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Abstract

Let A be a matrix, ¢ be any linear objective function and
r be a fractional vector, say an LP solution to some
discrete optimization problem. Then a recurring task
in theoretical computer science (and in approximation
algorithms in particular) is to obtain an integral vector
y such that Az ~ Ay and ¢’y exceeds ¢’z by only a
moderate factor.

We give a new randomized rounding procedure for
this task, provided that A has bounded A-approximate
entropy. This property means that for uniformly chosen
random signs x(j) € {£1} on any subset of the columns,
the outcome Ax can be approximately described using
at most 7 bits in expectation (with m being the number
of selected columns).

To achieve this result, we modify well-known tech-
niques from the field of discrepancy theory, especially
we rely on Beck’s entropy method, which to the best of
our knowledge has never been used before in the con-
text of approximation algorithms. Our result can be
made constructive using the Bansal framework based
on semidefinite programming.

We demonstrate the versatility of our procedure
by rounding fractional solutions to column-based lin-
ear programs for some generalizations of BIN PACK-
ING. For example we obtain a polynomial time OPT +
O(log® OPT) approximation for BIN PACKING WITH
REJECTION and the first AFPTAS for the TRAIN DE-
LIVERY problem.

1 Introduction

Many approximation algorithms are based on linear
programming relaxations; for the sake of concreteness,
say on formulations like

min{cT:v|Ax2b,:C20},

with A € R™ ™. Several techniques have been devel-
oped to round a fractional LP solution = to an inte-
ger one; the textbooks [Vaz01l, WS11] provide a good
overview on the most common approaches. The aim of
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this paper is to introduce a new LP rounding technique
that we term entropy rounding.

To describe our method, we consider the random
variable Ay, where x € {£1}™ is a uniformly chosen
random coloring of the columns of A. Suppose that
A has the property that one can approximately encode
the outcome of Ay up to an additive error of A with at
most & bits in expectation. In other words, we suppose
that we can find some arbitrary function f such that
lAx — f(X)lec < A and the entropy of the random
variables f(x) can be bounded by %. Note that the
entropy could never exceed m, hence we only need to
save a constant factor by allowing an approximation
error. One possible choice could be f(x) = 2A[’24—§J,
meaning that we round every entry of Ay to the nearest
multiple of 2A. To bound the entropy of f(x) one can
then use standard concentration bounds since the values
Aix = Y75, Aijx(j) are the sum of independently
distributed random variables (here A; denotes the ith
row of A). If this holds also for any submatrix of A, we
say that A has bounded A-approzimate entropy.

But why would it be useful to have this property
for A? Since there are 2" many colorings y, there must
be an exponential number of colorings YV, ..., x® e
{#£11™ which are similar w.r.t. A, ie. [[Ax® —
Ax@| < A. Since there are so many similar
colorings, we can pick two of them (say x(i),x(i,)) that
differ in at least half of the entries and define x :=
1(x® — X)) as the difference of those colorings. Then
X is a half-coloring, i.e. it has entries in {—1,0,1}, but
at least half of the entries are non-zero and furthermore
[Ax]lso < A.

However, our aim was to find a vector y € {0,1}™
such that Ay ~ Ax. We will iteratively obtain half-
colorings and use them to update x, each time reducing
its fractionality. Thus, we consider the least value bit
in any entry of z; say this is bit K. Let J C [m)]
be the set of indices where this bit is set to one and
let A7 C A be the submatrix of the corresponding
columns. Then by the argument above, there is a half-
coloring x € {0,41}” such that [|[A7x|l < A. We
use this information to round our fractional solution
to ' := x + (3)%x, meaning that we delete the Kth
bit of those entries j that have x(j) = —1; we round
the entry up if x(j) = 1 and we leave it unchanged if



X(7) = 0. After iterating this at most logm times, the
Kth bit of all entries of x will be 0. Hence after at
most K -log m iterations, we will end up in a 0/1 vector
that we term y. This vector satisfies ||[Az — Ayl <
ZkK:l(%)k “logm - A <logm - A.

Let wus illustrate this abstract situation with a
concrete example. For the very classical BIN PACKING
problem, the input consists of a sorted list of item sizes
1>s > ... > s, >0 and the goal is to assign all
items to a minimum number of bins of size 1. Let
S = {S C [n] | Yicgsi < 1} be the set system
containing all feasible patterns and let 1g denote the
characteristic vector of a set S. A well-studied column-
based LP relaxation for BIN PACKING is

min{lT:r | Z rslg =12 > 0}
ses

(1.1)

(see e.g. [Eish7, GG61, KK82]). In an integral solution,
the variable xg tells whether a bin should be packed
exactly with the items in S. We want to argue why our
method is applicable here. Thus let x be a fractional
solution to (1.1). In order to keep the notation simple
let us assume for now, that all items have size between
% and % Our choice for matrix A is as follows: Let A;
be the sum of the first ¢ rows of the constraint matrix
of (1.1), i.e. Ajs = |SN{1,...,i}|. By definition, for
an integral vector y, A;y denotes the number of slots
that y reserves for items in 1,...,7. If there are less
than ¢ many slots reserved, we term this a deficit. Since
we assumed that the items are sorted according to their
size, a vector y € {0,1} will correspond to a feasible
solution if there is no deficit for any interval 1, ..., 1.

To understand why this matrix A has the needed
property, we can add some artificial rows until consecu-
tive rows differ in exactly one entry; say n’ < mk is the
new number of rows. Then observe that the sequence
Aqx, Asx, ..., Ay x describes a symmetric random walk
with step size 1 on the real axis. We imagine all multi-
ples of A as “mile stones” and choose f;(x) as the last
such mile stone that was crossed by the first ¢ steps of
the random walk (i.e. by Ajy,...,4;x). For an inde-
pendent random walk it would take ©(A?) iterations in
expectation until a random walk covers a distance of
A, thus we expect that the sequence f1(x),--., fa(X)
changes its value only every ©(A2) steps and conse-
quently the entropy of this sequence cannot be large.
But up to k steps of the random walk correspond to
the same column of A and depend on each other. Us-
ing more involved arguments, we will still be able to
show that for A := @(%), the entropy of the sequence
J1(X); - -+, far(x) is bounded by %.

More generally, we allow that the parameter A
depends on the row ¢ of A. Then the same arguments

go through for A; := 6(5%), where s; is the size of
item ¢. Thus our rounding procedure can be applied
to a fractional BIN PACKING solution x to provide an
integral vector y with |A;z — A;y| < O(logn) - A;. The
deficits can be eliminated by buying O(log® n) extra bins
in total.

The entropy-based argument which guarantees the
existence of proper half-colorings x is widely termed
“Beck’s Entropy Method” from the field of discrepancy
theory. This area studies the discrepancy of set sys-
tems, i.e. the maximum difference of “red” and “blue”
elements in any set for the best 2-coloring. Formally,
the discrepancy of a set system S C 2" is defined
as disc(S) = miny.[n{+1} maxses [x(S)]. In fact,
for a variety of problems, the entropy method is the
only known technique to derive the best bounds (see
e.g. [Spe85, SST).

1.1 Related work. Most approximation algorithms
that aim at rounding a fractional solution to an inte-
gral one, use one of the following common techniques:
A classical application of the properties of basic solu-
tions yields a 2-approximation for UNRELATED MaA-
CHINE SCHEDULING [LST87] (see also the classical pa-
per of Karp, Leighton, Rivest, Thompson, Vazirani and
Vazirani [KLR*87| with an application to a routing
problem). [lterative rounding was e.g. used in a 2-
approximation for a wide class of network design prob-
lems, like STEINER NETWORK [Jai98]. We refer to the
book of Lau, Ravi and Singh [LRS11] for many more
applications. Randomized rounding can be used for
a O(logn/loglogn)-approximation for MIN CONGES-
TION [RT87] or ATsP [AGM*10]. A combination of
both techniques provides the currently best approxi-
mation guarantee for STEINER TREE [BGRS10]. The
dependent rounding scheme was successfully applied to
LPs of an assignment type [GKPS06]. A more re-
cent work of Chekuri, Vondrak and Zenklusen [CVZ10,
CVZ11] provides a rounding scheme also for points in a
matroid or matroid intersection polytope. Sophisticated
probabilistic techniques like the Lovdsz Local Lemma
were for example used to obtain O(1)-approximation
for the SANTA CLAUS problem [Fei08, HSS10].
However, to the best of our knowledge, the en-
tropy method has never been used for the purpose
of approximation algorithms, while being very popu-
lar for finding low discrepancy colorings. For the sake
of comparison: for a general set system S with n el-
ements, a random coloring provides an easy bound of
disc(S) < O(y/nlog(2]S])) (see e.g. [Mat99]). But
using the Entropy method, this can be improved to
disc(S) < O(y/nlog(2|S]/n)) for n < |S| [Spe85]. This
bound is tight, if no more properties on the set sys-



tem are specified. Other applications of this method
give a O(v/tlogn) bound if no element is in more than
t sets [Sri97] and a O(v/klogn) bound for the discrep-
ancy of k£ permutations. For the first quantity, alter-
native proof techniques give bounds of 2t — 1 [BF8]]
and O(y/t-logn) [Ban98|. The notion of discrepancy
can be generalized from 2-colorings to c-colorings (with
¢ > 2) [DS03]. We recommend the book of Ma-
tousek [Mat99] (Chapter 4) for an introduction to dis-
crepancy theory.

The entropy method itself is purely existential due
to the use of the pigeonhole principle. But in a
very recent breakthrough, Bansal [Banl0] showed how
to obtain colorings matching the Spencer [Spe85] and
Srinivasan [Sri97] bounds, by considering a random walk
guided by the solution of a semidefinite program.

Our contributions. In this work, we present a very
general rounding theorem which for a given vector
x € [0,1]™, matrices A and B, weights u; and an
objective function ¢, computes a binary random vector
y which (1) preserves all expectations; (2) guarantees
worst case bounds on |A;2— A;y| and |B;z— B;y| and (3)
provides strong tail bounds. The bounds for A depend
on the entropy of random functions that approximately
describe the outcomes of random colorings of subsets
of columns of A, while the bounds for rows of B are
functions of the weights ;.

We use this rounding theorem to obtain better
approximation guarantees for several well studied BIN
PACKING generalizations. In fact, so far all asymptotic
FPTAS results for BIN PACKING related problems in
the literature are based on rounding a basic solution
to a column-based LP using its sparse support. We
give the first alternative method to round such LPs,
which turns out to be always at least as good as the
standard technique (e.g. for classical BIN PACKING)

and significantly stronger for several problems. We
demonstrate this by providing the following results:
e A randomized polynomial time OPT +

O(log? OPT) algorithm for BIN PACKING WITH
REJECTION, where in contrast to classical BIN
PACKING, each item can either be packed into

a bin or rejected at a given cost. Our result

improves over the previously best bound of

OPT + g pryr=smy [EL10].

e We give the first (randomized) AFPTAS for the
TRAIN DELIVERY problem, which is a combination
of a one-dimensional vehicle routing problem and
BIN PACKING. In fact, our algorithm produces
solutions of cost OPT 4+ O(OPT?/%) (see [DMM10]
for an APTAS).

It would not be difficult to extend this list with further
variants®, but we also believe that the method will find
applications that are not related to BIN PACKING.

Organization. We recall some tools and notation in
Section 2. In Section 3 we revisit results from discrep-
ancy theory and modify them for our purposes. In Sec-
tion 4 we show our general rounding theorem. Then
in Sections 5 and Appendix A we demonstrate how our
rounding theorem can be used to obtain approximation
algorithms. In the Appendix we provide details on how
to turn the existential proofs into polynomial time al-
gorithms using semidefinite programming and how to
solve the presented LP relaxations in polynomial time.

2 Preliminaries

The entropy of a random variable Z is defined as

H(Z) =) PrlZ =) log, (pz =)

Here the sum runs over all values that Z can attain.
Imagine that a data source generates a string of n
symbols according to distribution Z. Then intuitively,
an optimum compression needs asymptotically for n —
oo an expected number of n- H(Z) many bits to encode
the string. Two useful facts on entropy are:

o Uniform distribution mazimizes entropy: If Z at-
tains k distinct values, then H(Z) is maximal if Z
is the uniform distribution. In that case H(Z) =
log, (k). Conversely, if H(Z) < §, then there must

be at least one event z with Pr[Z = z] > (1)°.

e Subadditivity: If Z,Z' are random variables and f
is any function, then H(f(Z,2')) < H(Z)+ H(Z').

We define H,c(413m f(x) as the entropy of f(x), where
X is uniformly chosen from {£1}". See the book of
[AS08] for an intensive introduction into properties of
the entropy function. We will make use of the Azuma-
Hoeffding Inequality (see e.g. Theorem 12.4 in [MUO05]).

LEMMA 2.1. Let Xq,...,X, be random variables with

|Xl| S Q5 and E[Xz | X17"'7Xi—1] =0 for all
TSome examples: In GENERALIZED CosT VARIABLE SizeE BIN
Packing a list of bin types j = 1, ..., k, each one with individual

cost ¢;j € [0,1] and capacity b; € [0,1] is given (see [ELO8] for an
APTAS). We can obtain a OPT + O(log? n) approximation. In
its well-studied special case of VARIABLE SizE BiN PAckING the
bin costs equal the bin capacities (i.e. c¢; = b; for all j) and we
can refine the bound to OPT 4 O(log? OPT) (see [Mur87] for an
AFPTAS). For BIN PackiNG WiTH CARDINALITY CONSTRAINTS,
no bin may receive more than K items [EL09|. We can get an
OPT + O(log2 n) approximation. However, we postpone proofs
of this claims to the full version.



i =1,...,n. Let X := > X;. Then Pr[|X| >
Mlalz2] < 2¢=/2 for any X > 0. This still holds,

if the distribution of X; is an arbitrary function of
X1y, X521,

The sequence X7, ..., X, is called a Martingale and the
«;’s are the corresponding step sizes. Another tool that
we are going to use is a special case of the so-called
Isoperimetric Inequality of Kleitman [Kle66].

LEMMA 2.2. For any X C {0,1}™ of size | X| > 20-8m
and m > 2, there are x,y € X with ||z — y|l1 > m/2.

Note that whenever | X| > 29 for a constant 0 < o < 1,
then one can find z,y € X with ||z — y|l1 > § - m for
another constant 0 < ¢ < 1 (depending on «). For
our results any constants 0 < a < 1 and 0 < 6 < 1
suffice. For example, a simple calculation yields that the
hamming ball of radius {5 around a point contains at
most 298™ many points (see e.g. [Mat99]). This justifies
that o = 0.8 and 6 = % would be a valid choice.

A function x : [m] — {0,%1} is called a partial
coloring. If at most half of the entries are 0, then x is
called a half-coloring. For a quantity z € Z, [z| denotes
the integer that is closest to z (say in case of a tie we
round down). If z € R™, then [z| = ([z1],..., [2m])-
For a matrix A € R and J C {1,...,m}, A7 denotes
the submatrix containing only the columns indexed in
J. A submatrix A’ C A will always correspond to
a subset of columns of A, ie. A € R"™™ with
m' < m. If y : J — R is only defined on a subset
J C{1,...,m} and we write Ay, then we implicitly fill
the undefined entries in [m]\.J with zeros. We say that
an entry x; € [0,1] has a finite dyadic expansion with
K bits, if there is a sequence by,...,bx € {0,1} with

€r; = Eszl 2k - bp..

3 Discrepancy theory revisited

Initially the entropy method was developed to find a
coloring x : [m] — {£1} minimizing |}, g x;| for all
sets in a set system, or equivalently to color columns of
the incidence matrix A € {0,1}™*" of the set system in
order to minimize ||Ax|eo. In contrast, in our setting
the matrix A can have arbitrary entries, but the main
technique still applies.

THEOREM 3.1. Let A € R™ ™ be a matriz with param-
eters A1, ..., A, >0 such that

A I
xe{*£1}m 24 i=1,...,n 5

Then there exists a half-coloring x : [m] — {£1,0} with
|[Aix| < A; foralli=1,...,n.

Proof. From the assumption, we obtain that there must
be a b € Z™ such that

{E [ b] ()

In other words there is a subset Y C {£1}"™ of at least
2m . (%)m/S = 28m colorings such that [fgfj = b
for all x € Y and ¢« = 1,...,n. The Isoperimetric
Inequality (Lemma 2.2) then yields the existence of
X,x" €Y with [{j | X # xj} > m/2. We choose
Xi = 5(Xj—X}), then x € {0,£1}"™ is the desired half-
coloring. Finally, let us inspect the discrepancy of :
[Aix| < 3 [Aix — A" < A

The core of this proof was to show that there is an
exponential number of colorings x’, x” that are similar,
meaning that Ax’ =~ Ax”. This was done by considering
disjoint intervals of length 2A; (for every i) and using
entropy to argue that many colorings must fall into the
same intervals. But on the other hand, A;x" and A;x”
might be very close to each other, while they fall into
different intervals and Y/, x” would not count as being
similar.

Hence we want to generalize the notion of similarity
from Theorem 3.1. Let A € R™ ™ be a matrix and
A = (Ayq,...,A,) be a vector with A; > 0. Then we
define the A-approzimate entropy Ha(A) as?

|Aix = fi()] < Ai Vi € [n]

[
fO) = (f100s -+, fa(X))
fi {21} SRV € [n)

Pr
xe{£1}m

min (FO) |

H
xe{£1}m

First of all note that Ha(A) is always upper bounded
‘;KfJ, since
one can choose f;(x) = 24; - {‘;AX . On the other

hand, the claim of Theorem 3.1 still holds true if the
assumption is replaced by Ha(A) < %, since then one
has exponentially many colorings Y such that the values
fi(x) coincide for every y € Y and hence for every
half-coloring x := 3(x’ — x") obtained from colorings
X', X" €Y one has [Aix| < 3[(Aix" — fi(X') — (Aix" —
£i(x"))] < A;. More formally:

COROLLARY 3.1. Let A€ R"™™ A= (Aqy,...,A,) >
0 with HA(A) < %. Then there exists a half-coloring
X : [m] = {£1,0} with —A < Ay < A.

Moreover, also Ha is subadditive, i.e. Hia an([4]) <
HA(A) + Ha/(B), which follows directly from the sub-

additivity of the entropy function (here [4] is obtained
by stacking matrices A and B).

by the entropy of the random variables

2The minimum is always attained since all probabilities are
multiplies of (%)m and consequently the entropy can attain only

a finite number of values.



For now let us consider a concrete method of
bounding the entropy of a random variable of the

a®x
2A |0

Recall that this immediately upperbounds Ha («). For
this purpose, we again slightly adapt a lemma from
discrepancy theory (see e.g. Chapter 4 in [Mat99]).

form { where « is one of the row vectors of A.

LEMMA 3.1. Let a € R™ be a vector and A > 0. For

_ A
A= Talz
T —2%/5
MJ) =G = ” 64
2A logy(32 + 22)

1, (|
xe{£1}m

The proof can be found in Appendix D. But the

ifA>2
ifA<2

intuition is as follows: Abbreviate Z := {%J Then
Pr[Z = 0] > 1 — e 2 and Pr[Z = i] < e 22 for

i # 0. A simple calculation yields that H(Z) < e SN,
But for A < 2, with high probability one has at least
|Z| < O(5) and consequently H(Z) < log O(5).

The following function G~1(b) will denote the dis-
crepancy bound A that we need to impose, if we do not
want to account an entropy contribution of more than

_ 10In(2) 0<b<6
G (b) := 1(;’)
128- (1)t b>6

Strictly spoken, G~! is not the inverse of G, but it is
not difficult to verify that G(G~'(b)) < b for all b > 0.
In other words, for any vector a and value b > 0, we

can choose A := G71(b) - ||a||2, then H ([ J) <b.

Now we have all ingredients for our main theorem, in
which we iteratively round a fractional vector x using
half-colorings x. Concerning the choice of parameters
A, one has in principle two options: One can either

give static bounds A; to rows A; such that Ha(A4") <
#col(

4 The main theorem

A) holds for any submatrix A’ C A; or one can
ass1gn a fixed fraction to each row and then letting A;
be a function of #col(A’). In fact, we will combine these
approaches, which will turn out to be useful later.

THEOREM 4.1. Assume the following is given:

e A matrix A € R"X™ parameters A
(Al,... An,) > 0 such that ¥J C {1,...,m} :

(AJ) < 1.

10/
e a matriz B € [—1,1]"8*™ weights 1, . . .

with E Lo <1
e a vector © € [O 1™

cel-1,1m

» Hnp >O

and an objective function

Then there is a random variable y € {0,1}™ with

e Preserved expectation: ElcTy] = Tz, E[Ay] = Az,
E[By] = Bx.
e Bounded difference:
= |cfz — Ty < O(1);
— Az — Ayl < log(min{dn,4m}) - A; for all
t1=1,...,n4 (n—nA—i—nB)

— |Bi;v—Biy| <OW1/ ) foralli=1,...,n
o Tail bounds: Yi : VA > 0: Pr[|Ajz — Ay
A /log(min{4n,4m}) - A;] < 2e=/2,

B-

Proof. First, observe that we can append the objective
function as an additional row to matrix B (with a weight
of say p. = % and halving the other p;’s), and so we
ignore it from now on. Next, consider the linear system
Az=Ax; Bz=Bz; 0<%z <1 Vji=1,....m

and let z be a basic solution. Apart from the 0/1
bounds, the system has only n constraints, hence the
number of entries j with 0 < z; < 1 is bounded by
n. One can remove columns of A with z; € {0,1} and
apply the Theorem to the residual instance. Hence we
set x := z and assume from now on that m < n.

Furthermore we assume that = has a finite dyadic
expansion, i.e. every entry x; it can be written in
binary encoding with K bits, for some K € N. This
can be achieved by randomly rounding the entries of
x to either the nearest larger or smaller multiple of
(%)K for a polynomially large K, while the error is
exponentially small in K.> We perform the following
rounding procedure:

(1) WHILE z not integral DO
(2) Let k € {1,...,K} be the index of the least

value bit in any entry of z

(3) J:={je{l,...,m}|x;’s kth bit is 1}

(4) Choose x € {0,£1}™ with x(j) 0 for
Jj ¢ J, |supp( ) > J1/2, |Aix] < A; and
|Bix| < G~1 uZ|J|/1O ) - \/]J] for all 4.

(5) With probability 1, flip all signs in x

(6) Update z := x4+ (%)kx

The interval of iterations in which bit k is rounded,
is termed phase k. Let (®) be the value of z at the
beginning of phase k and let (! denote the value of =
at the beginning of the tth to last iteration of phase
k. From now on z always denotes the initial value,
ie. = 25 and our choice for the rounded vector
is y = (0,

SNote that we have the term min{4m,4n} instead of

min{2m, 2n} in the claim, to account for the rounding error to
obtain a vector x with dyadic expansion and to account for the
extra row ¢ that we appended to B.



Observe that flipping the signs in step (5) ensures
that the expectations are preserved, i.e. FE[Ay] = Az
and E[By] = Bxz. There are two main issues: (I)
showing that the choice of x in step (4) is always
possible; (IT) bounding the rounding error of y w.r.t.
x.

Cram 4.1. For any J C {1,...,
{0, 1} with x(j) = 0 for j ¢ J
|[Aix| < A; and |B;x| < G~1 ‘“|J| ) /|| for alli.
Proof of claim. Our aim is to apply Theorem 3.1 to
the stacked n x |J| matrix A = [Bj] with parameter
A = (AA) and A = ‘“m -v/|J|. Note
that ||Bf||2 < +/|J]| since B has entrles in [—1,1],
hence the entropy that we need to account to the ¢th
row of B is H ([2&” < ‘“1|OJ|. By subadditivity of
the (approximate) entropy function and the assumption
that Ha (A7) < %

m} there is a x €
> [supp(x)| = [J1/2,

- B/
Hx(A) < Ha(A)+ q ¢ D
sl = ;Xe{il}" 24
npB

2di paldl 1
- 10 & 10~ 5

Thus the requirements of Theorem 3.1 are met, which
then implies the existence of the desired half-coloring
and Claim 4.1 follows. O

The next step is to bound the rounding error.

CLAIM 4.2. One has |Aix — Ajy| < log(2m) - A; for
alli=1,...,n4 and |B;x — Byy| < O(+y/1/ p;) for all
1= 1, ...,np.

Proof of claim. Let J(k,t) = {j | xg-k’t)’s kth bit is 1}
denote the set J in the tth to last iteration of phase k,
ie. J(k,t) D J(k,t —1) for any ¢. Since the cardinality
of J(k,t) drops by a factor of at least 1/2 from iteration
to iteration, we have |J(k,t — 1)| < - [J(k,t)| for any
t. Hence each phase has at most log,(m) + 1 iterations.
Then for any i = 1, .. nA

I3 A

k=1t>0

élog&m) - (%) A,

< log(2m) - A;

(4.2) |[Aiy — Awr| < 2h40)

IN

using that [A;(z(®) — D)< (3)FA; and
Zkzl(%)k = 1. Next, consider
(4.3) |Biz — Byl
3 b 1)
(3 ) P e RRVMI )
k=1 t>0

Recall that |J(k,t +1)| > 2-|J(k,t)|, for any k and z,
thus there is at most one ¢ such that 6-2* < %&C’t)l <
6 - 2*T1. Hence we can bound (4.3) by

> G 6-2%) 9= 90
z€E7Z Hi

Def G~
< ,/ [2128() 27/2
i 2>0

9 1 z/2
+> /100 (62 > - <§>
z>0

(%)
< O(V1/ 1)
(#x) follows from the convergence of > - ,(1/2)
and } _5q/2 - (1/2)% O

Inspecting (4.2) again, we see that A;x — A;y is a
Martingale and the step size in iteration ¢ < log(2m)
of phase k is bounded by ap; := (%)’“AZ Observe
that |lalls < Ajy/logy(2m), hence the tail bound
Pr|dix — Ayl > A - Jlog(2m) - A;] < 27272 for

all A > 0 follows from the Azuma-Hoeffding Inequality
(Lemma 2.1). This concludes the proof of the theorem.

2%—z/2

Moreover, we can also compute such a vector y as
guaranteed by the theorem in polynomial time, with the
only exception that the guaranteed bound on | B;x— B;y|
is slightly weaker. But we still can provide that E[| B;z—
By|] = O(\/1/p;), which is already sufficient for our
applications. We postpone the algorithmic details to
Appendix B.

Note that the “lindisc < 2 - herdisc¢’-Theorem of
Lovész, Spencer and Vesztergombi [LSV86] already uses
the bit-by-bit rounding technique that we apply in
Theorem 4.1.

For one example application, let B € {0,1}"*" be
the incidence matrix of a set system with n sets on a
ground set of n elements. Then apply Theorem 4.1
with A = 0, = (3,...,3) and g; = L to obtain
ay € {0, 1}" Wlth |Bx — By|leo = O(\/—) The
coloring x € {0,1}" with y = x + %x is then an
O(y/n) discrepancy coloring, matching the bound of
Spencer [Spe85]. Note that no proof using a different
technique is known for Spencer’s theorem. Hence it
seems unlikely that Theorem 4.1 (in particular the
dependence on 1/p;) could be achieved by standard
techniques (such as using properties of basic solutions
or the usual independent randomized rounding).

5 Application: Bin Packing with Rejection

For classical BIN PACKING, the input consists of a list
of item sizes 1 > s1 > ... > s, > 0 and the goal is to



assign the items to a minimum number of bins of size 1.
For the performance of heuristics like First Fit, Next Fit
and First Fit Decreasing, see [Joh73, JDUT74, CGJ84].
A proof of strong NP-hardness can be found in [GJ79].
Fernandez de la Vega and Luecker [FdIVL81| developed
an asymptotic polynomial time approximation scheme
(APTAS). Later, Karmarkar and Karp [KK82] (see also
[KV02, WS11]) found an algorithm that needs at most
O(log® OPT) bins more than the optimum solution.

In this section, we provide an application of our
Entropy Rounding Theorem to the more general prob-
lem of BIN PACKING WITH REJECTION, where every
item 7 can either be packed into a unit cost bin or
it can be rejected at cost m; > 0 (which is also part
of the input). The first constant factor approximation
and online algorithms were studied in [DHO06]. Later
an asymptotic PTAS was developed by [Eps06, Eps10]
(see [BCHOS]| for a faster APTAS). Recently Epstein
& Levin [EL10] found an algorithm with running time
polynomial in the input length and % which provides
solutions of quality (14 e)OPT + 90(Z log 2) (implying

an APX < OPT + MO@% algorithm for an op-

timum choice of ).

An asymptotic FPTAS (AFPTAS) is defined as
an approximation algorithm APX producing solutions
with APX < (1 + ¢)OPT + f(1/e) in polynomial
time (both in the input length and 1). But there is
some ambiguity in the literature what concerns the
term f(1/e). According to [KV02] and [ZMOO07], f
can be any function (equivalent to the requirement
APX < OPT + o(OPT)), while Johnson [Joh85]
requires f to be bounded by a polynomial (which is
equivalent to APX < OPT + O(OPT'~°) for a fixed
0 > 0). However, we will now obtain a polynomial time
algorithm for BIN PACKING WITH REJECTION with
APX < OPT + O(log? OPT), which satisfies also the
stronger definition of Johnson [Joh85] and matches the
bound for the special case of BIN PACKING (without
rejection).

We define a set system S = BUR with potential bin
patterns B = {S C [n] | > ,.gsi < 1} (each set S € B
has cost ¢g := 1) and rejections R = {{i} | i € [n]} at
cost c;) := m; for i € [n]. Then a natural column-based
LP is

(5.4)  OPT; = min {CT:E | Z rglg =1,0> O}

Ses

where 1g € {0,1}" denotes the characteristic vector of
S. In [EKRS11], the Karmarkar-Karp technique [KK82]
was modified to obtain a O(y/n - log®? n) bound on the
additive integrality gap of (5.4). Note that due to the
dependence on n, such a bound does not satisfy the
definition of an AFPTAS, and hence is incomparable to

the result of [EL09|. But since OPT, < n, our result
improves over both bounds [EL09, EKRS11].

Despite the exponential number of variables in LP
(5.4), one can compute a basic solution x with ¢’z <
OPT; +§ in time polynomial in n and 1/ [KK82] using
either the Grotschel-Lovasz-Schrijver variant of the El-
lipsoid method [GLS81] or the Plotkin-Shmoys-Tardos
framework for covering and packing problems [PST95].
Since this fact is rather standard, we postpone details
to Appendix C.

In the following we always assume that the items
are sorted w.r.t. their sizes such that s; > ... > s,

and m; < 1 for all ¢ = 1,...,n. A feasible solution
y € {0,1}° will reserve at least one slot for every
item, i.e. i many slots for items 1,...,7. The quantity

i — > ges¥slS N A{l,... i}|, if positive, is called the
deficit of {1,...,i}. It is not difficult to see that if there
is no deficit for any of the sets {1,...,i}, then every
item can be assigned to a slot — potentially of a larger
item® (while in case that ys = 1 for S € R, the slot for
S = {i} would only be used for that particular item).
We term the constraint matrix P of the system
(5.4) the pattern matriz. Note that some columns of P
correspond to bins, others correspond to rejections. The
obvious idea would be to apply our rounding theorem
to P, but this would not yield any reasonable bound.
Instead, we define another matrix A of the same format
as P, where A; := >, _, Py or equivalently, the entries
are defined as A;g = |S N {l,...,i}|. The intuition
behind this is that if x is a feasible fractional solution
then Ay— Az > 0iff y does not have any deficit. Indeed,
we will apply Theorem 4.1 to this cumulated pattern
matriz A. As a prerequisite, we need a strong upper
bound on the approximate entropy of any submatrix.

LEMMA 5.1. Let A € Z%;™ be any matriz in which
column j has non-decreasing entries from {0,...,b;};
let 0 = Z;n:l bj be the sum over the largest entries in
each column and 3 := max;—i, . mb; be the mazimum
of those entries. For A > 0 one has

na =0 (2

Proof. We can add rows (and delete identical rows)
such that consecutive rows differ in exactly one entry.
This can never lower the approximate entropy. Now
we have exactly n = ¢ many rows. There is no harm
in assuming® that o, A and B are powers of 2. Let
" ®Proof sketch: Assign input items 7 iteratively in increasing
order (starting with the largest one, i.e. ¢ = 1) to the smallest
available slot. If there is none left for item 4, then there are less
then ¢ slots for items 1,...,4, thus this interval had a deficit.

5In fact, rounding o, 8, A to the nearest power of 2 only affect
the constant hidden in the O(1)-notation.



B € R7*™ be the matrix with B, = A; — A;—1 (and
= A;). In other words, B is a 0/1 matrix with
exactly a single one per row.
Consider the balanced binary laminar dissection

D = {{2"(i-1)+1,...,2%} | k=0,...,logo;i € [&]}

of the row indices {1,...,0}. In other words, D
contains 2F many intervals of length o/2F for k =
0,...,logy 0. For every of those interval D € D we

define the Vector Cp =) ,cp Bi € Z™ and parameter
Ap = g if [ D] = 27 - &7 (with 2 € Z). Note that
since B contains a single one per row and at most [

ones per column, thus®
IColl2 < (ICpllss - Cpl11)? <
For every i, note that {1,...,

2%/2 L A.

VB 1D =

i} can be written as a

disjoint union of some intervals Dq,..., D, € D, all of

. . L q CDPX
different size. We choose fi(x) :== > ,_, 2Ap,, - ’VQADP J .
Then

q
A
Ax—Fi0l <Y Ap, <3 2 <A
32- 1.1l
p=1 Z€L

Thus Ha(A) is upper bounded by the entropy of the
random variables f1(x),..., fn(Xx). But since each f;
is a function of {[Cpx/(2Ap)]} pep> it in fact suffices
to bound the entropy of the latter random variables.
We remember that for all z € Z, one has at most

% many intervals D € D of size |D| = 22[?2, with
Cpll2 < 2%/?- A and
Ao B o A0 ICpll2
D30 11l = 32 1117 A2%/2 ~ 32 1.3%
Finally
r. (U2,
xe{£1}™ 2AD DeD
H subadd.
& Lem. 3.1 O'ﬂ 1
< -G
2 Y e ()
z€EZL
Def. G af

(1) : 967(1.3*2/32)2/5
2

=0(1)

1 4
(5) -log, (32 4+ 64 - 32 - 1.32)}

—0(1)

SHere we use Holder’s inequality: ||z|l2 < (||z|oo - [|z||1)/2 for
every x € R™.

The parametrization used in the above proof is inspired
by the work of Spencer, Srinivasan and Tetali [SST].
A simple consequence of the previous lemma is the
following.

LEMMA 5.2. Let Si,...,Sm C [n] be a set system with
numbers 1 > s; > ... > s, > 0 such that Ziesj s; <1

for any set S;. Let A € ZL3™ be the cumulated pattern
matriz, deﬁned by A;; = |S N{1,...,i}|. Then there
is a constant C > 0 such that for A := S%, one has

1
Ha(A) < 15 ;‘nzl Ziesj 5i < 15

Proof. Let A’ be the submatrix of A consisting of all
rows i such that s; > (1/2)’. Note that row A; possibly
appears in several A*. We apply Lemma 5.1 to A® with
B = ||Al|s < 2% and o := S Sin{ics > (1/2)}]
to obtain

m

1
—N"(1/2)

Heooe(A 20 2 1Sin{is;

> (1/2)%}]

for C large enough. Eventually

subadd.
Ha(4) < ) Hoa(A
>0
1 - :
< A/ IS i s > (1/2))]

>0 j=1

1 m
Jj=1 lESj

since item i € S; with (1/2)¢ < s < (1/2)7!
contributes at most 55 SNpse(1/2)8 < 158 to the left
hand side. B

Our  procedure to round a  fractional
BIN PACKING WITH REJECTION  solution =  will
work as follows: For a suitable value of € > 0, we term
all items of size at least € large and small otherwise.
We take the cumulated pattern matrix A restricted to
the large items. Furthermore we define a matrix B such
that Bz denotes the space reserved for small items.
Then we apply Theorem 4.1 to obtain an integral
vector y which is then repaired to a feasible solution
without significantly increasing the cost of the solution.

THEOREM 5.1. There is a randomized algorithm for
BIN PACKING WITH REJECTION with expected poly-
nomial running time which produces a solution of cost

OPT; + O(log® OPTy).

Proof. Compute a fractional solution x € [0,1]5 to the
BIN PackiNG WITH REJECTION LP (5.4) with cost



e’z < OPT+1 (see Appendix C for details). We define

— % (assume OPTy > 2). For any item ¢ that
is rejected in x to a fractional extend of more than 1 —¢
(ie. x> 1 —¢), we fully reject item i. We account a
multiplicative loss of 1/(1—¢) < 14 2¢ (i.e. an additive
cost increase of O(log OPTY)). From now on, we may
assume that xg <1—¢ forall sets S € R. Let 1,...,L
be the items of size at least &, hence OPTy > 2L, since
every item is covered with bin patterns at an extend of
at least . Let A € ZF*9 with

Ais = {1,...,i}N S|

be the cumulated pattern matrix restricted to the large
items. According to Lemma 5.2, for a choice of A; =
©(1/s;), one has Ha(A') < %&4/) for every submatrix
A’ C A. Choose B € [0,1]**5 as the row vector where
Bis = ) cgisp si for S € S denotes the space in
pattern S that is reserved for small items.

We apply Theorem B.2 (Theorem 4.1 suffices for
a non-constructive bound on the integrality gap) to
matrices A, B and cost function ¢ with p1 = 1 to obtain
a vector y € {0,1} with the following properties

(A) The deficit of any interval {1,...,4} of large items
(i.e. i € {1,...,L}) is bounded by O(< logL).

(B) The space for small items reserved By y equals
that of z up to an additive constant term (formally
| > ses(zs —ys) - Bis| = O(1)).

(C) Ty <clz4+0(1)

For ¢ > 0, we say that the items G = {i < L |
(3)f = i > (3)""} form group (. Note that at
most % + 1 groups contain large items. We eliminate
the deficits for large items by packing O(log L) extra
bins with the largest item from every group, hence
leading to O(logL) - O(log 1) = O(log? OPTy) extra
bins. Property (B) implies that after buying O(1) extra
bins for small items, it is possible to assign all small
items fractionally to the bought bins (i.e. the small
items could be feasibly assigned if it would be allowed
to split them). By a standard argument (see e.g. [EL09|)
this fractional assignment can be turned into an integral
assignment, if we discard at most one item per pattern,
i.e. we pack discarded small items of total size at most
e - (cT'y + O(1)) separately, which can be done with
O(e) - OPTy 4+ O(1) < O(log OPTy) extra bins. The
claim follows.
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Appendix
A Application: The Train Delivery Problem

For the TRAIN DELIVERY problem, n items are given as
input, but now every item i € {1,...,n} has a size s;
and a position p; € [0,1]. The goal is to transport the
items to a depot, located at 0, using trains of capacity
1 and minimizing the total tour length”. In other
words, it is a combination of one-dimensional vehicle
routing and BIN PACKING. We define S as a set system
consisting of all sets S C [n] with } . ¢s; <1 and cost
cs = max;cs p; for set S. Then the optimum value for
TRAIN DELIVERY equals the cost of the cheapest subset
of S covering all items (ignoring a constant factor of
two).

The problem was studied in [DMM10], where the
authors provide an APTAS. We will now obtain an
AFPTAS. First, we make our life easier by using a result
of [DMM10] saying that modulo a 1+ O(g) factor in
the approximation guarantee it suffices to solve well-
rounded instances which have the property that ¢ <
pi < land p; € (1 +¢e)? foralli = 1,...,n. The
first condition can be obtained by splitting all tours
in a proper way; the second condition is obtained by
simply rounding all positions up to the nearest power
of 1+ e. Hence, we can partition the items according
to their position by letting P; := {i | p; = (1 +¢)7} for
j=0,...,t =1 witht = O(Llog1l).

Our rounding procedure works as follows: analo-
gously to BIN PACKING WITH REJECTION, we construct
matrices A(j), B(j) separately for the items at each po-
sition j. Then we stack them together; apply Theo-
rem 4.1, and repair the obtained integral vector to a
feasible solution (again analogous to the previous sec-
tion). Here we will spend a higher weight p; for posi-
tions j which are further away from the depot — since
those are costlier to cover.

" TFor definiteness, say the tour must start and end at the depot
and once items are loaded into the train, they have to remain
until the depot is reached.

THEOREM A.1. There is a randomized algorithm with
expected polynomial running time for TRAIN DELIVERY,
providing solutions of expected cost EJAPX] < OPTy+

0(0PT}").

Proof. Compute a fractional solution x for the TRAIN
DELIVERY LP (i.e. again LP (5.4), but with the
problem specific set system and cost vector) of cost
'z < OPTy + 1 (see Appendix C for details). We
will choose ¢ := 1/ OPT5 for some constant 0 < § < 1
that we determine later and assume the instance is well-
rounded.

By 1,...,L we denote the large items of size >
e. Let A(j) € ZWINIEDXS with entries A;5(j) =
[SN{1,...,i} N P;| be the cumulated pattern matrix,
restricted to large items at position P;. We equip
again every row 4;(j) with parameter A; ( ) :=0(1/s;).
Then we stack A(0),..., A(t — 1) together to obtain an
L x | S| matrix A. Again, we need to show that for any
submatrix A" C A, one has Ha(A") < %(()Al). Let
S’ C S be the sets whose characteristic vectors form
the columns of A’. We apply Lemma 5.2 individually
to each A’(j) and obtain

t—1
HA(A/) < ZHA(J-)(A
=
S S
—0 Ses’ ieSnP;
#001( )
- 10

using that every set S contains items of total size at
most 1. Furthermore, we define a matrix B € [0, 1]**°
with Bj ¢ = ZieSﬁPj:i>L s; as the space that pattern
S reserves for small items at position j. We equip the
jth row of B with weight p; := £ - (1+¢/4)77, i.e. the
weight grows with the distance to the depot. Note that
it <Yis0f (1—|—5/4) i =2+¢£ < 1. Moreover
OPTy 2 3 ic(n SiPi 2 e? - L (see [DMM10]), hence the
number of rows of A and B is L +t < poly(OPTY).
We apply Theorem B.2 (again Theorem 4.1 suffices
for an integrality gap bound) to obtain an integral
vector y € {0, 1} with the following error guarantees:

e Large items: Let i € P;,i < L. Then the deficit of
{1,...,i} N P; is bounded by O(i log OPTy).
For every position we use O(log? OPT}) extra
bins to eliminate the deficits of large items, which
costs in total >~ (1 + £)~7 - O(log> OPTy) =
O(L log> OPTY).

e Small items: For position j, the expected
discrepancy in the reserved space for small



items is E[|Bjz — =
O(v/1/e- (1+¢e/4)7).

We buy |Bjz — Bjy| extra bins to cover small items
at position j. Their expected cost is bounded by
O(V/1/e)-(14£)7/2-(142) 7 < O(y/1/e)-(1—¢/2)7.
In total, this accounts with an expected cost in-
crease of O(/1/¢) >0l —e/2)7 = 0(1)-(1/¢)3/?
for all positions. Now, for every position the space
reserved for small items is at least as large as the
required space, hence the small items can be as-
signed fractionally. Then after discarding at most
one small item per pattern, even an integral as-
signment is possible. We account this with a mul-
tiplicative factor of 1/(1 —e) <1+ 2e.

< O(W/1/uy)

Bjyl]

Summing up the bought extra bins, we obtain a solution
APX with

E[APX]
1
=)

IN

(14 O0(e))OPTs + O (% log? OPTf) +0(

IN

OPT; + O(OPT}).
choosing ¢ := OPT;2/5.

B Computing low-discrepancy colorings
SDP

Observe that the only non-constructive ingredient we
used is the application of the pigeonhole principle (with
an exponential number of pigeons and pigeonholes) in
Theorem 3.1 and Corollary 3.1 to obtain the existence
of low-discrepancy half-colorings. The purpose of this
section is to make this claim constructive. More pre-
cisely, we will replace each phase of logm iteratively
found half-colorings by finding a single full coloring.

by

THEOREM B.1. Let A € Q"+*™ B € [-1,1]"8*™,
Ar, oAy >0, iy iy > 0 (with Y-, < 1,
m > 2) be given as input. Assume that VA C A :
Ha(A) < #colld)  Then there is a constant C' > 0
and a randomized algorithm with expected polynomial

running time, which computes a coloring x : [m] —
{£1} such that for all X > 0,

Pr [|Aix| > \-Cy/logm - Al} <42 vie [n4]
Pr [|BZ-X| > )\-O\/l/uz} <160-27M5 Vi€ [np].

Note that A; > ||Ai||c, thus we may rescale A and
A so that A; > 1 and [|4|lec < 1. We may assume
that n > m. Furthermore we assume A > 1 and m
is large enough, since otherwise all probabilities exceed
1 for C suitable large and there is nothing to show.

The following approach to prove Theorem B.1 is a
adaptation of the seminal work of Bansal [Ban10].

B.1 Some preliminaries. The Gaussian distribu-
tion N(u,o0?) with mean p and variance o2 is defined
by the density function

1L —@-w?/0?)

\V2mo

If g is drawn from this distribution, we write g ~
N(u,0%). The n-dimensional Gaussian distribution
N™(0,1) is obtained by sampling every coordinate g;
independently from N(0,1). Since N™(0,1) is rotation-
ally symmetric, one has

fx) =

Fact B.1. Let v € R™ be any vector and g ~ N™(0,1),
then gTv ~ N (0, |v]3).

Martingales & concentration bounds. A Martin-
gale is a sequence 0 = X, X1,..., X, of random vari-
ables with the property that the increment Y; := X; —
X1 has mean F[Y;] = 0. Here Y; := Y;(Xo,..., X;—1)
is allowed to arbitrarily depend on the previous events
Xo, ..., X;—1. We will make use of the following con-
centration bound:

LEMMA B.1. (|[BAN10]) Let 0 = Xo,..., X, be a Mar-
tingale with increments Y;, where Y; = n,G;, G; ~
N(0,1) and |n;| < 6. Then for any X >0

Pr[|X,| > Av/n] < 27272,

Semidefinite programming. A matrix Y € R™"*" is
termed positive-semidefinite (abbreviated by Y > 0), if
2TYx > 0 for all z € R” (or equivalently all eigenvalues
of Y are non-negative). Let S, = {Y € R™" | YT =
Y; Y > 0} be the convex cone of symmetric positive-
semidefinite matrices. A semidefinite program is of the
form

max C'eY
DfeY < dy W=1,...,k
Y € S,
Here C oY = 370 3%  Cij - Yy is the “vector

product for matrices” (also called Frobenius product).
In contrast to linear programs, it is possible that the
only feasible solution to an SDP is irrational even if the
input is integral. Furthermore the norm even of the
smallest feasible solution might be doubly-exponential
in the input length [Ram95]. Nevertheless, given an
error parameter ¢ > 0 and a ball of radius R that
contains at least one optimum solution (of value SDP),



one can compute a Y € S, with CeY > SDP — ¢ and
D'eY < dy+eforall ¢ =1,... kin time polynomial
in the input length and in log(max{1/e, R}). Since for
our algorithm, numerical errors could be easily absorbed
into the discrepancy bounds, we always assume we have
exact solutions. The first use of SDPs in approximation
algorithms was the MAXCUT algorithm of Goemans
and Williamson [GWO04]. Later on SDPs were used for
example to approximate graph colorings [KMS98]. We
refer to the surveys of [Lov03, Goe97| for more details
on semidefinite programming.

Using that any symmetric, positive semidefinite
matrix Y can be written as WIW for W € R"*" (and
vice versa), the above SDP is equivalent to a wvector
program

n n
max E E Cij’l}i’l)j

i=1 j=1
S > Divw; < de VE=1,...k
i=1 j=1
v; € R" Vi=1,....n
B.2 The algorithm. Consider the following
semidefinite program?®
HZAijUj < A ViE[nA]
=1 ?
[, < @ (Bpacs) VI victun
j=1
12 > | t—1
Solwly = R
Jj=1
ol < 1 Vj€Jia
vj 0 V‘] % thl
v; € R™ Vje[m]

Here, J;—1 C [m] denotes the set of active variables at
the beginning of step ¢. Initially we have a fractional
coloring x” = (0,...,0) and all variables are active, i.e.
Jo = [m]. For a certain number of iterations, we sample
an increment ~; using a solution from the SDP and add
it to x. If a variable x(j) reaches +1 or —1, then we
freeze it (the variable becomes inactive and is removed
from J;). Note that the proof of Theorem 4.1 guarantees
that no matter which variables are currently contained
in J¢, the SDP is always feasible.

8More precisely this program is equivalent to a semidefinite

program.

Let s := L

n?4/8log(nm)
20- % log m be the number of iterations. Fort =1,...,¢
repeat the following:

be a step size and /

1) Compute a solution {v;},cp,, to the SDP
JIjElm]

(2) Sample g ~ N™(0,1)

(3) Update v:(j) :=s-gTv;, x' = x" 1+ 7

(4) TE'(j) € [1— 1] (=1,—1+ %], resp.) then

x'(j) :=1 (=1, resp.), j becomes inactive

Note that s - gTv; ~ N(0,5%|vj]|3), hence Pr[v.(j) >

#] <2 6_(V 8In(nm))*/2 _ 42 1

= .17 using Lemma B.1,
hence we may assume that |x?(j)| never exceeds 1. No
constraint ¢ will ever suffer an extra discrepancy of more
than n - -5 < A; in Step (4), hence we ignore it from
now on.

It was proven in [Ban10], that with high probability,
after the last iteration all variables are inactive, i.e.
xt e {£1}™.

LEMMA B.2. ([BAN10]) The probability that within
16/s? iterations, the number of active sets decreases by
a factor of at least 2 is at least 1/2.

Intuitively the reason is the following: consider a
variable x!(j) and suppose for simplicity that always
llvjll = 1. Then, the values x°(5),x'(j),... behave
essentially like an unbiased random walk in which in
every step we go either s units to the left or to the
right. In a block of S% steps, with a constant probability
we deviate 1 steps from 0, ie. [x'(j)] > s-1 =1
and j got frozen at some point. Hence the chance that
any of the m variables j is not frozen after 20logm
blocks (each of i—? iterations) can be easily bounded by
e—10logm-0.9%/3 < #
Thm 4.4 in [MUO05]).

It remains to bound the discrepancy of ‘. Let
{v!}jemm) be the SDP solution and g; be the random
Gaussian vector in step t. Then

 m
=D sAiglv; =

t=1 j=1

using the Chernov bound (e.g.

~

4
A= A
t=1

ngs(i%”ﬁ)
t=1 j=1

But s Z;nzl Al is a vector of length at most s - A,
thus A;-x’ is a martingale and we can apply Lemma B.1
with § := s+ A; to bound

Pr {|Aixll >N \/%- 5 Az} < 9e—N/2,

However, we need to be a bit more careful to analyze the
behavior of |B;x‘|. In the following, we fix any index



i € {1,...,np}. The difficulty is that the discrepancy
that we allow for row ¢ changes dynamically as the
number of active variables decreases. The sequence of
iterations T := {t | 2" < |J;_1] < 27!}, in which the
number of active variables is between 2" and 2"*! is
termed phase r. Let 6(r) := G=1 (&27) . 20+1)/2 be an
upper bound on the discrepancy bound that is imposed
to row 4 during this phase. Again we can write

14
}ZBi'Yt
t=1
4 m
S o5 (3 Bt )|
=1

|Bix'| =

t=1 =
=:X(r)
m
T t
= sg g; g Bijvj ‘
r>0  teT, j=1

=t

and ||u'l]a < &(r). By X(r) we denote the discrepancy
that we suffer in phase r. We somewhat expect that
E[X(r)] = O(§(r)). In fact, this is true even with a
strong tail bound.

LemMMA B.3. For all » > 0 and X > 0,
Pr(X(r) > \-8(r)] <3-277/6,

Proof. If we suffer a large discrepancy in a single phase,
then either the phase lasted much longer than O(Z)
iterations or the phase was short but the discrepancy
exceeded the standard deviation by a large factor.
However both is unlikely. More formally, for the event
X(r) > A-6(r) to happen, at least one of the following
events must occur

L4 1?1: |11¢ Ei % . %g

e F5: Within the first % . i—g iterations of phase r, a
discrepancy of A - d(r) is reached.

By Lemma B.2, one has Pr[E;] < (3)*/4). Furthermore
Pr[Es] is upper bounded by

A 4\
Pr[ Z s-glut >§-s5(7")- 8—2}§267)\/8
first %%
it. w. teT), =X\-5(r)

by again applying Lemma B.1 with parameters \' :=
@; 60 = s-6(r); n = ‘;—é. The claim follows since
Pr[X(r) > A-4(r)] < Pr[Ey] + Pr[Ey] < 2-WV4) 4
208 < 4. 27N,

By the union bound, we could easily bound the probabil-
ity that any phase r has X () > X-6(r) by 4-2=*/6.logm
and thus Pr[|B;x*| > \-C/\/fi;] < 4-27*/6.logm. How-
ever, we can avoid the logm term by observing that
the bound on |B;xz — B;y| in the proof of Theorem 4.1
receives the largest contributions within the small win-
dow, when the number of active variables is ©(1/u;).
Outside of this window, we have a lot of slack, that we
can use here.

We call a phase r bad, if [X(r)] > 6(r) - (A + |r —
log(%ﬂ) (and good otherwise). Note that the term
[r — 10g(%)| is indeed minimized if 2" = @(#i) Then
we can upper bound the probability that any phase is

bad by
60
ZPr [X(r) > 4(r) - ()\—i- r —log (—) D}
r>0 Hi
RS D 4276 <80 276

220

It remains to prove that if all phases r are good, then
|Bix| < XA-O(y/1/u;). Hence we consider

|Bix|
() 1i2" 60
< I el L A/or+1 . _ -
< ;)G ( 10 ) 2 <)\+ r log(Mi>D

(%)
< ,/1592(;-1(6-%)-2z/2<A+|z|>

ZEL
(k)

< ACV1 i)

for some constant C' > 0. In (x) we assumed that
all phases were good and in (xx) we substitute z :=
r— logQ(%) (or equivalently 2% = 2" - £2). Eventually
we recall that already in the proof of Theorem 4.1 we
saw that the series 3~ _, G~1(6-2%)-2%/2 converges geo-
metrically, which is not affected by adding a polynomial
term like |z|, hence giving (xxx) (here we also use A > 1).
This almost concludes the proof of Theorem B.1, since
with probability at most # + ﬁ A< % (for m large
enough) the algorithm produces a failure, i.e. not all
variables are frozen after O(% logm) iterations. In this
case, we simply repeat the algorithm until it was suc-
cessful. Then the actual tail bound that we obtain is a
conditional probability

(B.1) Pr[|Bix| > AC/\/pi | run successful]

Pr[|Bix| > AC/ /i

<2.80.277°
Pr[run successful] —

(same for |A4;x|) and the expected running time is
polynomial.



B.3 The Constructive Rounding Theorem.
Now that we can compute efficiently full colorings y
such that Ay, Bx = 0, it is not difficult anymore to
give an algorithmic version of our main theorem.

THEOREM B.2. Let A € Q"A*™ B € [-1,1]"8*™,
A:(Al,...,AnA)>0,/J,1,...,,u,nB>0(Z?:Blui§1,
m > 2) and ¢ € [-1,1]™ be given as input, such
that ¥J C {1,...,m} : Ha(A') < ‘1—{)‘. Then there
is a constant C' > 0 and a randomized algorithm

with expected polynomial running time which obtains a
y € {0,1}™ such that

e Preserved expectation: E[cTy] = cTx, E[Ay] = Az,

E[By] = Bx.

e Bounded difference: |cTx—cTy| < C'; |Ajz—Azy| <
C'logn-+/logmin{n,m}-A; foralli=1,...,n4

(n :=na+ng); |Bix — Biy| < C”log(%)\/l/ui
foralli=1,... ,ng.

e Tuil bounds: For all A > 0 and all i:

— Pr[|dixz — Ay] > X-C'y/logmin{n,m}-A;] <

2.9-N

— Pr[|Bix — Byy| > X - C' ) /i) <2 27,
Proof. Again we can append ¢ as an additional row to
B, hence we ignore the objective function from now
on. As described in the proof of Theorem 4.1, we can
assume that m < n and that entries of x have a finite
dyadic expansion with K bits. We perform the following
algorithm:

(1) FOR k:=K,K —1,...,1 DO

(2) J:={je{l,...,m}|x;’s kth bit is 1}
(3) Repeat computing x*) : J — {£1} according
to Theorem B.1 until x*) is good, i.e. until
o [A x| <O - logn-/Togm - A; for all
1= 1 na
. IBzx(’“’I < C'log(Z
1, ...,np

(4) Update z := z + (2)*x®

-)/ /i for all i =

Let y be the integral vector obtained at the end. For
C' large enough, by Theorem B.1 each run to compute
coloring x*) has Pr[|Alx| >’ \/m Viogm-A;] <
and Pr[|B;x| > ¢’ log( -)/ Vi < 11i. By the unlon
bound, each run of (3) is good with probability at
i By Equation (B.1) concerning conditional

least =.
2
probabilities, this only worsens the tail bounds provided

by Theorem B.1 for B;x*) and A;x® by a factor of at
most 2. In any case we have a guarantee that

3 <1)k (k)
5 }Aixk}
= \2
\F
< 2(5) -C"/logn -logm - A;

k>1

= (C'\/logn-logm - A;.

and analogously |B;z — Byy| < C’ log( ~)/y/Bi- The
algorithm behind Theorem B.1 is fully symmetmc ie.
E[Ax™] = 0 for all k, hence E[Ay] = Az (and similar
E[By] = Bx). It remains to prove the tail bounds. We
may assume that A > 1, since otherwise, the desired
probabilities 2 - 27* and 2 -2~ A exceed 1 anyway.
Note that if | B;x®)| < ”jl holds for all k, then

k
1
-\ B <k>’
> (5) B
E>1

E v
< ZG) C"-(A+k)
Zi\2 4\/1t

!
< /\C
Vi

since Yo ()% < 2, Zk>1( )kk <2 and A > 1. Hence
we can use the bound

IN

Aiy|

Pr [|le — Biy| > -

< ZPr [|B1-X(k)

v
N (A+k)c’£}

k>1 40 \//TZ
Thm B.1

2320 9-LHEE — 9. 92

k>1

for C' large enough. Similarly

Pr [|Aix — Ay > \- C’\/logm . Al}

k
< ZPr {|Aix(k)| )\+ C'\/l ogm A}
k>1
Thm<.B.1 2867%
k>1
< 2.2

again for C” large enough and \ > 1.

C How to solve the LP relaxations

All linear programs for which we provided rounding
procedures were of the form min{c’z | Y4 gzsls =



1,z > 0}, i.e. they all have an exponential number
of variables. So, we should explain how such programs
can be solved. In fact, the first polynomial time algo-
rithm was proposed by [KK82] in the case of BIN PACK-
ING. Their approach solves the dual max{> . ,y; |
Yics i < cs VS € S} up to an arbitrarily small addi-
tive error using the Grotschel-Lovasz-Schrijver variant
of the Ellipsoid method [GLS81]. The error term cannot
be avoided, since a PARTITION instance could be decided
by inspecting whether OPT}; < 2 or not. The only ad-
ditional prerequisite for the Karmarkar-Karp algorithm
is an FPTAS for the dual separation problem (i.e. given
dual prices y1,...,y, > 0, find a (1 — &)-approximation
to max{% Y ics¥i | S € 8S}). Note that the same re-
sult is implied by the framework of Plotkin, Shmoys and
Tardos [PST95| without using general LP solvers.

It follows implicitly from both papers [KK82,
PST95] that for any set family S C 2" that admits
an FPTAS for the dual separation problem, the cor-
responding column-based LP can be solved within an
arbitrarily small additive error.

However, we are not aware of an explicit proof of
this fact in the literature. Hence, to be self-contained we
provide all the details here. Our focus lies on giving a
short and painless analysis, rather than giving the best
bounds on the running time. Our starting point is the
following theorem from [PST95] (paraphrased to make
it self-contained).

i with A;x < b;. Then one replaces x by a convex
combination of x and Z and iterates.

In the following we show how Theorem C.1 can be
used to solve (5.4).

THEOREM C.2. Let 8 C 2 be a family of sets with
cost function ¢ : S — [0,1] (assume c(S) can be
evaluated in time O(n)) such that for any y € Q' given
as input, one can find an S* € S with ), g.yi >
(1—¢)- max{ Zlesyl | S € S} in time T'(n,e).
Then for any gwen n/2 > 6 > 0, one can find a basic
solution x of the LP

OPTy = min{ch | Z rslg > 1, x> O}
ses

of cost "' < OPTy+4 in time poly(n, 3)-T(n,Q(6/n)).
Proof. Since no set costs more than 1, one has OPT} <
n. We run the oracle for each element i € [n] with
profit function y; := 1 (and y;» := 0 for i’ # i) and error
bound &’ := %. Whenever we find a set S* that covers
an element at cost at most %, then we buy the set and
remove the element from our set system. Since the total
cost for those sets is bounded by 2 5, we assume from now
on that all sets in S have cost at least 12”

By trying out O(n/d) values, we may assume to
know a value r with OPTy < r < min{n, OPT}; + %}
We define a polytope P = {z € RS | Y gcgcsm5 =71}

TueoreEM C.1. (PLOTKIN, SHMOYS, TARDOS [PST95|)and a matrix® A € {0,1}"*S by

Let A € RYS™ be a matriz and P C RZ, be a con-
Given 0 < ¢ < 1, n € N, b € Qf,
p > maxi—i, L qs dnput. Then there

vexr Set.

nMaXcp G5
exists an algomthm COVER which either computes
an x € P with Az > (1 — €)b or asserts that there
is no x € P with Az > b. This algorithm calls
K := O(n + plog*(n) + L log(Z)) many times the
following oracle (with &' € {¢/2,1/6})

SUBROUTINE: Given 0 < & < 1,y € R}
as input. Find a & € P such that yT A% >
(1 —&")max{yT Az | z € P}.

Assuming that for any &, the vector AT can be evaluated
in time O(n), the additional running time of COVER is
O(K - n).

On an intuitive level, the algorithm of [PST95] main-
tains at any iteration some vector z € P. Then for
every element i € [n] one defines certain dual prizes y;
which are decreasing in %. In other words, uncov-
ered elements will receive a high dual price y;; covered
ones receive a low price. Then one computes a vec-
tor & which (approximately) maximizes the dual prices,

meaning that ¥ has a large incentive to cover elements

1 ie8
Ais = ‘e )
0 otherwise

as well as b= (1,...,1). We estimate

A;x - { r 1Se S} - 12n
max max max { ——- n-—— =:p.
ic(m] zeP b; c(S) - 0 r
Let ¢ = %. The next step is to design the

SUBROUTINE. Hence, let a vector of dual prices y € Q%
and a parameter ¢’ > 0 be given as input. Then we com-
pute a set S* € S with

Zyz_l—s max{ ZyﬁSES}

ieS*

in time T'(n,e’). Observe that the vertices of P are of
the form ées and

v (Les) =2

YA and P are defined, but not explicitly computed.

zES



hence, the vector Z := - - eg- is the desired (1 —&’)-

o
approximation for max{y” Az | = € P}.

Applying Theorem C.1 yields a vector € P with
Az > (1—¢)1. Hence the slightly scaled vector 2" = 1%
is feasible and has cost = < (OPTy + g) (142 <
OPTy + 6. Eventually compute and output a basic

solution z” to the system

Az >1; 25 =0VS ¢ supp(z’); 2">0

which has c¢’2” < ¢T'2’ (note that this LP has
|supp(z’)| < poly(n, 3) many variables and a suitable
basic solution can be obtained just using Gaussian elim-

ination — i.e. no general LP solver is needed).

Applications for considered problems. In order
to solve the considered LPs up to any additive error
term, it suffices to provide an FPTAS for each of the
corresponding dual separation problems.

e BIN PACKING: The dual separation problem is
max{) . cq¥i | D cg8 < 1} which is known as
KNAPSACK problem and admits an FPTAS in time
T(n,e) = O(n?/e) (see e.g. [Vaz01]).

e BIN PACKING WITH REJECTION: We compute a
(1 — e)-approximation S* to max{) , gy |
S s < 1} in time O(n?/e) and compare it to
the values :’r—i for i = 1,...,n and output either S*
or some {7}, whoever yields the largest value, hence
again T'(n,e) = O(n?/e).

e TRAIN DELIVERY: For any k € {1,...,n}, let S*
be a (1 —¢)-approximate solution to max{} ", ¢ v; |
Yoicssi < 1,8 C{i| pi < pr}}. We output the
set S¥ maximizing >, g . This can be done in
time T'(n,e) = O(n3/¢).

D Omitted proof for Lemma 3.1

LEMMA 3.1. Let a € R™ be a vector and A > 0. For
A= 2
]2

T —N/5 if A >2
g (]) e {1 125
xe{t1}m 2A logy (324 %) ifA<2

Proof. We distinguish 2 cases. Case A\ > 2. Let
pi :=Pr[Z =1i]. Note that X :=a"x = 37" aj - x; is
the sum of independently distributed random variables

X;j - o = || with mean 0. For i > 1,

Pi < Pr[X > (2i — 1)A]
Lem. 2.1 _iz1)’a?
< 2¢  2lall3
_ 267(21'71)%\2/2
)‘22 e—(2i—1)2,\2/4

The entropy, stemming from ¢ > 1 is fairly small,

namely
1 . 222 1
pilog (—) < Y e @D g (7
2ruln) = & 2\ e
= Y e DN
— 4-1n(2)
< 3. e N/5

Here we use that p; < 1 and z - log,(1) is monotone
increasing for z € [0, 2]. Furthermore py > 1—Pr[|X| >
Al >1- 2¢=*"/2 hence the event {Z = 0} is so likely
that it also does not contribute much entropy.

1
po log (—) <2 (1—po) < de M2 < 2eN/5
Do

Adding up also the entropy for i < 0, we obtain
H(Z) <8 e /5,

Case A < 2. Define L:=[2] >1and A’ := A L.
Then we can express Z = L - [ﬁJ + Z" such that
7" attains just L different values (and hence H(Z") <

log,(L)). Let X := A’/||a||l2 > 2, then

w2 ([ ]) e
(2) 967)‘l2/5+10g2(L)

_ 2
< 9-e 4/5—Hog2 (X—i-l)

<5

In (%), we use the subadditivity of the entropy function.
In (xx) we use that H([5x7|) can be bounded by case

(1).

)



