
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 −
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36/5000
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         ≈ Φ(2.87) + Φ(1.46) − 1 = .9258. 
 

 (b) P{X < 149.5} = 


















−

<

5
4

5
1800

)5/1(8005.149ZP  

       = P{Z < −.93} 
       = 1 − Φ(.93) = .1762. 
 
24. With C denoting the life of a chip, and φ the standard normal distribution function we have 
 

  P{C < 1.8 × 106} = 








×
×−×

5

66

103
104.1108.1φ  

              = φ(1.33) 
              = .9082 
 
 Thus, if N is the number of the chips whose life is less than 1.8 × 106 then N is a binomial 

random variable with parameters (100, .9082).  Hence, 
 

  P{N > 19.5} ≈ 1 − 






 −
)0918(.82.90

82.905.19φ  = 1 −φ(−24.7) ≈ 1 

 
25. Let X denote the number of unacceptable items among the next 150 produced.  Since X is a 

binomial random variable with mean 150(.05) = 7.5 and variance 150(.05)(.95) = 7.125, we 
obtain that, for a standard normal random variable Z. 

 
  P{X ≤ 10}  = P{X ≤ 10.5} 

    = 






 −

≤
−

125.7
5.75.10

125.7
5.7XP  

    ≈ P{Z ≤ 1.1239} 
    = .8695 
 
 The exact result can be obtained by using the text diskette, and (to four decimal places) is 

equal to .8678. 
 

27. P{X > 5,799.5} = 












>
500,2

5.799ZP  

    = P{Z > 15.99} = negligible. 
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28. Let X equal the number of lefthanders.  Assuming that X is approximately distributed as a 
binomial random variable with parameters n = 200, p = .12, then, with Z being a standard 
normal random variable, 

 

  P{X > 19.5} = 
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)88)(.12(.200
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     ≈ P{Z > −.9792} 
     ≈ .8363 
 
29. Let s be the initial price of the stock.  Then, if X is the number of the 1000 time periods in 

which the stock increases, then its price at the end is  
 

   suXd1000-X = sd1000
X

d
u






  

 
 Hence, in order for the price to be at least 1.3s, we would need that 
 

   d1000 3.1>







X

d
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   X > 
)/log(

)log(1000)3.1log(
du
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 That is, the stock would have to rise in at least 470 time periods.  Because X is binomial with 

parameters 1000, .52, we have 
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              ≈ P{Z > −3.196} 
              ≈ .9993 
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  α is the value that makes preceding equal 1/2 
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31. (a) [ ]aXE −  = 
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  Differentiation yields that the minimum is attained at a  where 
 
   2/1=− ae λ  or a  = log 2/λ 
 
 (c) Minimizing a = median of F 
 
32. (a) e−1 
 (b) e−1/2 
 
33. e−1 
 
34. (a) P{X > 20} = e−1 
 

 (b) P{X > 30X > 10 = 
4/3
4/1

}10{
}30{
=

>
>

XP
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35. (a) 











− ∫
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40

)(exp dttλ  = e−.35 

 
 (b) e−1.21 
 

36. (a) 1 − F(2) = 











− ∫

2

0

3exp dtt  = e−4 

 
 (b) exp[−(.4)4/4] − exp[−(1.4)4/4] 
 

 (c) 











− ∫

2

1

3exp dtt  = e−15/4 

 
37. (a) P{X > 1/2} = P{X  > 1/2} + P{X < −1/2} = 1/2 
 
 (b) P{X ≤ a} = P{−a ≤ X ≤ a} = a, 0 < a < 1.  Therefore, 
   1)( =af X , 0 < a < 1 

 That is, X is uniform on (0, 1). 
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38. For both roots to be real the discriminant (4Y)2 − 44(Y + 2) must be ≥ 0.  That is, we need that 
Y2 ≥ Y + 2.  Now in the interval 0 < Y < 5. 

 
   Y2 ≥ Y + 2 ⇔ Y ≥ 2  and so 
   P{Y2 ≥ Y + 2} = P{Y ≥ 2} = 3/5. 
 
39. FY(y) = P{log X ≤ y} 
    = P{X ≤ ey} = FX(ey) 
 
 fY(y) = fX(ey)ey = 

yeyee −  
 
40. FY(y) = P{eX ≤ y} 
   = FX(log y) 
 

 fY(y) = 
yy

yfX
11)(log = , 1 < y < e 
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Theoretical Exercises 
 
1. The integration by parts formula ∫ ∫−= vduuvudv  with dv = 

2
2 bxbxe−− , u = −x/2b yields 

that 
 

   ∫ ∫∫
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 where the above uses that ∫
∞

−

0

2/2

2
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π
 = 1/2.  Hence, a = 

π

2/34b  

 

2. ∫
∞

−<
0

}{ dyyYP   = dydxxf
y

Y∫ ∫
∞ −

∞−0

)(  

    = ∫∫ ∫
∞−∞−
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00
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 Similarly, 
 

  ∫∫
∞∞

=>
00

)(}{ dxxxfdyyYP Y  

 Subtracting these equalities gives the result. 
 
4. E[aX + b] = ∫ + dxxfbax )()(  = ∫ ∫+ dxxfbdxxxfa )()(  

                = aE[X] + b 
 

5. E[Xn] = ∫
∞

>
0

}{ dttXP n  

     = dxnxxXP nnn∫
∞

−>
0

1}{  by t = xn, dt = nxn−1dx 

     = dxnxxXP n 1

0

}{ −
∞

∫ >  

 
6. Let X be uniform on (0, 1) and define Ea to be the event that X is unequal to a.  Since aa

E∩  is 

the empty set, it must have probability 0. 
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7. SD(aX + b) = σσ aabaX ==+ 22)(Var  
  
8. Since 0 ≤ X ≤ c, it follows that X2 ≤ cX.  Hence, 
 
  Var(X) = E[X2] −(E[X])2 
        ≤ E[cX − (E[X])2 
        = cE[X] − (E[X])2 
        = E[X](c − E[X]) 
        = c2[α(1 − α)]   where α = E[X]/c 
        ≤ c2/4 
 
 where the last inequality first uses the hypothesis that P{0 ≤ X ≤ c} = 1 to calculate that 0 ≤ α 

≤ 1 and then uses calculus to show that 
10

maximum
≤≤α

α(1 − α) = 1/4. 

 
9. The final step of parts (a) and (b) use that −Z is also a standard normal random variable. 
 
 (a) P{Z > x} = P{−Z < −x} = P{Z < −x} 
  
 (b) P{Z > x} = P{Z > x} + P{Z < −x} = P{Z > x} + P{−Z > x} 
         = 2P{Z > x} 
 
 (c) P{Z< x} = 1 − P{Z > x} = 1 − 2P{Z > x} by (b) 
          = 1 − 2(1 − P{Z < x}) 
 
10. With c = ( )σπ2/1  we have 

  f(x) = 
22 2/)( σµ−− xce  

  f ′(x) = 22/)( /)(
22

σµσµ −− −− xce x  

  f ′′(x) = 
2222 2/)(222/)(4 )( σµσµ σµσ −−−−−− −− xx ecxec  

 Therefore, 
  f ′′(µ + σ) = f′′(µ − σ) = cσ−2e−1/2 − cσ−2e−1/2 = 0 
 

11. E[X2] = 2

00

12 /2][222}{ λ
λ

λ ===> ∫∫
∞

−
∞

− XEdxxedxxxXP x  

 

12. (a) 
2

ab +  

 
 (b) µ 
 

 (c) 1 − e−λm = 1/2 or m = 
λ
1  log 2 

 
13. (a) all values in (a, b) 
 
 (b) µ 
 
 (c) 0 
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14. P{cX < x} = P{X < x/c} = 1 − e−λx/c 
 

15. λ(t) = ( )
taata

a
tF
tf

−
=

−
=

1
/)(

/1
)(

, 0 < t < a 

 
16. If X has distribution function F and density f, then for a > 0 
 
   FaX(t) = P{aX ≤ t} = F(t/a) 
 
 and 
 

   fax = )/(1 atf
a

 

 
 Thus,  
 

  )/(1
)/(1

)/(1

)( at
aatF

atf
at XaX λλ =
−

= . 

 

18. E[Xk] = ∫
∞

−

0

dxex xk λλ  = ∫
∞

−−

0

)( dxxe kxk λλλ λ  

            = λ−k Γ(k+1) = k!/λk 
 

19. E[Xk] = ∫
∞

−−

Γ 0

1)(
)(

1 dxxex
t

txk λλ λ  

     = ∫
∞

−+−
−

Γ 0

1)(
)(

dxxe
t

ktx
k

λλλ λ  

     = )(
)(

kt
t

k

+Γ
Γ

−λ  

 
 Therefore,  
 
   E[X] = t/λ, 
   E[X2] = = λ−2Γ(t + 2)/Γ(t) = (t + 1)t/λ2 
 
 and thus 
 
   Var(X) = (t + 1)t/λ2 − t2/λ2 = t/λ2 
 



Chapter 5  75 

20. Γ(1/2) = ∫
∞

−−

0

2/1 dxxe x  

      = ∫
∞

−

0

2/2
2 dye y  by  x = y2/2, dx = ydy = x2  dy 

      = ∫
∞

−−

0

2/2/1 2
)2(2 dye yππ  

      = }0{2 >ZPπ  where Z is a standard normal 
      = π  
 
21. 1/λ(s) = ∫

≥

−−−−

sx

tstx sedxxe 11 )(/)( λλλλ λλ  

      = ∫
≥

−−−

sx

tsx dxsxe 1)( )/(λ  

      = ∫
≥

−− +
0

1)/1(
y

ty dysye λ  by letting y = x − s 

 
 As the above, equal to the inverse of the hazard rate function, is clearly decreasing in s when  
 t ≥ 1 and increasing when t ≤ 1 the result follows. 
 
22. λ(s) = c(s − v)β−1, s > v which is clearly increasing when β ≥ 1 and decreasing otherwise. 
 
23. F(α) = 1 − e−1 
 
24. Suppose X is Weibull with parameters v, α, β.  Then 
 

  






 ≤

−
=













≤





 − β

β

αα
/1xvXPxvXP  

   = P{X ≤ v + αx1/β} 
   = 1 − exp{−x}. 
 
25. We use Equation (6.3). 

  E[X] = B(a + 1, b)/B(A, b) = 
ba

a
a

ba
ba

a
+

=
Γ
+Γ

++Γ
+Γ
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)(
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 Thus, 
  

  Var(X) = 22

2

))(1()())(1(
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+
−

+++
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26. (X − a)/(b − a) 
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28. P{F(X ≤ x} = P{X ≤ F−1(x)} 
          = F(F−1(x)) 
          = x 
 
29. FY(x) = P{aX + b ≤ x} 

     = 






 −

≤
a

bxXP   when a > 0 

     = FX((x − b)/a)  when a > 0. 
 

 fY(x) = 
a
1 fX((x − b)/a)   if a > 0. 

 

 When a< 0, FY(x) = 





 −

−=






 −

≥
a

bxF
a

bxXP X1  and so 

 fY(x) = 





 −

−
a

bxf
a X
1 . 

 
30. FY(x) = P{eX ≤ x} 
    = P{X ≤ log x} 
    FX(log x) 
 
 fY(x) = fX(log x)/x 
 

    = 
22 2/)(log

2
1 σµ

σπ
−− xe

x
 

 
 


