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Exercise Set 1

Problem 1. If an is a sequence with an+m ≤ an + am for all n,m ≥ 0, show

that limn→∞
an

n exists and equals infn
an

n . Conclude that lim b
1/n
n exists if bn is a

positive sequence with bn+m ≤ bnbm.

Problem 2. If α > 0 and bn is a real sequence with

αb2n+1 + bn+1 ≥ bn

for all n ≥ 1, show that

bn ≥
min(b1, 1/α)

n
.

Problem 3. Denoting bn the number of bridges (excursions) on the hexagonal
lattice, show that

µbridge ≡ lim b1/nn =

√
2 +
√
2.
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